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Wise men in their bad hours have envied
The little people making merry like grasshoppers
In spots of sunlight, hardly thinking
Backward but never forward, and if they somehow
Take hold upon the future they do it
Half asleep, with the tools of generation
Foolishly reduplicating
Folly in thirty-year periods; they eat and laugh too,
Groan against labors, wars and partings,
Dance, talk, dress and undress; wise men have pretended
The summer insects enviable;
One must indulge the wise in moments of mockery.
Strength and desire possess the future,
The breed of the grasshopper shrills,
“What does the future matter, we shall be dead?”
Ah, grasshoppers,
Death's a erce meadowlark: but to die having made
Something more equal to the centuries
Than muscle and bone, is mostly to shed weakness.
The mountains are dead stone, the people
Admire or hate their stature, their insolent quietness,
The mountains are not softened nor troubled
And a few dead men's thoughts have the same temper.

— Robinson Jeffers



Abstract

This thesis presents a comprehensive theoretical study of symmetries in robot dynamics, character-
izing them as foundational, physics-informed geometric priors that can signi cantly enhance the
ef ciency, generalization, and optimality of learning methods for dynamics modeling, optimal control,
and state estimation in robotics. Our main focus is on morphological symmetries—a previously
underexplored type of symmetry arising from regularities in a robot's morphology, associated with the
replication of kinematic structures and the balanced distribution of mass. In analytical methods, we
characterize how these symmetries extend to the robot's equations of motion, generalized mass matrix,
Jacobians, con guration space, and the observation space of both proprioceptive and exteroceptive
sensor measurements. For data-driven methods, we characterize the conditions under which these
symmetries transform the problems of dynamics modeling, optimal control, and state estimation into
symmetry-constrained learning problems, where optimal models must satisfy strict invariance and
equivariance properties. Thus providing a clear theoretical justi cation for exploiting symmetries in
these applications. To substantiate our claims, we present extensive empirical evidence in locomotion
and bimanual manipulation control, deterministic and probabilistic state estimation, and dynamics
modeling via transfer/Koopman operators, demonstrating that leveraging symmetry in robot learning
leads to signi cant improvements in sample ef ciency, generalization, and robustness. Lastly, to
facilitate the practical use of the theory and applications outlined in this work, we introduce two
open-access repositoriesprpho_symm andsymm_learning , which provide a comprehensive
collection of tools and resources for symmetry exploitation in robot learning.
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Chapter 1

Introduction

In the last decade, robotics has witnessed an experimental revolution driven by the adoption of deep
learning methods to solve long-standing challenges in robot modelling, control, and estimation. Indeed,
many applications once thought to be decades away from resolution—such as legged locomotion,
dexterous manipulation, and autonomous driving—have proven attainable given vast amounts of data
and computational resourcesr{gorescu et al202Q Kumar et al, 2016 Rudin et al, 2022.

However, expanding robotics into applications such as elderly care, household assistance, and last-
mile delivery demands stringent safety and generalization, neither of which can be achieved merely
by scaling compute and dat&dy et al, 2021, Stinderhauf et g12018. The high costs and risks of

data collection, limited computational budgets, and the gap between simulated and real-world data
remain key challenges, underscoring the need for learning approaches with greater sample ef ciency,
robustness, and generalizabilitggelbling 202Q Roy et al, 2021; Stinderhauf et g12018.

Geometric Deep Learning (GDL(Bronstein et al.2021) has emerged as a unifying theoretical
paradigm showing that deep learning's success stems from the dsiodl Network (NN)archi-
tectures designed to leverage gyanmetriesaind structure of the data they proce€slien et al.

2019 Kondor and Trivedi2018 Weiler et al, 2021). From theGDL's perspective, the robustness

and sample ef ciency of convolutional neural networks in computer vision, transformers in natural
language processing, and graph neural networks in particle physics arises from the architectures'
ability to exploit the grid structure of images, the sequential nature of language, and the graph structure
of particle interactions.

This thesis provides a comprehensive characterization dbfhle paradigm in robotics by identifying
foundational, “bitter-pilled” symmetry priors that are present in virtually every robot control task and
operational environment. These priors can therefore be leveraged across the core learning problems in
robotics: dynamics modelling, control, and estimation. The primary goal of this thesis is to present a
compelling theoretical and empirical argument for symmetry exploitation in robot learning, while
also providing practical tools and methods that enable practitioners to identify and incorporate these
symmetries in their own work.

To this end, the thesis theoretically characterizes how symmetries of Newtonian/classical mechanics
can be used to improve the data ef ciency, generalization, and optimality of learning algorithms
in robotics, and provides substantial empirical evidence supporting these claims. Crucially, the
analysis covers the rotational and translational symmetries commonly exploited in mechanical-system
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Figure 1.1 lllustration of the spatial symmetries of the Atlas humanoid robot. Left: Depiction of the robot's
bilateral re ection morphological symmetry. This symmetry enables a feasible recon guration of the robot's
con guration state (q; q) to a re ected state (gs. o d;0s - 1,0 d) that exhibits equivalent dynamics up to re ection.
Right: Invariance of classical mechanics under environmental symmetry transformations, corresponding to rigid
transformations of the chosen inertial reference frame leaving the underlying dynamics invariant.

modelling and control&loch et al, 1996 Wieber, 2006, while extending beyond them to a broader
class of symmetries arising from regularities in robot morphology. We refer to theserabological
symmetriesind constitute the main focus of this thesis.

To facilitate the practical adoption of symmetry exploitation in robotics, this work is accompanied by
two software librariesmorpho_symm andsymm_learning , which provide tools for identifying
and leveraging symmetry priors in robotic systems.

1.1 Which symmetries arise in robot dynamics?

To no surprise, the symmetries of robot dynamics are exactly those of Newtonian (classical) mechanics,
which are responsible for the invariance of Newton's equations of motion to changes in the chosen
inertial reference frame and the direction of time. Speci cally, these symmetries—characterized
algebraically by the seminal works of Emmy Noether and Henri Poindéwétbieyr 1983 Poincaré
1905—consist ofspatial symmetriesigid translations, rotations, and re ections3rdimensional

space; and temporal symmetries: time translations and time re ection/reversal.

Symmetries of Robot Dynamics

Spatial Symmetries Temporal Symmetries

Environmental/Base Morphological Time-Reversal Time-Translation

Figure 1.2 Taxonomy of symmetries in robot dynamics.

When studying the dynamics of a speci c robotic system, the interplay between a robot's morphology
and classical mechanics enables the manifestation of spatial symmetries in two distinatnvays:
ronmental/base symmetriaadmorphological symmetrieg€nvironmental/base symmetries—often
referred to as base symmetries in the context of oating-base roBaisH( et al, 1996, and more
generally interpretable as reference-frame symmetries—represent the standard interpretation of spatial
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Figure 1.3 Morphological symmetry group of the Mini-Cheetah quadruped robot (Katz et al., 2019), de ned by
the cuboid symmetry group G = fe;gs jg? = eg f e;gajo? = eg f e;g j g = egof order 8, generated by
re ections with respect to the robot's sagittal ( gs), transversal (g:), and frontal (gr ) planes. In practice, these 8
symmetries imply that for any given robot state, there exist 7 distinct symmetric states with equivalent dynamics.
Consequently, the robot can locomote with its torso oriented forward, backward, left, right, or even upside down
(see animation). The output of any dynamics model, control policy, or state-estimation model at a particular state
can be transferred to the other 7 symmetric states by applying the corresponding symmetry transformation. For
this robot, any locomotion control policy is optimal only if it performs equivalently across all 8 symmetric states.

symmetries as rigid transformations of the environment, or equivalently of the chosen inertial reference
frame, that leave the underlying dynamics invariant (geé.1-right). Morphological symmetries,

on the other hand, are recon gurations of the robot's body that allow the robot to mimic some of these
spatial rigid transformations and consequently also represent transformations that leave the underlying
dynamics invariant (seg. 1.1-left). These symmetries are enabled by intrinsic regularities of the
robot's morphology, associated with replications of kinematic chains and balanced distributions of
mass.

The simplest and most common example of a morphological symmetry is the bilateral/sagittal
symmetry in humans, and the majority of robotic systems, where each side of the body is a mirror
image of the other. This symmetry allows individuals to easily mimic a mirrored body pose by simply
reorienting the torso and permuting the roles of their arms and legsgséd -left). While this
bilateral symmetry is ubiquitous in both biological and robotic systetag(a et al.2021; Hollo,

2017, robots can exhibit a broader number of such symmetries. For instance, certain quadruped
robots have the ability to mimic up to eight distinct spatial transformations, as illustrated in this
animationand g. 1.3-left.

The literature of symmetry exploitation in robotics has largely focused on environmental symmetries,
with the primary goal being constructing dynamics modBlefimer et a].2024 Kim et al, 2023,

control policies Brehmer et a|.2024 Wang et al. 20233 2024, perception moduled_(n et al,

2024 Zhang et al.2024), and state-estimation pipeliné3grrau and Bonnabg?018 Hartley et al,

2020 that are invariant to changes in the chosen inertial reference fil@ahefari et al, 2022, that is,
invariant to environmental symmetry transformations (geé.1-right). In contrast, there is a clear

gap in the robotics literature covering the formal characterization and exploitation of morphological
symmetries. As a consequence, this thesis aims to tackle two goals: (i) to satisfy the requirements of
a PhD, by writing a thesis describing our original research; and (ii) to Il the literature gap by proving

a comprehensive and self-contained characterization of spatial symmetries in robotics, aiming to be
both theoretically rigorous and accessible and intuitive for practitioners.


https://danfoa.github.io/MorphoSymm/static/animations/mini_cheetah-C2xC2xC2-symmetries_anim_static.gif?utm_source=source
https://danfoa.github.io/MorphoSymm/static/dynamic_animations/mini-cheetah_animation_C2xC2xC2.gif
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1.2 Motivation: why exploiting symmetries matter in robot learning?

The primary motivation for studying and leveraging these symmetries is that they provide a powerful
geometric prior for modelling and controlling the temporal evolution of a robot. Speci cally, for any
given robot state, the optimal predictions of a dynamics model, control policy, or state-estimation
model can be directly transferred to all symmetry-related statesgseg.1 and1.3.

To build intuition, consider the following scenario: you are walking toward a target and encounter
an obstacle with your right leg, causing you to stumble. The optimal visuomotor control re-
sponse—needed to react, regain balance, and replan your trajectory—is essentially a re ected version
of the response you would execute if the same event occurred with your left leg. This is because the
dynamics of both mirrored body poses at the moment of contact are equivalent (up to a re ection)
(g. 1.1-left). As a result, the processes of state estimation, planning, and control that your brain
undertakes in one event are related by a symmetry transformation to those in the mirrored event. This
same reasoning applies to any humanoid, bimanual manipulator, or quadruped robot with bilateral
symmetry, as well as to robots with a greater number of morphological symmetrieg.($€%).

To ground this intuition theoretically, iohapters @o 8 we examine the implications of symmetry
priors for the three core learning problems in robotics: dynamics modelling, optimal control, and
state estimation; which we formulate in their most general form as approximations of conditional
probability distributions. We nd that for a robotic system with an environmental or morphological
symmetry grougs—such as the re ection group of Atlas ig. 1.1 or the cuboid symmetry group of

Mini Cheetah ing. 1.3—the following properties hold:

h Optimal modelling: Robot dynamics modelling should be treated as a symmetry-constrained
learning problem, since the set of optimal stochastic dynamics models is restricted to a subset
of G-invariant models (seprop. 6.).

h Optimal estimation: Probabilistic state estimation should likewise be treated as a symmetry-
constrained learning problem, as the set of optimal estimation models is restricted to a subset
of G-invariant state-estimation models (sgep. 7.). In the case of deterministic inference,
optimal models are constrained to Beequivariant.

h Optimal control: Optimal control should be formulated as a symmetry-constrained learning
problem, since any optimal stochastic control policy musBbiavariant ¢orollary 8.3, and any
optimal deterministic control policy must l6&-equivariant or a combination @-equivariant
policies (seeorollary 8.3.

We argue that these theoretical results are satis ed by virtually any control task and operational
environment for a robot with a morphological or environmental symmetry group, and provide
substantial empirical evidence of the bene ts of symmetry exploitation in the applications of robot
locomotion and bimanual manipulation.

A practitioner's intuition  To further motivate the reader we provide grounded intuitions for the
two core applications in robotics: locomotion and manipulation.

h Symmetry aware locomotion: If you aim to learn a locomotion policy that is capable of
overcoming inertial and moving disturbances—e.g., carrying a grocery bag with one arm,
hitting an obstacle with your right shoulder, a malfunctioning actuator in the left leg—and you
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believe the symmetry transformed disturbance is equally likely to occur in pragfice §)—
e.g., carrying the bag with the other arm, hitting the obstacle with the left shoulder, an actuator
malfunction on the right leg—then you should leverage spatial symmetries.

h Symmetry aware manipulation: The dynamics of in-hand manipulation with a left hand are
equivalent to the dynamics of in-hand manipulation with the right hand, up to re ection for
any object. If you desire your bimanual manipulation policy to be ambidextrous, you should
leverage spatial symmetries (s&tions 8.3.and8.3.2.

1.3 Related work

Structural symmetries in physics

The morphological symmetries studied here closely parallel structural (point-group) symmetries in
particle physicsresselhaus et aR007, 8.3), which arise from the replication of identical particles

or atoms in molecules and crystals. The principles and methods for exploiting these symmetries
in atomistic and molecular dynamicS¢rnwell 1997 Jumper et a).2021; Klein et al, 2023 Noé

et al, 2020 are transferable to robotics. However, their implications in robotics diverge from those
in physics for which symmetries primarily inform modeling and estimation, while in robotics, they
serve to inform both modelling and control. Furthermore, a robot morphology is typically stable
and engineered, making these symmetries a persistent inductive bias—unlike in physics, where
symmetries can change with particle gain or loss.

Symmetry exploitation in robotics

Environmental symmetries Most modern robotics literature leveraging symmetries in robotics
learning focuses on the full group of Euclidean isometries of Newtonian/classical mechznics,

or on one of its subgroups. These works aim to learn control poligiesh(mer et al.2024 Kim

et al, 2023 Wang et al, 20233 2024 Zhu et al, 2023, perception moduled_{n et al, 2024 Zhang

et al, 2029, and state-estimation pipelinédgrrau and Bonnabg?018 Hartley et al, 2020 that

are equivariant or invariant to rotations, translations, and re ections in 2D or 3D operational spaces
(Rezaei-Shoshtari et a2022 Wang et al.20233. The main goal of these approaches is to respect the
manifold structure oE3 and to design data-driven models that are invariant to the choice of inertial
reference frameGhaffari et al, 2022 ( g. 3.2-a).

In the context of oating-base robotic systems—e.g., humanoids, quadrupeds, aerial vehicles, and
space vehicles—environmental symmetries are often referredidasessymmetrie@loch et al,

1996 Mishra, 2025 Murray et al, 2017). They have been extensively studied for the design of analytic
dynamics models, state estimation, and optimal control policies th&aeguivariant Ghaffari

et al, 2022 Mishra 2025, in accordance with the Euclidean isometries of classical mechanics. These
works present an analysis, similar in spirit to thatcofpter 3 of the structural properties of the
Lagrangian formulation of robot dynamics in the presence of symmetries. However, they rely heavily
on a differential-geometric formulation of mechanics and focus exclusively on the implications of
environmental/base symmetries. In contrast, this thesis presents a group-theoretic characterization
of the implications of symmetries in Lagrangian mechanics, covering both environmental/base and
morphological symmetries. The latter being the core focus of this work.
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Morphological symmetries Prior to the formalization of morphological symmetries @r¢ofiez-
Apraez et al.2022 Ordofiez-Apraeet al, 2025, most research focused exclusively on humanoid
bilateral symmetry. Early work byeh et al.(2019 exploited human re ection symmetry to im-
prove pose estimation performance and sample ef ciency. The SMPL and SMPL-X body models
subsequently incorporated re ection symmetry into their parametrization, enabling its use in pose
estimation, body modeling, and character controlger et al, 2015 Pavlakos et a]2019. In control,

(Finzi et al, 2021 van der Pol et a) 2020 explored equivariantiNs for symmetry-aware control,
while (Abdolhosseini et al2019 Finzi et al, 2021, Ordofiez-Apraez et al2022) provided the rst
empirical qualitative and quantitative evidence of the bene ts of bilateral symmetry exploitation in
humanoid locomotion learning.

Recent work has expanded the study of morphological symmetries to more complex robot morpholo-
gies and larger symmetry groups. In locomotidding and Gan2024 uses harmonic analysis to

reveal diverse quadrupedal gait patterns, echoing the approaChdufiiez-Apraeet al, 2024. (Su

et al, 2029 leverages re ection symmetry in quadruped robots for model-free reinforcement learning,
leading toBao et al.(2029; Cathomen et a2025, who exploit the Klein-four/rectangle symmetry
group,K4 (seeg. 2.1), of the Anymal quadruped to learn approximatkly-equivariant policies,

signi cantly improving sample ef ciency and optimality. In estimatidvartinez et al (2026 utilize
equivariance constraints on the robot's generalized mass matrix to enhance receding-horizon estima-
tion of inertial parameters and disturbances, showing that the morphological symmetry prior is crucial
for optimal system identi cation. Xie et al, 2024 introduces a symmetry-aware grajghl that

exploits both morphological symmetry and kinematic structure, yielding state estimation performance
that consistently surpasses standard baselines, highlighting the relevance of topological deep learning
(Hajij et al,, 2022 in robotics. In manipulatiorBrehmer et al(2024); Li et al. (2029; Zhang et al.

(2029 leverage the re ection symmetry of bimanual manipulators in model-free reinforcement and
imitation learning, resulting in approximately and exactly ambidextrous manipulation control policies
that demonstrate consistent gains in sample ef ciency, and control optimality.

Symmetries as local regularization priors A considerable body of recent work uses symmetry
groups as regularization priors to improve the performance of learned control policies for robotic
manipulation. For instanc&yang et al(202239 promotes two-dimensional rotational equivariance

of a manipulator policy on a workspace plane, i®Q,-equivariancelWang et al.(2024 2026
promote rotation and translation equivariance, B&3-equivariance; antfang et al(2024) promotes
three-dimensional rotation, translation, and scale equivariance SiMs-equivariance. These
regularization strategies have been shown to be effective in speci ¢ manipulation tasks and constrained
operational settings. However, the way these works leverage local symmetries as regularization priors
differs substantially from the concept of symmetry exploitation considered in this thesis.

In this thesis, symmetries of robot dynamics are understood as transformations of the robot state
space that relate states with equivalent dynamicsdsepter 3. Crucially, these transformations

are assumed to hold over the entire state and action spaces, and therefore induce global invariances
of the robot Lagrangian, following the interpretation of symmetrieBin¢h et al, 1996 Murray

et al, 2017 Wieber, 200§. From this perspective, the works dfang et al(2022g 2024 2026);

Yang et al.(2024), and related approaches, can be interpreted as leveraging task- or workspace-level
symmetry priors that are valid on a restricted subset of the robot state-action space. Such priors can
be bene cial within that subset, but they need not correspond to global symmetries of the underlying
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robot dynamics, since reachability, morphology, joint limits, and other con guration-space constraints
may break the assumed equivariances.

Following the taxonomy of incorrect, correct, and extrinsic symmetry priors proposeédhby et al.
(2023h), this thesis focuses arorrect symmetry priors: symmetries that hold globally across the
state-action space and arise from the structure of Newtonian mechanics and the robot morphology.

1.4 Thesis structure

This thesis comprises eight chapters (excluding introduction and conclusion), organized into back-
ground material and the study of symmetries in both analytical models of robot dynamics and the
core robot learning applications:

h Background: Chapter Zorovides background on deterministic and stochastic models of robot
dynamics, core learning problems in robotics (modelling, control, estimation), and foundational
concepts in group/representation theory and probability theory in the presence of symmetries.

h Symmetries in analytical models of robot dynamics:Chapter ¥ormally introduces spatial
symmetries in Lagrangian mechanics and presents a taxonomy of symmetries in robotics.
Chapter 4is entirely dedicated to morphological symmetries and their implications, with a
special focus on oating-base robotic systems.

h Leveraging symmetries in robot learning: Chapter Sstudies the learning problem of approxi-
mating conditional distributions under the symmetry priors arising from spatial symmetries.
The results of this chapter are used to motivate the use of symmetry exploitation in robot
modeling, control, and estimation ifmapters @o 8.

h Symmetries in robot learning: In chapters &o 8 we study the problem of dynamics modelling,
state estimation, and optimal control in the presence of spatial symmetry priors. Finally,
chapter develops a framework for approximati@yinvariant conditional probabilities via
conditional expectation operators, applied to uncertainty quanti catiaedation 7.3.Jand
Koopmanl/transfer operator dynamics modellingéttion 9.3

1.5 Thesis deliverables

Below is a list of publications included in this thesis composed of seven conference papers and one
journal article. For each publication where | am a co-author, | provide a detailed description of my
contributions. Unless explicitly stated in editorial notes, the contents of the thesis describe original
work by myself and supervisors.

h Max SiebenbornDaniel Ordofiez-ApragSophie Lueth, Giulio Turrisi, Massimiliano Pontil,
Claudio Semini, and Georgia Chalvatzaki. Morphologically equivariant ow matching for
bimanual mobile manipulatiorarXiv preprint arXiv:2605.12228026. doi: 10.48550/arXiv.
2605.12228. URIlhttps://arxiv.org/abs/2605.12228
First and second author have equal contribution


https://arxiv.org/abs/2605.12228
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h Daniel Ordofiez-Aprae¥ladimir Kostic, Alek Frohlich, Vivien Brandt, Karim Lounici, and
Massimiliano Pontil. Representation learning for equivariant inference with guarantédse In
International Conference on Learning Representatj@i26

h Daniel Ordofiez-ApragzGiulio Turrisi, Vladimir Kostic, Mario Martin, Antonio Agudo,
Francesc Moreno-Noguer, Massimiliano Pontil, Claudio Semini, and Carlos Mastalli. Mor-
phological symmetries in roboticS.he International Journal of Robotics Research (IJRR)
2025

h Zechu Li, Yufeng JinPaniel Ordofiez-ApragLlaudio Semini, Puze Liu, and Georgia Chal-
vatzaki. Morphologically symmetric reinforcement learning for ambidextrous bimanual manip-
ulation. InThe Conference on Robot Learning (CoREEE, 2025
Contribution: Substantial contributions to writing; theoretical analysis of re ection symmetries
in model-free reinforcement learning for multi-task and multi-agent scenarios; assisted in
identifying symmetry transformations and provided code for parameterizing data augmentation
and invariant policies.

h Daniel Ordofiez-Aprage¥ladimir Kostic, Giulio Turrisi, Pietro Novelli, Carlos Mastalli, Clau-
dio Semini, and Massimilano Pontil. Dynamics harmonic analysis of robotic systems: Appli-
cation in data-driven koopman modelling. 6th Annual Learning for Dynamics & Control
Conferencepages 1318-1329. PMLR, 2024

h Zhi Su, Xiaoyu HuangDaniel Ordofiez-Apraefunfei Li, Zhongyu Li, Qiayuan Liao, Giulio
Turrisi, Massimiliano Pontil, Claudio Semini, Yi Wu, et al. Leveraging symmetry in rl-based
legged locomotion control. IEEE/RSJ International Conference on Intelligent Robots and
Systems (IROS2024
Contribution: Substantial contributions to writing; theoretical analysis of re ection symme-
tries in model-free reinforcement learning for locomotion; assisted in identifying symmetry
transformations and provided code for parameterizing data augmentation and invariant policies.

h Daniel Ordofiez-ApragMario Martin, Antonio Agudo, and Francesc Moreno-Noguer. On
discrete symmetries of robotics systems: A group-theoretic and data-driven analysis. In
Proceedings of the 19th Robotics: Science and Systems Conference§R&fs), Republic of
Korea, 2023. URLhttps://www.roboticsproceedings.org/rss19/index.html

1.5.1 Open-access software

$.2 Morphological Symmetries

morpho_symm is an open-access Python package offering a diverse library of robotic systems with
their corresponding morphological symmetry groups identi ed, along with tutorials and examples for
data augmentation, invariance/equivariance regularization, and the use of invariant/equitidriant
architectures.

~O~ . .
808 Symmetric Learning


https://www.roboticsproceedings.org/rss19/index.html
https://github.com/Danfoa/MorphoSymm
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symm_learning is atorch-based library for machine learning with symmetry priors, speci cally
targeting robotics and dynamical systems. It provides utilities for symmetry-aware representation
learning, statistics, linear algebra, optimization, &fidarchitectures.


https://danfoa.github.io/symmetric_learning/
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LZ:= L3 (X;R)

Hf g

G

E;SE

U(X); GL(X)
Cn

Ka

g

g.x X

Xx/Q

x .G XIX
k.G H! H
dk =] «i
Mg

Niso

X Y

Gx

G. Gy

(X5 x:Px)

X;X 2X

Ex[f (x)]
N(x; ;)

Linear algebra
A scalar, a vector, and a matrix
Direct sum (stacking) of vectors, such tlkat  x, :=[ X1 ]
Direct sum of matrices, equivalentfo B := 49
A linear operator
Identity matrix inR" "
The Kronecker function, equal towheni = j, andOwheni 6 j

Sets, Vector Spaces, and Function Spaces

A vector or Hilbert space

An irreducibleG-stable spacedg nition 2.9)

Direct sum of vector spaceé andY, such thatifx 2 X andy 2 Y,
thenx y2X Y

Spagg of square-integrable functions oK. That is
ffj wif ()i*Px(dx) < &5 f:X! Rg

Inner productf; f 4, := " f (x)f Ax)Px(dx)

Group and Representation Theory
A symmetry group
The Euclidean group and the Special Euclidean group
Unitary and General Linear groups on the vector space
Cyclic group of orden
Klein four-group
A symmetry group element
The left group action ofj on X (de nition 2.2)
The right group action off on X (de nition 2.3)
A representation of the group on the vector space (de nition 2.5)
An irreducible representation of the gro@p(de nition 2.11)
Dimensionality of the irreducible representation
Multiplicity of the irrep  in a given larger representation
Number of distinct irreps present in a given larger representation.
Direct sum of representations, equivalent t&
The group orbit ok, de ned asGx := fg. x jg2 Gg
Direct product of group&, andGy,

Probability Theory
A probability space, wher¥ is the sample spacex is a -algebra of
subsets oK , andPy is a marginal probability measure ork
A vector-valued random variableand a realizatiox
Expectation of (x) with respect tdPy
Gaussian distribution over with mean and covariance



Chapter 2

Preliminaries

This chapter presents the essential background needed to understand and contextualize the majority of
results in this thesis. It is organized as follows:

h section 2.1 reviews deterministic analytic models of robot dynamics—usechampters 3
and4 to de ne symmetries and the concept of dynamics equivalence. Also provides a friendly
robotics introduction for the machine learning audience.

h section 2.2reviews stochastic modeling of robot dynamics for contact-rich scenarios. Formu-
lates robot dynamics modeling and state estimation as conditional distribution approximation
problems, used inhapters @o 8.

h section 2.3 provides a friendly introduction to the fundamental concepts and results from group
and representation theory leveraged in the thesis.

h section 2.4 surveys key results from probability theory and optimal transport under symmetry
priors.

The dynamics of a robot—like those of a falling apple or a moving car—are governed by classical
mechanics, that is, by Newtortketerministicsecond law of motion:

|Vlass A{%celeraticin: ’:ﬂg}e

Inertial Forces

If both the mass distribution and all instantaneous forces are known—or can be inferred from
measurements—the robot's dynamics can, in principle, be described exactly by an ideal deterministic
model, formalized as aordinary differential equation (ODKseesection 2.). In reality, however,

the robot's state is only partially observable: some state variables cannot be directly measured, sensors
are noisy, and neither the mass distribution nor the full set of forces acting on the robot are fully
accessible. This partial observability introduces epistemic and measurement uncertainty in the robot's
state and transitions, motivating the use of stochastic data-driven models introdseetion 2.2

The following section, which reviews the analytical mechanics principles underlying robot dynamics,
is deeply in uenced by—and necessarily falls short of—the seminal worksw€zos(2020 and
Wieber(2006, which | highly recommend to readers seeking a deeper treatment.
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2.1 Analytical models of robot dynamics

The dynamics of a robotic system are commonly modeled within the framewoakaiftical
mechanicsa branch of classical mechanics that derives the equations of motion of any mechanical
system from two scalar quantities: tkimetic energyand thework function

Within this framework, the equations of motion of any mechanical sys-

tem—recoverable as a generalized form of Newton's second law—are

derived from the unifyingrinciple of least actionThis principle states

that the physically realized trajectories of a mechanical system are those

that render stationary (and, in many cases, minimize) a scalar functional

known as theaction, de ned as the time integral of the excess of kinetic )

energy over the work function, which often reduces to the integral of ﬁé%‘?”ggg;“;‘i?jdj‘ f:ng'
difference between kinetic and potential energgr(czos 2020. Before and can be minima, max-
de ning the action, we must rst choose a set of coordinates to model tihe, or in ection points.
system's state. The rst hallmark of analytical mechanics is to describe a

system's con guration using the minimum number of independent coordinates required to uniquely
specify it. These coordinates are knowrgaseralized coordinates

Generalized coordinates and the robot's con guration space
The state of a robot is determined by the positions and veloci-
ties of itsny, 2 N links, or body parts. However, because these
links are typically connected through joints that constrain their rel-
ative motion, the robot state is most naturally parameterized u
ing the positions and velocities of the systemdsgrees of free-
dom (DoF) i.e., the minimum number of independent coordinatg$i. \ini-Cheetah quadruped
required to uniquely describe the con guration of thg links.

For example, although the Mini-Cheetah quadruped is composed
of np = 13 rigid bodies—requiringl3 6 = 78 coordinates to
describe the position and orientation of each body—its con guration
g can be fully described using onhy = 6 + 12 = 18 DoF: six DoF
= describing the position and orientation of the robot base in three-
dimensional space, and twelzoF corresponding to the relative
angles of the three revolute joints de ning the shoulder abduction,

_ . shoulder exion, and elbow exion of each leg.
Q a smooth manifold, and T4 Q its 9

tangent space at q, carrying the  Formally, for a robot witmg 2 N DoF, the state is described by
velocity vector g. generalized position coordinatg? Q  R" and generalized ve-

locity coordinateg) 2 TqQ  R"4. Here,Q denotes the constrained
con guration manifold—a smooth manifold encoding all admissible position con gurations of the
system together with its kinematic constraints—wHi§& denotes the space of generalized velocities,
corresponding to the local tangent space of the manifolgl @Gianczos 202Q 1.IV). Hence, the
real-world robot state evolution can be numerically represented as the time evolution of ggpoint
Q2TQ R inthe tangent bundle, de ned as the disjoint union of all tangent spaces over the
con guration manifold,T Q := ;55 TqQ.
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To build some intuition, let us return to the Mini-Cheetah example. In this case, the robot's con gura-
tion manifold is de ned a® := SE; SO} RS, whereSE; denotes the special Euclidean group
encoding the position and orientation of the robot base in three-dimensional space, aB®gach
encodes the angle of one of the twelve unbounded revolute joints connecting the legs to the base

A second hallmark of analytical mechanics is the observation that the inertial forces acting on the
system—corresponding to tineass times acceleratiderm in Newton's second law—can be derived
from a single scalar quantity: the systerkisetic energy Likewise, (some type of) generalized
forces—corresponding to thaoving forceterm in Newton's formulation—can be derived from
another scalar quantity: the systemlsrk function In order to de ne both quantities in terms of

the generalized coordinates, we rst need to introducddhe@ard kinematicandJacobianmatrix
functions.

Forward kinematics and the Jacobian matrix function Given the generalized position coordinates
g 2 Q, the forward kinematics functioin, : Q! SEgb determines the position and orientation of
each of the robot's bodies:

™
X1

Xiny = ¢ =fe(@): with Xj:= Rl 2SE;; (2.1)

b

wherer; 2 R® andR; 2 SO; denote the position and orientation of théh body, respectively.
Differentiating this relationship with respect to time yields the robdésobianmatrix function
J :Q! R®6M) Na__5 con guration-dependent linear relation betwegf T4Q and the velocities
of the robot's rigid bodies, that is:

dt dt 7 @, dt "

X1 Ji(a) (2.2)
X1n, = ¢ =Jd(@)a= cooq with x:= A =7Ji(9)g2 se

Xnp Jnp(Q)

whereJ; : Q! R® "a denotes the Jacobian matrix of thth body, determining the lineag 2 R®
and angulat ; 2 R velocities of that body, referenced to a frame attached tGdtster of Mass
(CoM). HenceJ (q) is composed of, blocks of sizes  ng, one for each body.

Note that although the special Euclidean group is six-dimensig®Bsj = 6, we adopt the common
convention of representing a body con guration as a homogeneous transformation Xat#xR* #;

the standard matrix representation of elementSEf. Furthermore, the linear and angular velocities
of a body—de ning an element of the special Euclidean group Lie algegralso withjsg = 6 (see
Selig(2004; Sola et al(20189)—are represented as a 6D vector,2 R®, following the standard
convention of spatial algebr&¢atherstone20098, used widely in the robot dynamics simulation and
control literatureCarpentier et al(2019; Mastalli et al.(20203.

For the Mini-Cheetah exampledction 2.}, the forward kinematics function maps2 Q —composed
of the base con guration together with twelve joint angles—to the position and orientation of the base
of the robot and the shoulder, forearm, and lower-arm links of each leg in three-dimensional space.

Why SO,? For unbounded revolute joints gand g+ 2 represent the same angle, hence for these joints the
con guration manifold is the unit circle, isomorphic to the SO, manifold.
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Correspondingly, the Jacobian matrix function maps the eighteen generalized velocities to the linear
and angular velocities of each of the thirteen rigid bodies composing the robot.

Kinetic energy For a robotic system, the kinetic energy is de ned as the sum of the linear and
angular kinetic energies of each of the roboisrigid bodies:

1 X € S X —
Kinetic Energy:= > mikrik2+ 1 7150 = > G Migds 0y (2.3a)
i=1 i=1 | —{z—}
Vi2$§-+

wherem; 2 Rsgandl; 2 S8, R® 3 denote the™ body's mass and rotational inertia matrix,
referenced with respect to the frame attached to the batty'd. Here,V; 2 ¢,  R® 8is known
as the body's spatial inertia matrix—de ned as an element of the s@idirhensional symmetric
positive de nite matricesS¢, (Featherstone009.

Using the Jacobian matrix function de ned(#.2), the kinetic energy can be equivalently expressed
in terms of the generalized coordinates as

X
T(@a) = ;@M (@g with M (@)= 3i(a) Vidi(a): (230)
i=1

Here,M Q! S R"a "a denotes the generalized mass matrix function, mapping each
con gurationg to a symmetric positive de nite generalized mass mafiXq). Just as the state

of the real-world robotic system is numerically represented by a fqjmf), the generalized mass
matrixM (q) represents algebraically the robot's inertial properties at con guraion

Generalized force To obtain a generalized form of Newton's second law in the space of generalized
coordinates, we must express all impressed Cartesian forces acting on the robot as forces acting along
the admissible directions of motion of the robot's rigid bodies, that is, in the space of generalized
coordinates. Leh; = ‘;; 2 RS denote the impressed wrench, composed of the foré R3

and torquep; 2 RS acting on the robot's-th bodyCoM?, and letdX ; 2 se; denote an admissible
displacement of the same body consistent with the kinematic constraints. The instantaneous work
performed by these impressed wrenches over admissible displacements is then de ned as

X Xb Xb
dw = hhi;dX i = hi(q)” hi;dgi = h (g;q);dgi; s.t. (g;q):= Ji(qg)” h;:
i=1 i=1 i=1
(2.4)

Here, :TQ 7! T4Q R"e denotes th@eneralized force vector eldwhich assigns to each
state(q; q) 2 T Q an instantaneous vector of forces acting along the directions of motion of each
DoF. This instantaneougeneralized forcés the representation, in generalized coordinates, of the
impressed Cartesian wrencHés g, .

In practice, we will consider the generalized force vector eld to be decomposed into components
representing different sources of wrenches acting on the robot, including gravitational effgcts

2Given that generalized coordinates parameterize motions compatible with the system's kinematic constraints,
force components enforcing these constraints perform no work and are therefore ignored.
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joint damping and friction forcesgamp €xternal contact forceson, and control or actuation forces
ctrl, NAmely:

(1A= gadd)+ damdd; D+ conA; A+ ctr(9;Q): (2.5)

Having de ned the generalized coordinates, mass, and forces, we proceed to express Newton's second
law in the space of generalized coordinates via the principle of least action.

Principle of least action In analytical mechanics, the equations of motion of a system are derived
through the minimization of a scalar functional known asabhgon denoted byA (Lanczos2020).
The action is de ned as the time integral of the excess of kinetic energy over the work performed by
moving forces along an arbitrary state trajectaryt, = (dt; Qt)io[tor,] T With xed endpointsgy, ;
gi, 2 Q, namely z,

1

Action:  A(6to:t,) = T(G;q)  U(qq)dt (2.6)

to
Here,U : TQ ! R denotes the work function, measuring the instantaneous work performed by
moving forces, and : T Q! Risthe system's kinetic energy, de ned in 3h

Analytical solutions to this variational problem—namely, the minimization oPe@—require the
work function to be integrable. This condition is generally violated in the presence of damping
or friction forces, contact forces, or arbitrary control inputs (i.@amp cont, and ¢ in €g.2.5)
(Lanczos2020. For this reason, we rst consider the idealized setting in which the system is subject
only to gravitational forcesgray. In this case, the work function reduces to the gravitational potential
energy functioAV : Q! R. Consequently, the action functional simpli es to
Z,, Z,
A(ttoty) = t L(q; ) dt = t T(q;a) V() dt 2.7)
0 0

whereL (q; q) denotes the system's Lagrangian function—de ned as the excess of kinetic energy
over gravitational potential energy—which will play a central role in the de nition of symmetries in
chapter 3 Minimizing eq.2.7amounts to nding a trajectorg, ., that renders the action stationary,
i.e., such that the rst variation oA with respect to in nitesimal perturbations of the trajectory
vanishes. Trajectories satisfying this condition obey, at every time instant, the following necessary

condition (anczos2020:
d@kg;a) @Ugnd) _ .

i @y @ (2.8)

Euler-Lagrange equations of motion Eq.2.8is known as th&uler-Lagrange equations of motion
in analytical mechanics. It de nes a second-or@&E that translates Newton's second law to the
space of generalized coordinates and fully characterizes the system's dynamics for any mechanical

P
3De ned for robotic systems as V(q) = " mihg;ri(q)i + const; where g denotes the gravitational

acceleration vector, and r; (q) 2 R? is the position of the i-th body CoM, obtained from the forward kinematics
function (eq. 2.1).
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system:
d @Tai;a) @Tae,a) _ @Var)
it @ @ @ (2.92)
M (ge)e + N (Qe; Q) At = gradGt) (2.9b)
N_(&tl’l} = | grad0t) + {Znonlin(Qt; QL; : (2.9¢)

Inertial forces

The left-hand side of e@.9, derived from the kinetic energy, represents the inertial forces appearing

in Newton's second law. The right-hand side, derived from the work function, represents the moving
forces acting on the robot. In this setting, these forces are composed of gravitational effects and
nonlinear velocity-dependent forcesonin(d; @) := N (qg; q) g, which arise from gyroscopic effects
associated with the dynamics of moving rigid bodiB&¢h et al, 1996 Wieber, 2006 and, from a
geometric perspective, de ne the curvature of the con guration mani@ldanczos 2020

Having de ned the equations of motion for robotic systems, we now shift our focus to the structural
properties they inherit from the symmetries of classical mechanics. This provides a rst step toward
understanding the different types of symmetry that arise in robot dynamics, discussegbiar 3

Ignorable variables and Noether's theorem In analytical mechanics, one often encountgreor-
ableor kinostheniccoordinates, de ned as generalized position coordingtésat do not explicitly
appear in the Lagrangian function, i.e., such {@d{q; 9)=@g= 0 (Lanczos2020. These coordi-
nates play a central role in Noether's invariance theordoe(her 1983, which states that for every
ignorable coordinate there exists a corresponding conserved quantity, given by the generalized
momentum conjugate tg, hamely

if @la:q) =0; and eq2.8holds, then = const (2.10)
@q @
In classical mechanics, the existence of ignorable coordinates is closely related to the fact that
Newtonian physics is independent of the chosen inertial reference frame. This means that the
dynamics do not depend on the absolute value of the ignorable coordinatesonly on their time
derivativesy .

@lg;q) _

To illustrate this, consider the dynamics of the Atlas robotinl.1. Letrg = [ry;ry;r,] 2 R®

andRR =1 x; y; 2] 2 R3 denote the position and orientation of the robot's base in a chosen
inertial frameo. These six coordinates are part of the generalized coordigated are ignorable,

since any translation, rotation, or re ection of the reference frame—egg:, ° = [ry + X;

ry;rz] or rg 2 % =1ry; ry; rzl—leaves both the robot's Lagrangian and its dynamics invariant.
Consequently, deriving the equations of motion using2egjin any such transformed reference frame
yields equations that are linearly equivalent to the original ones, as they describe the same underlying

physical behavior\{theeler 2014).

In this work, we adopt an interpretation of ignorable coordinates analogous to that introduced by Emmy
Noether: each ignorable variable is associated with a symmetry group composed of translations and

4FormaIIy, noniin rise from the kinetic energy and are therefore classi ed as inertial forces in the framework
of Lanczos (2020). In robotics, however, these terms typically reduce to centrifugal and Coriolis forces and are
commonly grouped with other moving forces (Wieber, 2006).
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re ections acting on that variable. Collectively, the translations and rotations of absolute position and
orientation variables de ne the fundamental symmetry group of classical mechanics—the Euclidean
groupEs (seeg. 1.1). This group plays a central role in the de nition and interpretation of symmetries

in robot dynamics, covered in detail imapter 3

2.2 Data-driven stochastic dynamics models

In section 2.1we introduced an analytical robot-dynamics model that describes Newtonian mechanics
in generalized coordinates through a system of second-order ordinary differential equati@®9)(eq.
This ODE yields deterministic dynamics for the system s{@eq) 2 T Q, which, for most real-world
robotic systems, can be written as the following underactuated control-af ne system:

M (a)® = grad0t) + noniin(Qt; Gt) + Fa (q{;qu;zt;+ unobdQt; Qt; Zt); (2.11)
ctr(Qe;Qt;2¢)

Here,B 2 R"s "l s the robot's actuation matrix, mapping thgy  nq controlledDoF to the

full set of nq generalized forces. Moreovex(q;; at; zt) 2 A denotes the control torques applied

at timet as a function of the current state and the robot—environment interactiozstai®. The
variablez is assumed to encode the proprioceptive and exteroceptive information required for policy
decision-making, including task information and the state of the robot in the environment, in particular
the robot's contact mode—the set of active contact surfaces and contact wrenches. Finaly:;

dt; Z¢) denotes generalized forces arising from friction, damping, contact forces, and approximation
errors, which are only partially observable.

Uncertainty of forcing terms Although the underlying physical phenomenon is deterministic,
epistemic and measurement uncertainty in the partially observable generalized fassgs 2 T¢Q
motivate modelling robot dynamics in contact-rich environments gahastic differential equation
(SDE) (Thrun et al, 2005 that de nes a controlled nonlinear diffusion processéodorou et aJ.
2010 of the form:

h, i
. Qt
[(st)+ Ba(st; P(fi with ¢ N (0;ldjs;j); st:= % 2SS =TQ Z :
Controlled State- dependent
deterministic drift diffusion
(2.12a)
In discrete time, this can be approximated as:
P_— .

St+ Mt = ft + f(st)M{er Ba (st)l\/E+D(st) M ; with ¢ N (0;ld;s;): (2.12b)

Fume (st;at)

Here,s 2 S denotes the world state, composed of the robot $tatg) and the robot—environment
interaction state 2 Z . In particular, because includes the robot's contact mode and task in-
formation, the world state distinguishes between states with the &grag but different contact
modes and control tasks. The miapS ! RISI is a deterministic drift vector eld de ned by the
known components of the dynamics in €ql1; B 2 RISIA s the actuation matrix ii$; and

D :S! RSISI s a state-dependent diffusion matrix that modulates stochasticity as a function
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of the current state. Throudh, the Gaussian perturbatiop captures epistemic and measurement
uncertainty in the unobservable generalized forggsp{ ) and in the robot statéy; q).

State-conditional transition distribution  As is common in the literature, we model the system
dynamics by approximating the controlled discrete-time Markovian dynamics id. &2 This
induces a state-conditional Gaussian probability distribuign. : s A S'! [0;1], often
referred to as thdfit-transition distribution(Thrun et al, 2005, de ned by the conditional law

€ S
Phts( jaust) N Fu(sia); D(s)D(s)”Mt ; 8si2S;ai2At2R: (2.13)

This distribution quanti es the probability of transitioning into the subSetfter aMt time step

when taking actiom 2 A in states 2 S.°> Formally, for each pai(s; a), Pg?‘as de nes a Gaussian
conditional probability measure over next states, with mean and covariance given by the deterministic
drift and diffusion matrix in eq2.12b(Theodorou et a)2010. The Gaussian form of the conditional
distribution follows from modelling the discrete-time world dynamics with2G2h which implicitly
assumes that 2 Z contains the information describing the true robot—environment contact mode
and the corresponding contact-mode transitions over theNtes¢éconds. Under this assumption,
stochasticity arises from uncertainty in the contact forces associated with the true contact mmode at

andt + Mt, which are assumed to be Gaussian distributed for suf ciently skitall

Consequently, the multimodality of the transition distribution expected from uncertainty in the contact
mode—for instance, uncertainty about whether the robot at titnét will gain or lose a given
contact, or whether a given contact will be in a sticking or sliding friction regime—does not appear in
this state-conditional transition distribution, as it is assumedztally determines the contact mode

att andt + Mt. Instead, such multimodality arises from partial observability of the state.

Partially observable dynamics Given that the world state 2 S is only partially observable, we
assume the existence of a stochasbservation modeP,;s : o S!  [0;1], which de nes the
conditional probability of an observatian 2 O given a states; 2 S. Leto; denote the component

of the state that is directly measurable from sensors, so that the stochastijy directly captures
measurement uncertainty. In practice, these observations commonly include joint positions, velocities,
accelerations, and forces; RGBD images; point clouds; IMU readings; battery level; and related
sensor-noise characteristics.

From a modelling perspective, these observatmn? O are the variables we aim to predict in
time. Their stochastic dynamics are de ned by composﬁ@fgs andPys, yielding the following
observation transition distribution:

Z

Poas(Ojat; st) = . Pojs(0js)PyLs(dsdar;st); 8 s12S;0 O ;a2A;t2R;  (214)
Note thang”.‘as represents the ideal model of robot—environment dynamics that we aim to approximate
with data-driven models. However, because2 S is only partially observable, the next-best
attainabIPSideaI target is a model that leverages optimal state estimation from observation history.
LetO:= , ,0O"! denote the space of all nite observation histories, so that for a givenstate

*We implicitly assume that s is the realization of a random variable s on the measurable space (S; s), with
law Ps.



2.2 Data-driven stochastic dynamics models 19

there exists an observation histay := (0¢;:::;0¢) 2 O (Thrun et al, 2005. Then, our target
observation dynamics model is de ned by the conditional probability distribution
z

Phias(Ojat; 01) = . Phias(Ojat; S)PY,(dsjer); 8 &2 0;0 O ;ar2A;t2R; (2.15)
guantifying the probability of observing am. ¢ 2 O after aMt time step when taking action
a 2 A attimet, given the history of past observatioss Here,Ps"’j"e : s O! [0;1]denotes the
true conditional estimation of states given past observation histories.

Note that althougtﬁ’g?‘as is assumed to be Gaussian, partial observability of the state rﬁ%}ggs
potentially non-Gaussian and multimodal. Intuitively, this multimodality captures uncertainty in the
unobservable robot—environment contact mode: for a given observation restonultiple contact

modes may be plausible, renderiﬁﬁ‘e( jet) multimodal, which in turn gives rise to multimodal
observation transition distributiorli!%,’}‘ae.

Data-driven stochastic dynamics modelling In this context, the learning problem of data-driven
stochastic dynamics modelling can be formalized in its most general form as the approximation of the
conditional distributiorP'(\)"jtae (eq.2.15 from data, using a stochastic model
o A O! [0;1], parameterized by 2 . Namely, by:
"€ S—
=argmin Len( ) =argmin Eoia, p,,, D Phae(jao)k  (jase) ;  (2.16)

WhereD : (O; o) (O; o) ! [0;+1 ) denotes a divergence measure between probability
distributions, such as the Kullback—Leibler divergence, Bgd is a joint distribution over observation
histories and actions, that weights the approximation error ofcross different regions of the
observation-action space, assigning higher weights to conditioning feins;) that are more likely
underPs.,. In practice Py 4 is typically induced by a chosen control policy, or a family of control
policies, de ning the distribution of trajectories under nominal operation of the raiiouf et al,
2009.

In practice, the expectation ovBg., is intractable and only empirically approximable from data
via Monte Carlo estimation, using a datasetNobbservation histories and actions collected from
the robotD = f(ei;ai) Peadly, . Likewise, the divergenc is typically intractable and only
empirically approximable from data. Note that, sirﬁg%e is expected to be multimodal—as a given
observation history might not be able to provide suf cient information to disambiguate the true contact
mode—the stochastic model should not be parameterized with a unimodal parametric distribution
family, e.g., a Gaussian.

Note that, by minimizing eq2.16 the dynamics model is implicitly tackling the problem of
optimal state estimation from observation history, siﬁgﬂge is de ned by the composition g™

ojas
andPM (see eq2.15.

sje

Data-driven stochastic state estimation The learning problem of data-driven stochastic state
estimation can be formalized, in its most general form, as the approximation of the conditional
dis.tributionng'te (eq.2.15 from data, using a stochastic model : s O! [0;1], parameterized
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by 2 . Namely, by:

"€ S—
=argmin Ls )=argmin E;, p, D Pg?te(jet) k  (je0) ; (2.17)
2 2

Where similarly as in ed.16 D denotes an (intractable) divergence measure between probability
distributions on(S; s), andPs is a distribution over observation histories, derived fregy, by
marginalization (heodorou et aJ201Q Thrun et al, 2005.

2.3 Group and representation theory for mortals

This section provides a concise overview of the fundamental concepts in group and representation
theory, which underpin the de nitions of symmetries for dynamical systems and random variables
throughout this work. If you are uninitiated in group theory, welcome, don't panic, readers are
encouraged to skim or skip this section on a rst reading, returning to it as needed when speci c
concepts are referenced in the main text. For comprehensive background on these topics in nite-
dimensional vector spaces, seeinberg2012; Weiler et al.(2023; for in nite-dimensional spaces,

as used irchapter 9consultkKnapp(1986.

Group theory provides the mathematical framework for describing symmetries in a wide range of
contexts, including physics, chemistry, and machine learning. The central object of interest is a group:
a set of elements closed under composition and inversion.

De nition 2.1 (Group) A group is a seG, endowed with a binary composition operator de ned as:

(): G G ! G
2.18a
(G1;%) ! G O2; ( )
such that the following axioms hold:
Associativity: (g1 &) 93 = 1 (% 93); 8 ;U032 G; (2.18b)
Identity: 9 e2 Gsuchthat g=g=ge; 8 g2G; (2.18c)
Inverses: 8 g2 G; 9 g'2 Gsuchthag gt=e=g! g: (2.18d)

Remark: We usee to denote the identity (or trivial) element of a gro® andg 2 G to denote
generic group elements. Furthermore, the cardinality of a gr@uis denoted byGj and referred to
as the group'order.

In this work, we are primarily interested symmetry groups.e., groups of symmetry transformations

of an object, typically a seX. Each transformation is a bijection on the set, termagrametry
because it preserves a fundamental property of the set. To describe how a group acts on a given
set, we introduce the concept of a group action: a map that associates each group element with a
transformation of the set. We de ne two types of group actions, left and right, which differ only in the
order of composition between group elements and transformations.
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De nition 2.2 (Left group action) LetX be a set endowed with symmetry gréepThe (left) group
action of the groufs on the seX is a map:

(x): G X ! X

(@x) ! g.xx (2.192)

that is compatible with the group composition and identity elereéntG, in the sense that:

Identity: e.x X = X; 8 x2X (2.19b)
Associativity: (g1 g2) .- x X = g1.x (G2 x X); 8 01,02G;8 x2X: (2.19c¢)

De nition 2.3 (Right group action) LetX be a set endowed with symmetry gr@eipThe right group
action of the groufs on the seX is a map:

(x/): X G ! X

(x;9) ! xx/g (2.202)

that is compatible with the group composition and identity eleraents, in the sense that:

Identity: x x/e = X; 8 x2X (2.20b)
Associativity: X x/ (g1 @) = (X x/91) x/g2; 8 01,002G;8 x2X: (2.20c)

These sets of bijections describe structural properties of the s€b study these properties, we will
frequently refer to the group of symmetry related elements of to a given elenizit as itsgroup
orbit of x:

De nition 2.4 (Group orbit) Letx be an element of the s¥t endowed with symmetry gro@. The
group orbit ofx is the the set of all symmetry related set elements, denoted by:

Gx =fg.xxjg2Gg f xx/gjg2 Gg:

Familiar groups in robotics Because robotics studies the dynamics of mechanical systems in three-
dimensional Euclidean space, roboticists are familiar with Lie groups arising from Euclidean geometry.
These include the rotation groups in two and three dimens®@sandSO;, respectively, and the
groups of rigid translations and rotations in two and three dimens&BsandSE;z, respectively.
These Lie groups are also termed matrix Lie groups: their elements are represented in matrix
form—i.e., as rotation and homogeneous transformation matrices—and the left and right group
actions (e nitions 2.2and2.3) reduce to left and right matrix multiplication of points 2a and
3-dimensional space, respectively.

In robotics, these Lie groups are often studied from a Euclidean-geometric or differential-geometric
perspective rather than from a group-theoretic one, largely because most of classical robotics does
not use core results from group and representation theory. In this thesis, the underlying symmetry
group of interest is the Euclidean groEg—composed of rotations, re ections, and translations

in 3-dimensional space—and its subgroups. However, we will rely heavily on an abstract group-
theoretic analysis of this group, because we use several group- and representation-theoretic results
and abstractions to characterize the implications of symmetries for robot dynamics and control.
For instance, we will de ne several group actionskaf on diverse sets and vector spaces whose
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dimensionality differs fronB, including high-dimensional and even in nite-dimensional vector
spaces. This will require us to de ne generalized matrix representatidgs anfid its subgroups on
arbitrary vector spaces. Furthermore, we will leverage the structure of these high-dimensional matrix
representations to derive theoretical and practical results on the implications of symmetries for robot
dynamics and control that would be dif cult to obtain without a group-theoretic perspective.

For instance, in this work we frequently leverage symmetry transformations of three types of sets:

h The state of a mechanical/robotic systemThe state space of a mechanical system, de ned by
the space of position and velocity generalized coordin@eg) 2 T Q (seesection 2.}, is said
to have a symmetry group if eagf2 G preserves the energy of the system @eaition 3.1).

h A manifold: In this work, a manifoldV is said to have a symmetry gro@if everyg 2 G
preserves the scalar curvature of the manifold; that is, the trace of the manifold's curvature
metric is the same at points related by the group action (s€e4).

h A random variable: A random variable is said to have a symmetry gro@pif everyg 2 G
preserves the marginal probability of an event; that is, the probability of an event is the same
for events related by the group action (skenition 2.16).

Finite symmetry groups A second divergence from the classical study of Euclidean isometries
is that we focus on discrete, often nite, symmetry groups arising from discretizations and nite
subgroups of the Euclidean gro&g. As discussed ichapter 4 morphological symmetry groups are
often nite. Below, we list and depict graphically ig. 2.1 some of the nite symmetry groups that
will recur in this work:

h The re ection group C, = fe; g j gr = eg: This is the simplest non-trivial symmetry group,
composed of a single non-trivial re ection symmetyy. It plays an important role in this thesis
because it characterizes the dynamical symmetries of many robotic and biological systems with
bilateral re ection symmetry in their morphology (seg 1.1).

discretizing the Lie group d2-dimensional rotationsSO,, into n equally spaced rotations. For
instanceC, is the symmetry group of a square under rotations,@at the symmetry group
of a regular hexagon under rotations.

h Dihedral groupsD, ' Cj 0 C ,: These groups arise from discretizing the group of rotations
and re ections in2 dimensionsQ», into n equally spaced rotations and a single re ection. For
instanceDy is the full symmetry group of a square. A related nite group used to describe the
dynamical symmetries of some quadrupedal robots is the Klein-four d€qugenerated by
two commuting re ections and their composition (sge4.1).

h Discretizations of the sphere A wide variety of nite symmetry groups arise from discretiza-
tions and nite subgroups of th&-dimensional rotation and orthogonal grou§}; andOs.
Familiar examples used in this thesis include the icosahedral groapd the octahedral group,
which are the symmetry groups of the regular icosahedron and octahedron, respectively.

Representation theory

In practice, to numerically represent the action of a symmetry group on a robot's con guration
manifold, or on the value space of a random variable of interest, we choose a vector space and a basis
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Figure 2.1 Cayley diagrams for representative nite symmetry groups used throughout this thesis. Cayley
diagrams represent groups graphically, where nodes correspond to the individual elements of the group, and
colored arrows denote right composition by the group generators, whose combinations result in the entire group.
Algebraically, these groups are de ned by their elements and constralnts as C, = fe;g;:::;d"tjg" = eg,
Dh = fe;g;::ii;d"high;:i;g"thjg" = e;h®>= eshgh=glg, Ky Dz,andKs Co= fe;g;g;0s O
Ori0s O iG OriGs & O JO2= e = e;F = &G0 = G000 = U Gsi %O = O %O

in which to express the relevant points. In this work, most group actions of interest are represented
numerically using a linear group representation, which maps the symmetry group of an object to a
group of invertible linear transformations of the vector space used to represent that object. Denoting
by GL(X) the group ofall invertible linear transformations on a vector spXcé.e., the set of all
invertible matrices), we can express a group actioiXoria a linear group representation:

De nition 2.5 (Linear group representatianl.etX R" be a vector space endowed with symmetry
groupG. Alinear representatioof G onX is a map, denoted byy , between symmetry transformation
and invertible linear maps oK (i.e., elements of the general linear groGh. (X)):

x: G ! GL(X)
g ! x(@2R"M (2:212)
such that the following properties hold:
composition x(g1 &)= x(91) x(92); 8 a1, 2 G; (2.21b)
inversion: x(gt) = x(g)™; 8 g2 G: (2.21c)
identity: x(g gt)= x(e)=1I: (2.21d)

Egs.2.21bto 2.21dshow how the composition and inversion of symmetry transformations translate
to matrix multiplication and inversion, respectively.

This enables us to express any linear group actign: G X ' X  via x as follows:

(.x): G X ! X

(@:x) ! g.xX:i= x(gx: (2.21e)

Remark: We will default to using the group action notatigny x rather than the representation
notation x(g)x, unless the latter is needed for clarity or to avoid ambiguity about the basis.
Furthermore, throughout this work, we assume group representationsreabeneaning that the
representation maps to threalgeneral linear grougGL (X ; R) rather than to thecomplexgeneral
linear groupGL (X; C). This is anon-standard choide representation theory, where most standard
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results are stated for complex representatiofise(nberg2012. However, it is standard in machine
learning, where the real linear-algebra operations underlying group actions are more memory- and
compute-ef cient to implement.

Note that choosing a different basis set in which to represent poiXsviill lead to .y having
different matrix form representations, that is a different linear group representatiodowever,

the group action x itself remains invariant to the choice of basis, thus creating an equivalence
relationship between group representations:

De nition 2.6 (Equivalent group representationd)et X be a vector space endowed with symmetry
groupG, and let $ and x be two group representations Gfon X . They are said to bequivalent
denoted by 9 x, if there exists an invertible change of ba§is2 Ends (X ) such that

2@ =Q x(@Q"' 8g2G: (2.22)

Equivalent representations arise when the same group a¢tiph: G X I X  is expressed in
different coordinate frames or bases. For instanceAlgtandByx be two bases foX = spar(Ax) =
spar(Bx ), and letQB : X ! X  denote the change of basis frah to Bx , so thatx® = QEx* for
all xA 2 X . Then the group action admits equivalent representatiofis, £, since

g.xXx%:= QR(g.xx");  89g2G;
Box®= Q% £(@x* = QF £(9Q8" x& (2.23)
B@)= Q% 2(@Q8™:

We will be frequently studying linear maps between symmetric vector spaces that preserve some or
all of the group structure of the spaces. These maps are known as homomorphisms and isomorphisms,
and they are de ned as follows:

De nition 2.7 (Homomorphism and Isomorphisml.et X andY be two vector spaces endowed with
the same symmetry gro@ with the respective group actiong : G X 7! X and.y :GY 7lY

The spaces are said to i&-homomorphic if there exists a linear map: X 7!'Y that commutes with
the group action, such thaft.y (Ax ) = A(g.x x) forall x 2 X . They are said to b&-isomorphic

if the linear map is invertible. Graphically{ andY are G-homomorphic oiG-isomorphic if the
following diagrams commute:

X —XJK A 2Homg(X:;Y) or X Xk A 2l1sos(X;Y): (2.24)
A A A1TIA Al|A

y Y I Yy Y I

| —{z—} | {z—}

Homomorphism Isomorphism

Here,Homg (X ; Y) denotes the space &f-equivariant linear maps betweét andY, andlsog (X ;
Y) denotes the space Gf-equivariant invertible linear maps betwe&nandY.

Whenever we refer to a linear map from a symmetric vector space to itself that preserves the group
structure, we call it aendomorphismThis is a special case of homomorphisms and isomorphisms
where the domain and codomain are the same space.
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De nition 2.8 (Endomorphism) Let X be a vector space endowed with symmetry giGumvith
the group action.y : G X 7! X . Alinear mapA : X 7! X is said to be an endomorphism if it
commutes with the group action, such that:

x(@A =A x(9); 892G 0 x Xk
A
X X

A

We will denote the space of all endomorphism¥oés Ends; (X ), such that anyA 2 Ends(X)
satis es the above commutation property.

Structure of G-symmetric vector spaces Symmetric vector spaces can be decomposed into smaller
subspaces with fewer symmetries, analogous to how a symmetry group can be broken down into
products and direct products of smaller groups. We will leverage this structure and decomposition in
several results throughout the text, so it is important to introduce the relevant concepts and de nitions
here.

De nition 2.9 (G-stable and irreducible subspacekgt X be a vector space endowed with a group
action( .y ) of the symmetry grou@. A subspac& ® X is said to beG-stableif the action of any
group element on any vector in the subspace remains within the subspace, that is,

g.xx2X% 8x2X%X ;89g2G:

If the onlyG-stable subspaces &f aref 0g and X itself, thenX is airreducibleG-stable spacé/Ne
will denote irreducibleG-stable spaces with an over bar, e Y.,

Algebraically, the presence of @-stable subspace implies that the group representation on the
entire space can be decomposed block-diagonally into group representations acting Grstaitlie
subspace.

De nition 2.10 (Decomposable representatio)et X be a vector space with a group actiony )
de ned by the representationy in a chosen basidy . The representation idecomposablé it is
equivalent to a direct sum of two lower-dimensional representatiogs, x, x,» WhereXs and
X2 are G-stable subspaces &f. Equivalently, there exists a change of ba®i : X ! X such that

” I I ” —
B _ 0 _ ~B B-1. B.— B B _ (@x? By — Xxi2X
X = (>)<1 Xs QA XQA ' and g.x X" = X (g)x - i:(g)xé ’ WhereQAX - X§2X1
Hence, the representation's decompositign  x, x, corresponds talecomposing the vector
spaceinto G-stable subspaceX = X; X ».

When iteratively applying the decomposition process, we eventually reach representations that cannot
be further decomposed. These are known as irreducible representationsp®rand they serve

as the fundamental building blocks for all representations of a compact symmetry@rdtrpm

a vector space perspective, the irreduciblstable subspacedd nition 2.9) associated with these

irreps are the elementary subspaces that comprise any symmetric vector space, analogous to how
one-dimensional subspaces are the fundamental components of standard vector spaces.

De nition 2.11 (Irreducible representation).et X be a vector space endowed with a group action
(.x ) of a symmetry grou. A representation x of G onX is said to barreducibleif it cannot be
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decomposed into smaller representations acting on pr@pstable subspaceslé€ nition 2.9). That
is, the onlyG-stable subspace$® X areX?= f0gandX%= X itself.

To differentiate irreps from decomposable representations we will denote the formers and their
associated irreducibl&-stable spaces with an over bary, : G! GL(V).

Crucially, any compact symmetry gro@ has a unique set of countably many irreps, denoted by

f kOko[1n, Wherek denotes the irrep type amgs, | Gj denotes the number of unique irreps

of G. A fundamental property of these irreps is that any two non-equivalent irreps act on vector
spaces that are mutualbythogonal This implies that whenever we decompose symmetric vector
spaces into their irreducible subspaces we are inherently decomposing the space into orthogonal
G-stable subspaces, which will greatly simplify numerical and theoretical analyses. Formally, these
orthogonality relations are a consequence of Schur's lemma, which we state below in its original form
for the case of complex irreps and discuss its adaptation to real irreps.

Lemma 2.1(Schur's Lemma for unitary (complex) representatiodsgpp 1986 Prop 1.5)) Con-
sider twocomplexHilbert spacesH and H% endowed with thecompley irreducible unitary
representations : G 7! U(H) and °: G 7! U(H9, respectively. LeT : H 7! H %be a linear
map commuting with the group actions, such tfia2 Homg(H;H9. Then, if the irreducible
representations are not equivalent, i.e.,  © thenT is the trivial (or zero) map. Conversely, if

0 thenT is a constant multiple of an isomorphism. Denotings the identity operator, this
can be expressed as:

%9 Oqo=Thj8 h2H (2.25a)
00 T= U; 2Ccu uf=| (2.25b)
= 0y T=1; 2¢C (2.25¢)

The most common interpretation of Schur's lemma is that whenever the irreps are equivalent,

0 their associated spaces are isomorphic, H %andT is an element of the endomorphism
spaceEncg(H), withH H H 9(seede nition 2.8). Consequently(2.25h implies that the
endomorphism space is one-dimensional, jEndS (H)j = 1, with 2 C denoting the only degree
of freedom, andZ.259 denotes the scenario in which the basis sets for the two spaces are identical.

However, this result holds only fmomplexrreducible representations and requires adaptation for
the case of real irreducible representations—given that computational linear algebra is mostly based
on the real numbers. The main difference stems from the fact that iG ! GL(V) is a real

irrep, then the space of (real) endomorphisErsg; (V), is no longer one-dimensional, but rather

it can bel, 2, or 4 dimensional. Here, aalgebradenotes a vector space equipped with a bilinear
multiplication operation. The relevant endomorphism algebras are isomorphic to the real algebra
(R = spari 1g), complex algebra@ = sparil;i ji2 = 1g), or quaternionic algebrai= spari 1;

i;j;k ji2=j%2=k?= 1g), respectively. Denoting by: K ! Ends(V) the isomorphism of

basis elements &f 2 f R; C; Hg with the basis elements &nds (V), we can summarize the basis
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A=a(@)+ b(i) © o

Figure 2.2 Example of an endomorphism acting on a Cs-stable irreducible 2D space. The irreducible representa-
tion is of complex type, with endomorphism space Endc, (R?) C = spanf 1;ig, comprising all transformations
that uniformly scale and rotate/re ect the plane.

sets of the three cases as follows (8esa et al(2021, Appendix C) for details):

R Ends(V)= spari (1)=1d ; ;g

C  Ends(V) = spa (1) = T (D=8 5" g m
TR IR
— Idn 1y = Idn
Fos BREEm gt p T oem
H Ends(V) = span o i, o o™ ~0 0 o0 Iy TME
(D=""% 8 § @ (= § & 'T o °
0 O ldh O ldp 0 O O

While this result might appear complex, its interpretation is straightforward: givenstable
irreducible spac®/, the space of linear maps from the space to itself that preserve the symmetry
structure consists dinear transformations that scale all dimensions\btiniformly, and possibly
rotate or re ect the spaceAlgebraically, this means that any element of the algebra has a unique
singular space, with a single singular value determined by the element's coef cients in the basis of
(2.26. We summarize this result in the following proposition.

Proposition 2.1(A real endomorphism has a single singular spatefG be a compact symmetry
group,( ;V) be an irreducible representation and its associatedtable space, and I&nds (V)
denote the space endomorphism algebra. Then e&ef¥ End;(V) admits ansingular value
decomposition (SVD)

A=U IdgV~;

where 2 R g is thesinglesingular value, repeated with multiplicity = j j = jVij. The right
singular basisv can, without loss of generality, be taken as the canonical orthonormal ba¥is of
while the left singular basis is thdh = 1AV , which is an orthogonal rotation/re ection of .

(R) Real caseAnyA 2 Ends(V) is of the form
A =a((l)= aldg; a2R:

Hence
A>A = a2ldg; (A)= ja &
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(C) Complex caseEvery element can be written as

A=a@+ b(i)= 29" M ab2R:

Using (i)>= (i)and (i) (i)=1d,
P
A>A =(a2+ P)Idg; A= a2+ &
(H) Quaternionic caseEach element admits the expansion

A=za@+ b(+c(j)+d(k); abicd2R;

where ( i); ( j); ( k) are the quaternionic structure matrices frggh26), satisfying( )> =
( ), ( )?= Id,and( )> ( )=Id,with the usual anti-commutation rules. Conse-
quently,

p
AA =(a2+ B+ 2+ d?)ldg; A)=  a+pP+E+d@ ©
As an intuitive low-dimensional example, consider the case of a 2D rotational irrep of the cyclic group
Cs3. The dimension of the irreduciblg-stable subspace j¥j = 2, and the irreducible representation
is of complex type, : C3! GL(V), with Ends(V) C = sparil;ig denoting the space of all
rotations, re ections, and uniform scalings of the plane (ge@.2).

2.3.1 Decomposition of symmetric vector spaces

We now have all the necessary tools to decompose symmetric vector spaces into their fundamental
building blocks: irreducibles-stable subspacedd nition 2.9). By Maschke's theoremKnapp

1986, we have that irreducible representations are the fundamental building blocks of the representa-
tions of a compact symmetry gro@ given that any group representation : G! GL(X) can

be decomposed into a direct sum of irreducible representatiqns, [.; x,, where eachy, is
isomorphic to one of the groupisse j Gj irreducible representationdd nitions 2.10and2.11).

This decomposition will play a crucial role in facilitating numerical and theoretical analysis of
operations on symmetric vector spaces. Therefore, we will frequently choose a convenient basis of
the symmetric vector space which readily exposes this decomposition, termed isotypic basis. For
the sake of generality we consider below the more general case of ( nite and in nite dimensional)
separable Hilbert spaces, which will enable us to extend these results to function spaces.

De nition 2.12 (Isotypic Basis) Let 4 : G! U(H) be a unitary group representation of a compact

groupG on a separable Hilbert Spadé. The representation is said to be de ned iniantypic basis

if it is de ned by a direct sum of irreducible representations grouped by their type, that is, if:
WEoopEm T (2.27)

wheref (:G! U(H k)gﬂijg are theniso j Gj irreducible representations @&, andmy, 1 is

the multiplicity (i.e., number of copies) of the irrep typ@ the representation .

Remark 2.1. Note that multiple isotypic bases exist for a given representatigras both the irrep
ordering and each irrep's multiplicity ordering can be arbitrarily permuted.
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The utility of an isotypic basis stems from Schur's orthogonality relatitesifa 2.}, which ensure
that any symmetric vector space decomposes into at mgstrthogonalsubspaces.

Theorem 2.1 (Isotypic decomposition of symmetric Hilbert spac&sigpp 1986). Let G be a
compact group antil a separable Hilbert space with a unitary group representatipn: G ! U(H).
Then we can identifpiso | Gj irreducible representationsy, : G !  U(Hy) ttp_at allow us to
decomposeél into Esum of orthogonal subspaces, dendsedypic subspacedd = I K niSOH(k)
where eactH®@ = = 7l H{ is the sum of atmoshy, 1 countably many subspaces isometrically
isomorphic toH .

Remark: In practice, the isotypic decomposition of any symmetric nite dimensional symmetric
Hilbert space, is found via a unitary/orthogonal change of basis, which can be computed numerically
using Dixon's reduction method for nite-dimensional unitary (complex) representatidn®1,

1970, with minor additional logic for the orthogonal (real) case. This method is implemented in
symm_learning in thecplx_isotypic_decompaosition function.

Disentangled representations The concept of isotypic decomposition is intricately linked to the
idea of disentangled representations, introduceHilgins et al (2018 in the representation learning
literature, restated below for completeness.

De nition 2.13 (Disentangled representatiodifgins et al.(2018)). A vector representation is

called a disentangled representation with respect to a particular decomposition of a symmetry group
into subgroups, if it decomposes into independent subspaces, where each subspace is affected by the
action of a single subgroup, and the actions of all other subgroups leave the subspace unaffected.

Note that the independent subspaced@hition 2.13 refer to the orthogonal isotypic subspaces
fH ®gpse | each of which is acted upon by a unigmeotient group de ned by the kernel of the irrep
acting on that isotypic subspace:

G® = G=Ni; where Ny :=ker( )= fg2Gj (g =1Id g0 (2.28)

Where eaclG® is a well-de ned group of cosets generated by the normal subgxquin practice,
eachG® is isomorphic to the effective (matrix) group encoded by each irreducible representation
k.G 7! U(Hy).

In practice we will leverage this decompositiorsiection 4.30 decompose the con guration manifold
of a robotic system into orthogonal submanifolds, andection 9.2.10 approximates -invariant
conditional probability distributions using-equivariant linear operators.

2.3.2 Maps between symmetric vector spaces

We will frequently study and use linear and non-linear maps between symmetric vector spaces. Our
focus is on maps that preserve entirely or partially the group structure of the vector spaces. These
types of maps can be classi ed @sequivariantG-invariant maps:

De nition 2.14 (G-equivariant ands-invariant maps) Let X andY be two vector spaces endowed
with the same symmetry gro@ with the respective group actionsc and .y . Amapf : X 71'Y

®The original de nition of disentangled representations refers to subgroups, but in general the quotient group
G® need not be a subgroup of G.
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is said to beG-equivariant if it commutes with the group action, such that:

9.y =9y (0= g Bx2Xi926: K

X 2.29
v(@)f (x) = f( x(9)x) (2.29a)

f
v Y Ik

f

A speci ¢ case ofs-equivariant maps are th€-invariant ones, which are maps that commute with
the group action and have trivial output group actions such that y(g) = | forall g2 G. Thatis:

y=9g.vf(x)=1f(g.xx); 8x2X;g2G: 0 X X

y = v(@Ff(x)=f( x(g)x) \
f

X (2.29b)

f

®

Y

We will also frequently study matrix-valued functions that map a symmetric vector 3pazéhe

space of linear maps between two other symmetric vector spaaeslZ . These functions are said

to beG-equivariant if they satisfy a similar equivariance constraint ateinition 2.14, but with the

group action on the output space being the conjugation action of the group on the space of linear maps
betweenY andZ, which is de ned as follows:

De nition 2.15 (G-equivariant matrix-valued function)LetX , Y andZ be threeG-symmetric vector
spaces, with respective group actions, .y and ., . A matrix-valued functioff : X 7! RIZIYI s
said to beG-equivariant if its image is the space GEkhomomorphisms betwe&handZ ; Homg(Y;
Z), ifit satis es:

X s I
g.-F(X)y/g = F(g.xx);8x2X:g2G: | F F
Homg(Y;Z) i/HomG(Y; Z)

Such a constraint is also referred to @ssteerability constraint inVeiler et al.(2021), and has well
known algebraic structural constraints fully characterized.amg and Weile(2020).

Structure of G-equivariant linear maps When restricting our focus to linear maps between
symmetric vector spaces, tleequivariance constraint imposes strong structural constraints on the
degrees of freedom of the map. We will frequently leverage this known structure, which is summarized
in the following proposition:

Proposition 2.2 (Structure ofG-homomorphisms / intertwinersG-equivariant linear maps)Let
G be a compact group an8l 2 Homg (X ;Y) be aG-equivariant linear map between two (real)
G-symmetric vector spacés andY, with isotypic decompositiongheorem 2.} given by:

y
— n ® — my v (K — MNsowvk — N M (K.
X= X0 = & =4 X7 and Y= HY9= 5 55

wheren;so denotes the number of isotypic subspaces,majdnd mi denote the multiplicities of
the irreducible representation, : G | GL(Vy) in X andY, respectively. Eack“ and Y is
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isometrically isomorphic t& (seetheorem 2.). Hence, in the isotypic bases, the maglecomposes
block-diagonally intan;se blocks corresponding to homomorphisms between isotypic subspaces of the
same type, that is:

A= oAl where AM 2 Homg(X®;Y®):

Furthermore, the map ®) decomposes intmj mi blocks of endomorphisms of the irreducible
subspacé/. That is:

w3

AO=8 1 i b where AY 2 Encg(Vi):8 i 2 [LmLj 2 [Lm]:

)
y. Y. X
mk,l mk,mk

Consequently, depending on the type of irreducible representiti?ri R; C; Hg, each sub-block is
constrained to be in the span of the corresponding basis elements 2n2€gConsequently, if we
denote byB the basis set dk, we have that the maf ™ can be expressed in tensor product form as:

X

X y
A® = by k(b where [P2RM Mo 1Bl Ends(Vk) (230
b2B

with[ '] = PA{Y; «(b)i denoting the basis expansion coef cient of tkté, j -th endomorphism
sub-block with the basis elemeng (b).

2.4 G-invariant random variables

This section presents the background on probability theory in the presence of symmetry priors
necessary to derive the core results of the thesis.

To begin, we recall the standard de nition of a random variable taking values in a probability
space. Le(X; x;Px) be a probability space , witk a set, x a -algebra of subsets of,
andPyx : x 7! [0; 1] the marginal probability measure wf A -algebra x is the collection of
subsets oK that are treated as measurable events; it con¥iris closed under complements, and is
closed under countable unions. We denote a random variaalleng values irX by x : !X ,
where is the underlying sample space. Furthermore, we denote the marginal probability of an
eventx 2 X X byP(x 2 X) := Px(X) and the conditional probability of an even2 Y Y
givenx = x by P(y 2 Yjx = x) := Pyjx(Yjx), wherePy; : y X 7! [0;1]is the conditional
probability distribution ofy givenx. Finally, we denote realizqgons gfby x 2 X . Expectations

of an observablé : X ! R underx are denoted b¥x[f] =  f (¥)Px(dx), and conditional
expectation of an observaltte: Y ! R givenx = x by Eyjx[h(y)] = | h(y)Pyjx(dyjx).

Probability symmetry priors The rst fundamental symmetry prior we will encounter is the
invariance of the marginal distribution of a random variable under the action of a compact symmetry
groupG:

De nition 2.16 (G-invariant random variable)Let(X; x;Px) be a probability space , and |&
be a compact symmetry group actingXrvia the group actiony : G X ! X  (de nition 2.2).
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A random variablex taking values irfX is said to be symmetric with respect@oif the probability
measurePy is invariant under the group action:

X X
PX)= P(@xX)i  802GiX2 xi e e
[0; 1]

As we will see inchapters o 8, the distributions of world statd?;, robot actiond,, and state
observation®, are common examples of suhinvariant random variables.

The second fundamental symmetry prior we will encounter is the invariance of the conditional
distribution of a random variable given another random variable under the action of a compact
symmetry groufi:

De nition 2.17 (G-invariant conditional distribution)Let (X; x;Px) and(Y; vy;Py) be prob-
ability spaces , and leG be a compact symmetry group acting on b&thand Y via the group
actions.x : G X I' X and .y : G Y 'Y | respectively. The conditional distribution
Pyix = v X 7! [0;1] ofy givenx is said to beG-invariant if the following conditions hold:

('Y;'X)
) . y X ——— ¢y X
Pyix (Yix) = Pyjx(9.v Yig.x X); 0 o (2.32)
892G x2X;Y2 v; k( . |
fO;l]

As we will see inchapters @o 8, the world transition dynamidég'tas (eq.2.13), observation transition

dynamicsPM _ (eq.2.15), optimal control policies , sensor modelB;s (eg.2.14), and optimal state

ojas
estimation model®M (eq.2.15 are common examples of su@tinvariant conditional distributions.

S|6
Intuitively, these conditional distributions can be viewed as probabilistic generalizations of equivariant
maps between the spacesandY. To make this precise, we focus on a frequently encountered
scenario in this thesis: for a given pair of random varialfley ), x is aG-invariant random variable
and the conditional distribution gf givenx is G-invariant. In this setting, the marginal, joint, and
conditional expectations inherit the symmetry constraints stated in the following proposition.

Proposition 2.3. Let(x;y) be two random variables such thatis G-symmetric de nition 2.16)
and the conditional distribution of givenx is G-invariant (eq.2.32. Then the marginal distribution
ofy is alsoG-invariant; thereforey is G-symmetric. More precisely, if

Px(X) = Px(g.x X); and Py (Yix) = Pyjx(9.v Yjg.x X);
892G, x2X;X2 x;Y2 v,

then the marginal distribution of is G-invariant:

Py(Y)= Py(g.vY); 892G;Y2 vy; (2.34)
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the joint distribution of(x;y) is G-invariant:
Py (X;Y) = Py (0.xX;g.vY); 892G X2 x;Y2 vy (2.35)

R
Moreover, if the conditional rst moment is uniformly boundesp, ,x | KykPyj (dyjx) < 1,
the conditional expectation gf givenx is a G-equivariant mapde nition 2.14):
X X Ik
Elyix = g.xx]= g.vElyix=x] 892Gix2X: 0  eyp= )
Yy Y Ik

Elyix=.x ]

(2.36)

Proof. To prove eq2.34 letg2 G andY 2 vy. Then
Z
Py(g-YY): Pij(g-YYjX)Px(dX)

ZX

) Pyix (Yig™t. x X) Px(dx) (by eq.2.32
z

Pyix (Yix) Px(dx) (change of variables arf® G-invariance)
X

Py (Y):

To prove eq2.35letg2 G, X 2 x,andY 2 y. By construction, we have,
Z

Poy (X;Y) = Py (Yix)Px(dx); 8 X2 x;Y2 vy:
X

Therefore,
Z

Pay (9.x X;9.vY) Pyix (9 .v Yjx) Px(dx)

Zg.XX

= § Pyix(9.v Yjg.x X) Px(dx) (x = g.x x andPx G-invariance)
z

. Pyjx (Yix) Px(dx) (byeq.2.32

= Py (X)Y):
To prove eq2.36 we write
z
Elyjx := g.xx]= vy Pyjx(dyjg.x X)
Al
= g.vY Pyjx(dyjx) (change of variables and €232
Y

z
g.v Y Pyjx(dyjx) (linearity of the action orY)
Y

g.v E[yjx = x].
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Conditional expectation equivariance

9r by Ely|x=1] = Ely[x=
—Elylx=z] = Ely[x=

Figure 2.3 Example of G-invariant random variables (x;y) X Y R R, whose marginals Py (x) and Py (y);
joint Py (X;y); and conditional Py, (yjx) distributions are invariant to re ections of the data: ¢ .x x = x and
o .vY = Y, where g denotes the re ection element of the re ection symmetry group C; := fe;gjg = eg
(see prop. 2.3). Consequently, the PMD (x;y) is Cz-invariant.

O]

A self-contained illustration gprop. 2.3is shown in g. 2.3 for two scalar random variables with
the simplest non-trivial symmetry group, the re ection symmetry gr@dp= fe;gjgr = eg(see
g. 2.1), wheree denotes the identity element agddenotes the re ection element (seection 2.3.

A common algebraic trick we will use throughout the thesis is to leverage the relation between
the conditional distributions de ned by symmetry related conditioning events, suchraz and

X = g.x X, to change variable in the integral of the conditional expectation gfenx. This is
formalized in the following corollary.

Corollary 2.1. Let(x;y) be two random variables such thatis G-symmetric de nition 2.16) and
the conditional distribution of givenx is G-invariant (eq.2.32. Then, we have that
Z z Z
y Pij(dij) = Pij(g .y dyjx) = y Pyix (deg_l .xX) 892G:

g.yY=Y

Optimal transport paths between G-invariant distributions

In chapter 8 we study the implications of symmetry priors in generative modelling paradigms
used to parameterize stochastic optimal control policies. This leads to the problem of optimal
transport between two probability distributions that @rnvariant with respect to a given compact
symmetry grougs. This problem has been studied in the contexGegquivariant ow matching by

Klein et al.(2023, speci cally for optimal transport between twoarginal probability distributions

Po: v 7' [0;1]andP;: v 7! [0;1] that are botlG-invariant @e nition 2.16).

Given that in optimal control problems, the control policy is parameterizeddoyditionalprobability
distributions of control actions given conditioning states, our focus is on optimal transport maps
between twds-invariantconditionalprobability distribution®y : vy X! [0;1]andP1: v

X 1 [0; 1], where the solution is a family of optimal transport paths indexed by the realizations of
the conditioning random variable To tackle this scenario, we rst restate the main resultslefn

et al.(2023 in our measure theoretic notation, and then extend these results to the conditional setting.
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Optimal transport between marginal distributions In optimal transport, given two marginal
probability distributionsPy and P, on a shared domailf, the goal is to nd a transport plan

T: v vy 7! [0; 1] that minimizes the expected transport cost between the two distributions.
Where the transportcost Y Y !  Ris a strictly convex distance metriyo;y1) = d(Yo;y1)P

for somep 1. The optimal transport problem can be formalized as the following optimization
problem over the space of transport plah®o; P1), which consists of all probability measures on

Y Y with marginalsPg andP;:

z z z
inf oy;y9 T(dy;dy9; st YT(Y;dy)= Po(Y); YT(dy;Y)= Pi(Y); 8Y2 y:

v (2.37)
In the context where the sourBg and targeP; distributions areés-invariant (eq2.31), we have that
the domainy admits a group actiony : G Y !'Y that preserve distancesYh Consequently,
the transport cost becomesGainvariant map, that is(g.y Yo; 9.y Y1) = ¢(Yo;y1) forallg2 G
andyo;y1 2 Y. In this settingKlein et al.(2023 introduces the symmetrizedca$t: Y Y! R
de ned as the minimum transport cost between points in the saroebit:

c®(yo;y1) :=min c(yo;g.vYy1) =min c(g.yYo;y1); 8Yo;y12Y: (2.38)
02G 092G

The following theorem formalizes the optimal transport properties of marginal invariant distributions,
translating the core ndings dflein et al.(2023 into the measure-theoretic notation of this thesis.

Theorem 2.2(Equivariant OT forG-invariant marginal distribution(ein et al, 2023). LetPy and
P1 be twoG-invariant marginal probability distributionsde nition 2.16) on the measure spac¥ ;
v). Letc:Y Y ! R be a strictly convexG-invariant cost function. Then:

1. The optimal transport plaii( ; ) 2 ( Po; P1) is G-invariant:
T(Yo;Y1) = T(@.vYo;9.vyY1); 8 32G;Yo Y12 v (2.39)
2. If the optimal transport mapy : Y !'Y exists and is unique, it i§-equivariant:
w(g.vy)=g.vyw(y), 8g2Gjy2Y: (2.40)

3. The optimal transport mayw is also an optimal transport map for the symmetrized cBst
4. AssumingY is a vector space, the optimal velocity eid (y; k) generating the optimal
transport-map interpolatioy ¥) = (1 k)y©@ + kw(y©) is G-equivariant:

V(g.vy;k)=g.vv (y;k); 8 g2 G;k2[0; 1] (2.41)

Proof. A detailed proof is provided byK(ein et al, 2023 Appendix B.1). O

Conditional optimal transport ~ We now switch our focus to conditional optimal transport, where the
goal is to nd a family of optimal transport plarfs x (Po; P1)0x2x betweerconditionalprobability
distributionsPg : y X! [0;1]andPy: v X! [0; 1], conditioned on the realizations of the
a random variable, taking values in the measure spd&e x). That is, to solve the following
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family of optimal transport problems:
z
z T(Y;dyjx) = Po(Yjx);
inf o(y;y9x) T(dy;dy9x); st Z' 8Y2 y;x2X:
vy T(dy; Yjx) = Py(Yjx);
Y

(2.42)
This section extends the previous analysis to a family of optimal transport paths—indexed by a
secondanG-invariant random variable—between twaconditionalprobability distributiondPo( jx)
andPy( jx) that are botlG-invariant Qe nition 2.17).

Because the conditional distributioRd jx ) behave identically to marginal distributions for any xed
realization of the conditioning variabbe, the properties frontheorem 2.Zrivially extend to the
conditional optimal transport plaf( ; jx) and mapr (jx).

Corollary 2.2 (Conditional Equivariant Optimal Transpart).et Po( jx) and P1( jx) be twoG-
invariant conditional probability distributions. Under the identical assumptionsiebrem 2.2for
any realizationx 2 X :

1. The optimal transport plan is conditionally invariant:
T(Yo;Y1jX) = T(9.v Y0;09.v Y1jO.x X); 8 92 G;Yo; Y12 v

2. If the conditional optimal transport may : Y X !'Y  exists and is unique for any given
it is conditionallyG-equivariant:

g.vyW (y;X)=w(g.yy;0.xX); 89g2G;y2Y:

3. The optimal transport maw is also an optimal transport map for the symmetrized c8st
for any xed realization of the conditioning variable.

4. Assumingy is a vector space, the optimal velocity eld(y;Xx; k) generating the optimal
transport-map interpolatioy ) = (1 k)y©@ + kw (y©:x) is G-equivariant:

g.vVv (y;x;k)=Vv (9.vy:9.xx;k); 8 92 G;k2][0;1].

Proof. For any xed realizatiorx 2 X , the G-invariance of the conditional distributions implies
Pi(Yjx) = Pi(g.vyYjg.x x) fori 2 f0;1g. Evaluating the optimal transport problem between
these distributions at the transformed conditioning sgagex is strictly equivalent to solving the
marginal optimal transport problem between the transformed med@g(@s, jx) andPi(g.v jx).
Applying theorem 2.4directly to these xed slices yields the conditional invariance of the plan and
the conditional equivariance of both the map and its corresponding velocity eld. O



Chapter 3

Symmetries of robot dynamics

This chapter introduces the different types of symmetry present in robot dynamics and their impli-
cations. We begin isection 3.1by formalizing symmetries as energy-preserving transformations
of the robot's state associated with a Euclidean isometry—that is, with a rigid translation, rotation,
or re ection of the Euclidean space in which the robot evolves. Thenhapter 4 we introduce
morphological symmetries—a speci ¢ class of symmetries associated with structural regularities in a
robot's morphology, featuring a rich set of geometric and algebraic constraints that we will leverage
in later chapters as inductive biases for data-driven robot modelling, estimation, and control.

Note: In section 2.1we characterized the symmetries of Newtonian (classical) mechanics as the rigid
transformations of three-dimensional Euclidean space, i.eEtkhidean grouEs, which comprises

all rotations, translations, and re ections®f. In the classical interpretation, these symmetries are
consideregassivdransformations affecting only the chosen inertial reference fr&toel et al,

1996 Murray et al, 2017). Their primary implication is the invariance of Newtonian physics to
the choice of inertial reference frame, given that translating, rotating, or re ecting that reference
frame does not alter the underlying dynamiBsoh et al, 1996 Noethey 1983. In this chapter,

we reinterpret these symmetriesadivetransformations acting on the robot and its operational
environment, leaving the chosen inertial reference frame unchanged.

3.1 Symmetries as energy-preserving transformations

In the context of dynamical systems, a symmetry is a transformation that relates two distinct system
states with identical—or equivalent—dynamics. Concretely, this means that when subjected to
equivalent forcing, symmetry-related states undergo equivalent temporal evolution. Identifying such
symmetries is therefore highly valuable, as they act as powerful structural priors for modelling
and control: the ability to model or control a given stéteq) immediately extends to all of its
symmetry-related counterparts (sge3.1).

The goal of this section is to formalize the notion of dynamics equivalence and describe how sym-
metries in dynamics translate to geometric and algebraic constraints on the system's state space,
equations of motion, and generalized mass matrix.

In robotics, symmetries are energy-preserving transformations—associated with re ections, transla-
tions, or rotations in Euclidean space—that relate dynamically equivalent st&bes €t al, 1996
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Os

(a; ) (OMx - @ 4;gMx - Tq0 @)

Os - g d;0s - 10 @) G

Figure 3.1 Example symmetry transformations relating two dynamically€equivalg1t s,tateigLeft: Double
pendulum with re ection symmetry G :€ Cz=fe;gjgs = eg. The stat% g= 1} Q= j2 is transformed
by re ection symmetry gs de ned via 0s.qQ= y 10s U= ; . Right: Cart-pole with translation
symmetry G = Tx = fgwjMx2Rg. The state q=[ *];q= * is transformed by translation symmetry gwx
denedvia Ow.od= **™ ;Qw.700d= *

Ordofnez-Apraeet al, 2025 Wieber, 200§. The action of a symmetry on the robot's state is for-
malized through group actionon the con guration spacg, o) : G Q 7! Q (seede nition 2.2).

This action de nes andf ne or linear) bijection on the con guration space for each symmetry
transformation, wher& denotes the set of transformations forming the system's symmetry group (see
de nition 2.1). For intuition, g. 3.1 illustrates simple examples of group actions: a double pendulum
with a re ection symmetry I{near action) and a cart-pole with a horizontal translation symmetry
(af ne action).

The action of a symmetry transformation on the robot's generalized velocity coordinates and on
accelerations or forces is derived via the push-forward and pull-back of the con guration-space action
on the manifoldQ. These operations lift the symmetry action to the corresponding tangent and
cotangent space$yQ andTyQ , respectively, yielding the following group actions:

(.TqQ):G T 4qQ 7' T4Q; (.TqQ):G T4Q 7' T4Q ;
@Q-QQ)q_

@
(3.1)
Once again,g. 3.1 grounds this formalism in intuitive transformations of velocities and forces for the
double pendulum and cart-pole systems. The purpose of introducing this uni ed notation—although
it may initially seem unnecessarily complex—is to enable the treatment of both simple and complex
robotic systems, potentially exhibiting simple or intricate symmetry groups, within a single consistent
mathematical framework based on linear algebra; ee3.1 and3.2andde nition 2.2.

T @g.0q

(9:Q) 7' g.70Q:= (9, )7 9.1 =

Dynamics equivalence Having de ned how symmetry transformations act on the system'’s state
space, we can formalize the concept of dynamics equivalence between two symmetry-related states,
which intuitively implies that when the two states are subjected to equivalent forcing, they undergo
equivalent temporal evolution. In classical mechanics, dynamics equivalence is commonly expressed
via the invariance of the system's Lagrangian function to symmetry transformaBmsh(et al,

1996 Murray et al, 2017 Wieber, 2000:

De nition 3.1 (Symmetric dynamical system).et(q;q) 2 T Q be the state of a dynamical system
and letL : T Q 7! R be its Lagrangian function. The system is deemed to possess a symmetry group
G if its Lagrangian isG-invariant. That is if:

L(g;)=L(9.04:9.10Q); 892G;8(q;Q;2TQ: (3-2)
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Figure 3.2 Example symmetry transformations of the dynamics of the Atlas humanoid robot. Left: action of
the re ection of space gs, relating the dynamically equivalent states (qgt; t) and (gs . o t; s - 1,0 @t). Crucially,
the de ned re ection action results in a state that is not reachable, i.e. gs.oq: 2 Q, given that real-world
rigid bodies cannot undergo a true re ection. Right: Example action of the translation symmetry group
G = Tx = fowjMx 2 Rg, which for any horizontal translation gwx, relates the dynamically equivalent states (q;
i) and (Gux - g dt; Gwx - 1,0 dt)-

Nomenclature:A dynamical system satisfying €5j2is referred to as a symmetric dynamical system,
with G referred to as its symmetry group. Furthermore, any pair of states related by a symmetry
transformation are said to be symmetric states with equivalent dynamics.

The reason ed.2 de nes adynamical equivalence relatias that, as recalled irection 2.1the
robot's equations of motion are derived directly from the Lagrangian via the principle of least
action (see eq2.9). Consequently, deriving the equations of motion for two symmetry-related
trajectories with xed endpoints—namely a trajectegy.t, and its symmetry-transformed counterpart

9. 6toit; = T9.00t ] Ot 2 Goity; t 2 [to; t1]g; foranyg 2 G (e.g., seeg. 3.1)—yields equivalent
variational problems:

le_ Ztl
arg min L(q; qr)dt argmin L(9.00t: 9. 700q)dt
Gtoit 1 to and g. &gty to
d @l(q;q) @I(q;q) d @l(g.00;9.7,0Q) @UI9.00;9. 1,09
o =02T ; — 2 2 =02T :
it @) @) aQ &t @9 ) @g.o 0 (‘13Q3 |
.3a

As the solutions to both variational problems are the robot's Euler—Lagrange equations of motion,
eg.3.3ainduces a symmetry relation between inertial and moving forces at symmetry-related states
(e.g., seeg. 3.1). To see this, note that by the linearity and invertibility of group actiolesrition 2.2)

and the chain rule, the partial derivatives of the Lagrangian with respect to variatigreatisfy

L) = L(9.09:9 -1,
@Ug;q) _ @Lg. 049 1,0

@ ] ]
@Ug;q) - @g.0q) ~ @UY. 09 9-1,0Q (3.3b)
. a @ @9q0q
g.ro @l _ @L9. 0919 1o, by €q.3.1:

@ @gqq
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Likewise, the partial derivatives of the Lagrangian with respect to variatiogsatisfy

@lg;q) _ @L9. 909 7,0Q)

a = @
@La;q) . @9.10Q ~ @UY .09 1,0Q)
@ @ @9r,0Q
@q;q) _  @g.0q) ~ @Y. o0ig. 100 (8:39
2= : QI T by eq.3.1
R @roa
@l(g;q) @UIg.00;9.1,09)
T = 1 ; b 3.1
9-me @ @gTqu_ yed

Then, substituting eq8.3band3.3cinto eq.3.3aand noting that symmetry transformations are time-
invariant, we derive the equivariance constraints on the Euler-Lagrange equations at symmetry-related
states, which hold for the entire symmetry group:

"delny @ga’ _ d@Ug.odi0.e® @U9.o0di0.e® 892G;

et @ @ d @y e @g. o) (G 2TQ:
(3.3d)
Recalling fromsection 2.zhat the robot's equations of motion are derived from the Euler-Lagrange

equations, with generalized inertial forces arising frﬁn@% and generalized moving forces

arising from%, we can rewrite ed3.3dasG-equivariance constraints on the robot's equations
of motion at symmetry-related states:

gt M(@)g  (A)=M(@.qNI 108 (9.09;9.7c2 892G;(q;2TQ:

fg-qu M (a) {I\Z/I (g-QQ)qu/g}q = [q-qu (a0;Q) {Z(g-oq;g-mq;
Equivariance constraint on mass matrix
(3.3¢)
Here, (0;d) = grald) + nonin(d;Q) 2 TqQ denotes the generalized force vector assumed by

the principle of least action, composed of gravitational and nonlinear terms (s2€)eq.

As already hinted, the core implication of the dynamical equivalence between two states—formalized
by eq.3.3e—is that both states exhibit identical temporal evolution when subjected to equivalent
forcing (seeg. 3.1). Consequently, knowing how to model and control the system along a given
trajectory immediately provides knowledge of how to model and control the system along any
symmetry-related trajectory. Since this form of knowledge transfer constitutes the key prior we aim to
leverage, developing clear intuition around it is essential.

If eq. 3.3eis required to hold for arbitrary generalized acceleratigrzsT4Q , then the robot's mass
matrix must satisfy the following matrix-valued equivariance constraintdsegtion 2.15):

g.t0 M (@) 10/9 =M (g.00); 892G;q2Q; (3.9

which endows the mass matrix with rich, symmetry-group-dependent algebraic structure, well charac-
terized for compact groups originally by the Wigner-Eckart theorem in quantum mechanics and in
Lang and Weile(2020) in the context of5DL. Violating this constraint for ang 2 G implies that

g does not de ne a symmetry of the robot's dynamics. For example, the symmetry in the temporal
evolution of the double pendulum shown @n 3.1 is broken when the links exhibit an asymmetric
mass distribution, as illustrated ig. 3.3-(a-b).
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Figure 3.3 Left: Symmetry breaking in the double pendulum due to disturbances in the mass distribution
(black box on second link), resulting in the violation eq. 3.4, and causing states (a) and (b) to no longer exhibit
equivalent instantaneous dynamics. Right: Introduction of an external disturbance force f 2 R? leading to the
violation eg. 3.5, thereby breaking the equivariance relation between the symmetry-related states (qo; Qo) in (d)
and (gr . o do; O - 7,0 o) in (e). Note, however, that under the assumption that inertial and moving disturbances
and their re ected counterparts are equally likely, each disturbed state (gr . o Qo; 0r - 7,0 Qo) in (b) and (e) admits
a symmetric equivalent disturbed state, shown in (c) and (f), respectively.

In contrast to eq3.4, which encodes a constraint on the system's morphology, the constraint on
generalized moving forces required for &3eto hold,

0.1 (A= (0.00;9.10Q); 8092G;(q;q)2TQ; (3.5

simply states that dynamically equivalent states will evolve equivalently only when subjected to
equivalent—or symmetry-related—forcing. This condition applies even for general force terms,
including control inputs, contact forces, and non-conservative effects (séeedror instance, in the
double pendulum example af. 3.1, applying an external disturbance to only one of two dynamically
equivalent states results in distinct temporal evolutions, as shown #3-(d-e).

Crucially, in real-world robotic systems, both inertial and moving-force disturbances are unavoidable.
Our focus is therefore not on idealized symmetry-preserving scenagio3.{), but on practical
settings in which a broad distribution of disturbances acts on the system at every time step. The
central objective is thus to model and control system dynamics under such disturbance distributions.
In this regime, the relevant symmetry relations are those between disturbed states, as illustrated in
g. 3.3-(b,c) and (e,f), since they enable the transfer of modelling and control knowledge from a
system under a given perturbation to its symmetry-related state under the corresponding symmetric
perturbation. This prior is of high practical relevance when symmetric disturbances are likely to be
encountered during operation, and it applies to both simple and complex robotic systems, as depicted
in gs. 3.5 and3.6. This observation is formalized in the following corollary, which generalizes
eg.3.3eto arbitrary generalized force elds.

Corollary 3.1 (Equivariant equations of motion)let(q;q) 2 T Q be the state of a robotic system

with symmetry grougss (de nition 3.1), and let®(g;q) := M (g)? (qg;q) denote the system's
acceleration at stat€q; q), induced by an arbitrary generalized moving force vectéq; q) (eq.2.5).

Then, the instantaneous acceleration at any symmetry-related state is related to the acceleration at
(g; q) through the following equivariance constraint:

.70 9(;A) = ¢(9.00:9.704); 892G;(q;0 2TQ:

3.6
g.re M (@7 (;Q)= M (9.0 9.0 (7;Q) (39
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3.2 Taxonomy of symmetries in robotics

The structure and implications of the symmetry constraints imposed on the system's equations of
motion (eq.3.36 depend critically on the type of symmetry under consideration. This subsection
provides a brief taxonomy of symmetries in robotics, illustrated)iri..2, and thereby sets the stage

for the introduction of morphological symmetriesh@pter 4, which constitute the main focus of this
thesis.

Symmetries in classical mechanics and robotics can be broadly classi ed into two categjoaitbes!:
symmetriesindtemporal symmetriesSpatial symmetries are transformations of the system's state
space that relate states with equivalent dynamics3&l)}. whose implications were analyzed in

the previous section. Temporal symmetries, by contrast, are transformations of time itself—namely
time translations and time re ections—which also relate states with equivalent dynamics, but whose
analysis and implications require a distinct, though conceptually analogous, development. Since
practitioners often con ate temporal and spatial symmetries, we brie y discuss temporal symmetries
to provide a complete context and clearly differentiate between these two classes of symmetry priors.

3.2.1 Temporal symmetries

Classical (Newtonian) mechanics admits two fundamental temporal symmetry priors: time translation
and time re ection. These symmetries arise because the dynamics of mechanical systems are, by
construction, invariant under transformations of time. Intuitively, this means that the dynamics
governing a robotic system today are the same as those governing that same system tomorrow or
yesterday. Moreover, since Newton's laws of motion are time-independent and describe deterministic
dynamics, the same equations remain valid under a reversal of the time variable, at least at the level of
idealized mechanical models.

Accordingly, insections 2..and3.1we incorporated this prior by assuming that the Lagrangian of
our dynamical systems does not depend on time. In full generality, however, one should consider
a time-dependent Lagrangian: TQ T 7! R, whereT R denotes the time domain. Then,
analogously to the formal de nition of spatial symmetrie (ition 3.1), temporal symmetries can

be de ned through the invariance of the Lagrangian under transformations of time:

L(o;a;t)= L(a;h.roq;h.rt); 8h2H;(q;)2TQ;t2 T: (3.7)

Here,H denotes the temporal symmetry grogp; ) : H T 7! T the group action of a temporal
symmetry on time, and.1o) : H T ¢qQ 7! T4Q the induced action on the system's tangent
space at any con guratiog 2 Q. In classical mechanics, the temporal symmetry group is given
byH = R C,. Here,R=fh {j t 2 Rgdenotes the group of time translations, acting as
h ¢.rt=t+ tandleaving velocitiesinvariant, i, Q= g. ThefactoiC, = fe;h | h? = eg
denotes the time-re ection group, acting Wia. 1t = t and reversing velocities,. o g = q.

The invariance of the dynamics under time translations is commonly referreditbeasomogeneity

and underlies the Markov assumption for the robot's discretized dynamics adopted in most optimal-
control and reinforcement-learning formulations. Since these priors are standard in robotics modelling,
we do not incorporate them explicitly in our analysis, for the sake of notational simplicity.
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< ignorable coordinate

Figure 3.4 lllustration of the geometric constraints induced on the con guration manifold Q by ignorable
coordinates. Left: a translational ignorable coordinate (red axis) constrains the curvature of Q to remain constant
under translations and re ections along that coordinate. Right: a rotational ignorable coordinate constrains the
curvature of Q to remain constant under rotations and re ections about the corresponding axis (vertical rotation
axis).

3.2.2 Spatial symmetries

In robotics, spatial symmetries are transformations acting on the robot's con guration ma@ifold
and—via eq3.1—on the associated tangéiQ and cotangent spac&gQ at each con guratiomn 2

Q. We classify spatial symmetries into two categorigsvironmental symmetriesmdmorphological
symmetries Both are induced by the spatial symmetry group underlying Newtonian mechanics,
namely the Euclidean grougs of isometries comprising rigid translations, rotations, and re ections

of space. Crucially, whereas environmental symmetries are present in every mechanical system,
morphological symmetries are robot-speci ¢ and arise from intrinsic regularities in the robot's
morphology.

Environmental/base symmetries Environmental symmetries, often referred tdbase symmetries

in the context of oating-base robot8(och et al, 1996, arise from transformations of thignorable
variablesin classical mechanics. These correspond to transformations of the chosen inertial reference
frame (seeg. 1.1), which induce offsets in thg, y, andz position coordinates and in the roll,
pitch, and yaw orientation coordinates of the robot and the objects in its environment. As recalled
in section 2.1an ignorable variable is a generalized coordimptéat does not appear explicitly in

the system's Lagrangian (see €qL0. Consequently, the system dynamics are independent of the
absolute value off and depend only on its velocity and on the remaining generalized coordinates
(Bloch et al, 1996 Murray et al, 2017 Wieber, 2009. This is a universal property of mechanical
systems governed by classical mechanics (gek.1).

Exploiting environmental symmetries in data-driven methods is both straightforward and common
practice. In dynamics modelling, environmental symmetries are typically leveraged by avoiding the
direct prediction ofabsolutepositions and orientations. Instead, models are parameterized to predict
relative positions and orientations, or directly velocities, while global coordinates are recovered
by integration from an initial conditionGhaffari et al, 2022. Similarly, in optimal control, data-

driven policies should avoid dependence on absolute coordinates and instead rely on velocities and
relative measurements, such as the relative pose between the robot and a target object rather than the
object's global position. Ignoring the environmental symmetries of classical mechanics in data-driven
modelling and control is harmful and frequently found in practice. If parametric models of dynamics
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Figure 3.5 Left: The Atlas humanoid robot exhibits a bilateral re ection symmetry group, C, = fe; g j g2 = eg,
where gs denotes sagittal re ection. Right: The robot's con guration manifold inherits this symmetry, imposing
geometric constraints on its curvature under high-dimensional re ections gs.

or control policies are made directly dependable of global coordinates, the models will be biased
toward the range of global coordinate values present in the training distribution, and will fail to
generalize under trivial translations or rotations.

In geometric terms, the con guration manifol@ is constrained to have constant curvature along
transformations of the ignorable position and orientation coordinatesyséel). Ignorable absolute
positions—i.e., globat, y, orz—induce invariance under translation and re ection groups isomorphic
toZ C,, seeq. 3.4-left. Likewise, ignorable absolute orientations—i.e., roll, pitch, or yaw—induce
invariance under rotation and re ection groups isomorphi®©io as illustrated ing. 3.4-right.

Morphological symmetries This thesis focuses on the second class of spatial symmaeatris:
phological symmetrieéseechapter 4. These symmetries induce richer geometric constraints on
the con guration manifold, the system's mass matrix, and optimal control policies. Morphological
symmetries arise from a mechanical system'’s ability to recon gure itself to emulate a Euclidean
isometry. For example, a double pendulum can be recon gured s&el) to achieve a state with
dynamics equivalent to a true spatial re ection. The next chapter provides a formal de nition and
detailed analysis of morphological symmetries, as leveraging them in robot learning requires a more
intricate approach. Before proceeding, we offer a high-level intuition for the geometric differences
between morphological and environmental symmetries.

Unlike environmental symmetries, morphological symmetry groups are nite and impose nontrivial
geometric constraints on the con guration manifold of mechanical and robotic systems. For instance,
in a robot with bilateral symmetry—where the left side is a re ection of the right—this re ection
constrains the con guration manifold, introducing a high-dimensional re ection plane that relates
the curvature on one side to that on the other (ge&.5). More generally, robots with larger
morphological symmetry groups, such as the quadruped Solo or Mini-Cheetah, have con guration
manifolds whose curvature is similarly constrained by high-dimensional symmetry transformations
(seeg. 3.6).

As discussed irthapters 46 and7, these symmetries also transfer to the observation and action
spaces of th&larkov Decision Processs (MDPthat de ne the relevant control problems in robotics.
Rendering relevant inductive priors for robot modelling, control, and estimation.
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Figure 3.6 Left: The Solo quadruped robot possesses a morphological symmetry group of order 4, K4 = fe;
Os;00 j02 = = 0g°= e & & = g0, where gs and g denote sagittal and transverse re ections, and g
denotes a 180 rotation. Right: The con guration manifold inherits this symmetry group, resulting in geometric
constraints on its curvature under the high-dimensional actions of gs, g:, and g .

Summary 3.2.2

For any mechanical/robotic system, a symmetry is de ned as an energy preserving transformation
relating two system's states with equivalent dynamics (corollary 3.1). Meaning that both states have
equivalent temporal evolution when subjected to equivalent forcing. This is a valuable prior for modelling
and control as it allows to transfer knowledge from one state to its symmetry-related states.

Symmetries in robotics can be classi ed into two categories: temporal symmetries, which are transfor-
mations of time itself, and spatial symmetries, which are transformations of the robot's con guration
manifold. Spatial symmetries can be further classi ed into environmental symmetries, which arise from
ignorable coordinates (section 2.2) and morphological symmetries, which arise from regularities in the
robot's morphology.



Chapter 4

Morphological Symmetries (MSs)

Morphological symmetries capture a robot's ability to emulate Euclidean isometries—such as re ec-
tions, rotations, or translations—throufgrasiblerecon gurations of its body. In particular, a robot

can reach a dynamically equivalent state corresponding to the application of a Euclidean isometry to
the robot and its environment, even when that isometry itself would produce an infeasible physical
con guration.

To formalize this distinction, we separate the standard action of Euclidean isometries—here referred
to as the environmental group action—from the morphological group action. The environmental
action corresponds to the canonical actiocgfon the global world-state space acting jointly on

the robot and its environment, with the robot's con guration manif@ldbeing a submanifold of .

In contrast, the morphological group action is de ned only for a subgBup Ez and acts directly

on the robot's con guration manifold through feasible state transformations:

(4.1)

:E3{Z 7! VS.

: 0 :G . Q7Q.:
I } | {Z }
Environmental action Morphological action

For a given stat€q;q) 2 T Q, we denote the resulting states under these actiong by q;

evro @) and(g. ¢ g; 9. 1,0 A, respectively (see egG.1and g. 4.1). While environmental actions
may produce dynamically equivalent but physically unreachable robot con gurations, morphological
actions produce feasible states with equivalent dynamics through admissible recon gurations of the
robot's body and joints.

Any humanoid robot provides the simplest example (geé.1-left): its bilateral body symmetry
induces a morphological re ection group = C, (see g. 2.1). Although true spatial re ections

are infeasible for any robot, humanoids can mimic re ections via the corresponding morphological
action—reorienting the base, hips, and head; and exchanging the left and right limb con gura-
tions—thereby yielding a feasible state with equivalent dynamics. A similar phenomenon can arise for
other Euclidean isometries, including multiple re ections, rotations, and translations, when robots ex-
hibit larger symmetry groups. This is the case for some quadruped robotg.(dek-center-&-right),

where sagittal and transverse body symmetries induce a Klein-four morphological symmetry group
G = K4. In this case, some Euclidean isometries—namely rotations—correspond to both feasible
environmental and morphological actions, whereas re ections are feasible only morphologically.
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Figure 4.1 Distinction between environmental and morphological group actions (eq. 4.1), which de ne inequiva-
lent realizations of the same Euclidean isometries. Left: Atlas humanoid robot with a bilateral sagittal re ection
symmetry group G = C, = fe;g j g5 = eg. The re ection gs admits two realizations: (i) an environmental
symmetry action, corresponding to a true spatial re ection of the robot and environment, which produces the un-
reachable state (gs °, g; Gs ®™r,o d), given that rigid bodies cannot undergo re ections; and (i) a morphological
symmetry action, implemented as a feasible robot recon guration that reorients the base and exchanges left and
right limbs, yielding a reachable state with equivalent dynamics. The robot chest text orientation highlights the

distinction. Center-&-Right : Solo quadruped robot with a Klein-four morphological symmetry group K4 = fe; gs;

00 jo? = 02= g = e; & o = g g, comprising sagittal and transverse re ections ( gs, g) and a 180 rotation

(or). Environmental actions implement these isometries as true spatial re ections or rotations acting on both
robot and environment (right), while morphological actions realize them as feasible robot state transformations
that reorient the base and permute limb roles (center). Limb color labels and forward arrows indicate the induced
permutations.

In both examples, for every Euclidean isomejrg G Esz, the environmental symmetry action
transforms both the robot and its environment, producing a systen(gtaged; gr,o @) that may be
infeasible. In contrast, a morphological symmetry acts directly on the robot state, yieligiagilale
state(g. ¢ ;9. 1,0 4) that is dynamically equivalent {@; q). Consequently, knowledge about mod-
elling and controlling the system &f; q) transfers directly to any morphologically symmetric state
(9.00;9.7,00) forallg 2 G. Crucially, whereas this transfer is straightforward for environmental
symmetry transformations (seection 3.2, exploiting it for morphological symmetry transformations
requires a more elaborate analysis and implementation, which we develop in the rest of this chapter.

Having built intuition through the examples in. 4.1, we now enumerate the characteristic properties
of morphological symmetries and then provide a formal de nition that captures them in full generality
for any robotic system. Morphological symmetries have the following de ning characteristics:

MSL1: Feasibility: the action of a morphological symmetry transformation on a robot &atg
yields a feasible stat. q;9.1,0 ) 2 T Q, which is dynamically equivalent t@; q).

MS2: Non-triviality in joint-space: a morphological symmetry transformation entails a non-trivial
transformation of the robot's joint-space con guration, required to imitate the action of the
corresponding Euclidean isometry on the robot's morphology (see1).

These properties can be formalized for any robotic system as follows:

De nition 4.1 (Morphological Symmetry)Let(q;q) 2 T Q denote the state of a robotic system
with Lagrangian functior. : T Q 7! R. A Euclidean isometrg 2 E3 is deemed a morphological
symmetry of the system if it induces two inequivalent group actions yielding distinct(staies
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9.7,0Q and(g=y g; 9,0 A), With (9. ¢ 4; 9. 1,0 A) being a feasible state dynamically equivalent
to(g;q),i.e.:

L(9;a) = L(9.04;9 1,09 = L(90 ;9,0 Q); 8(0;)2TQ:
st (0 q; 9o 6(9.00;9.70Q 2TQ;

Nomenclature: The set of all morphological symmetries of a robotic system forms its morphological
symmetry groufis < Es.

Because morphological symmetries are spatial symmetries, they iGdeggivariance of the system's
equations of motion (see €8.39, impose non-trivial structural constraints on the mass matrix (see
eq.3.4), and provide relevant symmetry priors for data-driven dynamics modetitraypfer §, optimal
control Chapter §, and estimationdhapter J.

Next, we focus on oating-base rigid-body systems. For this class of robots, we develop a kinematic
and dynamic analysis of how morphological-symmetry constraints arise in practice, with particular
emphasis on the induced algebraic structure of the mass matrix and its implications for numerical
physics simulation.

This analysis is primarily intended to support the identi cation of morphological symmetries in
oating-base robots and to clarify the resulting dynamical constraints. Readers primarily interested
in the implications for data-driven modelling, control, and estimation may jump directiizdp-

ter 6 chapter andchapter 7 Morphological symmetries can also arise in other robotic systems,
including soft, continuum, and modular robots; extending this analysis to those settings is relatively
straightforward, and their applications remain an interesting direction for future research.

The case of oating-base rigid-body systems

In this section, we characterize the constraints that rigid-body systems must satisfy to admit a mor-
phological symmetry grou® < E3. Speci cally, for robotic systems consisting of, interconnected

rigid bodies arranged in a kinematic tree, we study how the presence of a morphological symme-
try implies one or both of the following properties: (i) permutation symmetries of kinematic-tree
chains, and (ii) symmetry constraints on the mass distributions of unique bodies and of bodies across
symmetry-related kinematic chains. Both properties can be expressed as algebraic constraints on the
inertial and kinematic parameters that de ne the robot's morphology, which are precisely the core
parameters appearing in robot-description les such as URDFs and SDifsgntier et al2019

Todorov et al,2012). By understanding these parameter constraints, we aim to clarify how to

1. De ne morphological symmetry group actions/transformations in practice through linear alge-
braic operations.

2. ldentify morphological symmetries algorithmically from robot description les.

3. Establish the core constraints needed for computational design of robot morphologies with
arbitrary symmetry groups, thus providing the path to generaliz&ttersal Animal design
space (UniMal Gupta et al.202]) to consider larger symmetry groups th@p for the design
of robot morphologies.
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Con guration manifold of oating-base systems For generality, we consider oating-base robotic
systems composed af, rigid bodies, including a base body (e.g., the torso body in the humanoid and
quadruped examples af. 4.1) andn, 1 additional bodies (e.g., limbs), interconnectedyoints.

For this class of systems, the con guration manifold decomposes into the oating-base con guration
manifold SEs—which is a Lie group—and th@int-spacecon guration manifoldM  R"s, which
encodes tqg posmons of all joint degrees of freedom. Th&l is, SEzs M R" withng = 6+ njs
andnjs =  ;1; number ofDoF of jointi (refer tosection 2.1for details). Hence, we will often
denote the decomposition of the generalized coordinates by

q= Rl{z? 'qs) 2Q :=SEg M ; and g :(A{%i;%)ZTqQ =58 T qM; .
ks S

whereX 3 2 SE3 denotes the base body con guration—representeddas ¢ homogeneous matrix
de ned by the base positions 2 R® and rotation matrix representati®y 2 SO; (see eg2.1)—and

gis 2 M denotes the joint-space con guration. Likewisg, 2 se; denotes the base-body linear and
angular velocity—represented ad a 1 spatial velocity vector de ned by the base linear velocity
rs 2 R3 and angular velocity 3 2 R® (see eq2.2—andgs 2 TqM denotes the joint-space
generalized velocity coordinates.

Note that althoughSEsj = jsej = 6, we rely on thed 4 matrix-group representation of body

con gurations andd 1 spatial velocity vectors to align with the notation used in the robot-dynamics
simulation literatureCarpentier et al2019 Featherstone2008 Mastalli et al, 20209. One may
choose a different orientation parameterization, such as quaternions or Euler angles, but the underlying
nature of the symmetry transformations on these objects remains unchanged.

Morphological symmetry group actions for oating-base systems In this context, the morpho-
logical and environmental group actions (see4d), acting on the con guration manifol@ of
oating-base robotic systems, are de ned as follows:

9.00=_ 9 eXei 9.m s . and  g=oq:= g.gXs; (s
| Ea(g)x{% Es(g-lg; M (g)st = Es( Xl} QJS : (4.33)
h R h i h
Mg Bfg Rgrlyg Ry Rg g
0 1 0 1 0 1 0 1 0 1

The environmental actiofr™y, ) is de ned by the standard action of Euclidean isometries on rigid bod-
ies, which simply rotates or re ects and translates the base-body con guration in space. Algebraically,
this action is represented simply by composition of homogeneous transformation matrices:

(.E3)Z G Es 7! E3;
(@:X) 7 e(g)X:

where g,(g) 2 R* # denotes thegroper or impropey homogeneous-transformation-matrix repre-
sentation of the Euclidean isomety)2 E3, composed of #to-re ectionRy 2 O3 and a translation
rg2 R3 (see eg4.39. In contrast, the morphological group actipn,) : G Q 7! Q is de ned by
the standardonjugation actioron Es, ( g, ), and by a group action on the joint-space con guration

(4.3b)
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manifold,( .y ), de ned as:

(g): G E37!Es v G MT'M

4, and _ . (4.3c)
(@:X) 7 g9 X g(97): (9;95) 7! m(9)g;s:

Here, v (g) 2 R"s "s de nes the transformation of the joint-space con guration required to imitate
the corresponding Euclidean isometry on the robot's morphology. In the context of the examples
in g.4.1, ( g,) is responsible for the reorientation and relocation of the robot's basg,. gnyis
responsible for the permutation of limb roles.

It is important to note that", ) is not a well-de ned group actiordg nition 2.2) on Q because

the resulting state may lie outside the con guration manifold, (@3, 9; 9o Q) 2T Q. This
occurs when the Euclidean isomegys a re ection, such ags; g 2 E3 in g. 4.1, since for any

Rg 2 SO;s, the result ofg. g, Rg is aroto-re ection, implying thatg.g, Rg 2 SOs. This is the
algebraic manifestation of the physical fact that rigid bodies cannot undergo re ections, depicted
in g. 4.1 by rendering infeasible states translucent. In contrast, note that the morphological group
action always vyields a feasible base con guration, since forRpy2 SO; andg 2 G, we have

g g, Rs 2 SOs.

Then, following eg.3.1, we can derive the morphological and environmental group actions on the
tangent spac&yQ of oating-base robotic systems as follows:

0.1,0@= g.eXs:  T,m(9)Gs and ro@i= g.eXs; Os s

Ay (909 S (4.30)
Rg 0 hr_BI Rg ) hr_BI
0 det(Rgq)Ry !B 0 det(Rg)Ry 'B

Here, the determinant factor appears in both angular-velocity blocks becgliseepresented as an

axial vector under a xed right-handed convention. Equivalently, forigy2 Oz and[! g] 2 so,

one haRgy[! 5] Rg =[det(Rg)Rg! s] . Thus, re ections act on linear velocities as polar vectors

but on angular velocities as pseudovectors. Consequently, both base-velocity actions share the same
representation o(r ;! g); their distinction lies in the action on the base con guration and on the
joint-space coordinates.

Next, we discuss the structure of the joint-space group atign), which captures the recon guration
of the robot's body needed to mimic the corresponding Euclidean isometry on the robot's morphology.

4.1 Modularity and symmetry in the robot's morphology

Robotic systems often exhibit a regular distribution of replicated kinematic branches within their
kinematic tree. Examples include the four identical legs of the Mini-Cheetah robot and the mirrored
arms and legs of the Atlas robot (see4.1). As we characterize in this section, modularity in a
robot's morphology is one of the necessary conditions for the existence of a morphological symmetry
g 2 G acting on the robot's state, thereby inducing the group action on the joint-space con guration
manifold ., :G M!M that handles the permutation of limb roles in the examplegof4.1
and9.8. In section 4.2we then characterize the constraints on the mass distribution of the robot's
bodies and on the kinematic-tree structure that are necessary ftw exist.
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Figure 4.2 Example modular kinematic trees used in this section. Left: Atlas, with torso base body &, one
head branch instance b{**, one hip branch instance b* , two arm branch instances ™ and B§™ , and two
leg branch instances b'fg and tizeg. Right: Mini-Cheetah, with torso base body s and four replicated leg branch
instances B%%;:::; b9 . Bodies are shown as nodes and joints as links.

Note: The de nitions in this section are used to de ne the morphological group actions for the suite
of robotic systems included in theorpho_symm library (seesection 1.5.}, which identi es the
group actions , and. o of egs.4.3aand4.3dfor a large collection of robotic systems.

Modular kinematic tree structure  Assume that the robot's kinematic tree is composed of a base
bodys andny unique kinematic branches, represented by the labd setfb*;  ;b'g. Each
branchtd hasngor (b)) 2 N DoF, and we denote bgirep () 2 N the number of times that branch is
replicated within the tree. The instances of a kinematic br&héhB are denoted bf; = fldl; ;

Uﬁrep )9 As a working example, we consider the humanoid robot Atlas, whose unigue kinematic

branches are the arm, leg, head, and hip, th& is, f BP™; He9; hhead: i g, These substructures
occur with multiplicitiesnrep (™) = nrep(0°9) = 2 andnrep(0'®39) = npep () = 1. We

also consider the quadruped robot Mini-Cheetah, which features a single unique kinematic branch,
B = fH®9g, with multiplicity nyep(0°9) = 4. Seeg. 4.2.

The action of a morphological symmetry on the kinematic tree can be de ned as a permutation that
preserves kinematic-branch types. Equivalently, it can be viewed as a permutation of instances of the
same branch type, speci ed by a group action on each branch type. That iB;eiadndowed with

a group action:

.G B! B
® o (4.4)

which permutes the instances of the same branch type. In partiguéatj = b o) 2 B; denotes
that, under the symmetry transformatigninstancg of branch typd is mapped to the instance
indexed by ¢(j ).

For example, for the Atlas robot (seg 4.2), the group action on the arm branch type is de ned as a
permutation of the right and left arms:

Bam - C2  Bam! Bam; with e(right) =right ; e(left) = left ;
(g; ™) 7t g.bf™ := ;’E) o (right) = left ; o (left) = right :
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Figure 4.3 Permutations of the Mini-Cheetah leg-branch instances induced by the elements of G = fe;gg f €;
a9 f e;gg(see g.1.3). Each panel shows the kinematic tree of the robot, with bodies as nodes and joints as
links. Dashed bidirectional arrows connect the branch instances exchanged by the corresponding symmetry
transformation. The re ection g; acts through the within-branch joint-space transformation but does not permute
the leg-branch instances.

Likewise, g. 4.3 shows the permutations of the leg branches of the Mini-Cheetah robot induced by
the 8 symmetry transformations composing its morphological symmetry groupds&es).

When exchanging the roles of kinematic branches of the same type, it is often necessary not only to
permute the branch joint con gurations, but also to apply speci ¢ transformations to the joints within
each branch so that the resulting state remains feasible and dynamically equivalent to the original
one. For instance, when permuting the right and left arms of the Atlas robot, one must apply speci ¢
re ections to some joints because corresponding joints in the right and left arms may use different
conventions for the positive direction of théoF (e.g., the positive direction of the shoulder-roll

joint in the right arm may be de ned as clockwise, whereas in the left arm it may be de ned as
counterclockwise). Another example is the transformations induced by the dorsal re ection symmetry
g of the Mini-Cheetah robot which ips the robot upside down (sgel.3). While this symmetry

has a trivial permutation of the leg branches, it requires speci c re ections of the joints within each
leg to yield a feasible and dynamically equivalent con guration (seé.3).

LetM ;  Rfd () denote the con guration space of a single instance of the kinematic branch type
b. Then each symmetry transformatigr2 G de nes a unique group action dv ,; that applies the

required branch-joint-space recon guration:
My G M yIM (4.5)
(g;qjs;U) ng. Oisb == M U(g)qjs;bi; with U(g) 2 RMdof (B) Naor (U): -

Each w,(9) is alinear invertible transformation¢ nition 2.5) that speci es how the morphological
symmetry transformatiog acts on the joint con guration of a single instance of branch typdhis
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enables us to de ne the group action on the joint-space con guration manifold collecting all instances

of branch type. LetM g, ~ RMdof (B)) denote the joint-space con guration manifold of all instances

of the kinematic branch type, with M g, =~ Y m 5 - Then the action on this subset of the

joint-space con guration manifold is de ned as the composition of égéand4.5:

.MB‘ZG M Bi!M Bi s

(4.6)

(9:disB) 7' 9-mq OisB = Mg (9)ise = ( 8(9) My (9)) Qis;B;
Here, g (g) 2 RMer () nrep (V) s the permutation-matrix representation of the group action on the
instances of the kinematic branch tyipeeq.4.4), and  denotes the Kronecker product. Intuitively,
this action applies eql.5to each instance of the kinematic branch typand then permutes the
resulting con gurations according to the branch permutation de nedh{g) (eq.4.4).

Crucially, because the joint-space con guration manifd decomposeﬁinto the con guration
manifolds associated with each unique kinematic branch type, thdt is, inzkl M g, , the group
action on the full joint-space con guration manifold is de ned as:

v :G MIM ;
2 3_ ™
M Bl(g) qu;Bl
(@:0) 7' 9. Gs = m(@s = % wma(Q) gs=4 :
Mg, (@)  isBny
(4.7)
If a pointgjs 2 M is represented in a basis that respects the decompositMniafo the con guration

a morphological symmetry 2 G ongqjs is given by the block-diagonal matrix, (g), where each

block corresponds to the action on the joint-space con guration manifold of a unique kinematic branch
type. This structure allows us to systematically construct the group action on the full joint-space
con guration manifold from the actions de ned on each unique kinematic branch typé @g.

Summary 4.1

A morphological symmetry g 2 G induces a non-trivial transformation of the joint-space con guration
0is 2 M , required to recon gure the robot's body so as to mimic the corresponding Euclidean isometry.
This transformation is de ned by the group action .,, :G M!M (eq. 4.7), which is assembled
from the actions on the joint-space con gurations associated with each unique kinematic branch type,
ms -G M g I'M g . Examples include the joint-space con guration of all legs of the Mini-Cheetah
robot and that of both arms of the Atlas robot. In turn, each ., is de ned by combining two actions:
(i) the permutation of the instances of branch type b, given by .5 -G Bi! B;j(eq.4.4), for example,
the permutation of the right and left arms of the Atlas robot; and (ii) the transformation of the joint-space
con guration of a single instance of branch type b, given by ., , -G M i !'M 4 (eq.4.5), for
example, the re ection applied to some joints when permuting the right and left arms of the Atlas robot.

Next, we discuss the algebraic constraints on the robot's morphology that are necessary for the
existence of the group actions de ned above.
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4.2 Morphology constraints induced by symmetries

The previous section described the group action on the joint-space con guration manjfoldG

M!M | asthe composition of a permutation of kinematic branches with transformations of their
individual joint-con guration manifolds. These transformations implicitly de ne, for evg¥ G, a
permutation of bodies within the kinematic tree. In this section, we derive the algebraic constraints
on the robot's kinematic-tree structure and mass distribution required for such body permutations to
exist, since they are necessary conditions for the existence of a morphological symeiy

To derive morphological constraints on the parameters of a robot's kinematic tree and mass distribution,
we study the conditions under which the robot's kinetic enerdy-sivariant, which is necessary
because morphological symmetries are energy-preserving transformaligoms¢n 4.1).

Recall that the robot's kinetic energy is de ned as the aggregate of energies of ajj Huglies in the
kinematic tree (see eg.3aandsection 2.}):

1 Xb 1 _ . —
T@@= ;@M (@a= 5 Vix; withvi= Mgl 2 8,
2 _ 0 i (4.8)
i=1 f——{z—}
Ti(9;q)
wherex; = [ 2 R denotes thé" body's spatial velocity vector, composed of the linear velocity

ri 2 R® and angular velocity ; 2 R® (see eq2.2); V; 2 S, denotes the body's spatial inertia
matrix, composed of the mass, 2 R and inertia matriX; 2 S3, (de ned w.r.t. a frame at the
body's CoM aligned with its principal axes of inerti& éatherstone€008); andT;(q; ) denotes the
body’s kinetic energy.

For eq.4.8to beG-invariant, the sum of the kinetic energies of all bodies at any symmetry-transformed
state(g. ¢ 9 9. 1,0 4) must equal the kinetic energy at the original st@geq). This can only happen if,
given the set of transformed body kinetic enerdi€gg.,9;9. 1,0 q)gi”:bl , there exists a permutation
original bodies. Note that this permutation is induced by the permutation of kinematic branches of the
same type de ned in egg.4and4.7 and depicted ing. 4.3 for the Mini-Cheetah robot.

Speci cally, if G is the morphological symmetry group of a robot, then for exppyG there must
exist a permutationy such that the following algebraic constraints hold forgel G, (9;9) 2 T Q,

Ti(9.049 . 1D =T ;iy(a,Q (4.9a)

By substituting eg4.8, we can deriv&kinematic constrainten the robot's morphology that enforce
that the spatial velocity of the" body at the symmetry-transformed stéte, q; 9. 7.0 Q) is the
g-transformed spatial velocity of the;_@,(i)th body at stat€q; q). Recalling that the spatial velocity
vector of thei™ body, x;(q;q) := Ji(q)q, is determined by the body's Jacobian matrix-valued
functionJ; : Q 7! R® "a (see eq2.2), these kinematic constraints translate to the robot's kinematic
tree as matrix-equivariance constraints on the robot's Jacobians:

Xi(9-0d9 - 1,0d = g.eX ,iy(ad) 892 G;(q;Q) 2T Q;i 2 [L;ny]
Ji(0.d@)9 . 10@:= g.ed (DA (4.9b)
Ji(9.0) 10/9 = g.ed 4i)(a)
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Likewise, we can deriveertial constraintson the robot's morphology that relate the mass and inertia
of thei' body at(g. o 0; 9. 1,0 4) to those of the 4(i)™ body at(q; q).

X Vii =(9-eX i)V 1) (@-eX 4i)); . 892 G;(q;@) 2T Q;i 2 [1;np]
— € 7 h € =

> . i m i Id 3 0 i (4'9C)
BT R = e T T, 9 FI)
These yield mass-equality constraints for bodies related;byogether with conjugation constraints
on their inertia matrices:
! i>|i! =1 >g(i)l g(i)! o)

(det(Rg)Rg! )71 gy(det(Rg)Rg! i)
Rgl 4iRg

892 G;(q;Q) 2T Q;i 2 [1;ny]

Here, the left-hand side of eq4.9dstates that bodies related by must have the same mass, and
the right-hand side states that their inertia matrices must be related by conjugatidgwilihis
ensures that the inertia of bodwat (9. q; 9. 1,0 4) is g-equivalent to the inertia of bodyy(i) at(q;

q). To develop intuition behind these kinematic and inertial constraints, we study two cases: (i) trivial
permutation of bodies, where for a givgr2 G and bodyi we have ¢(i) = i, and (ii) non-trivial
permutation of bodies, whergy(i) 6 i.

mildz = Rgm _Id3R
e g g(')3gand!i>li!i

mi=m g (4.9d)

h  4(i) = i: For a symmetry transformatianthat induces a trivial permutation of body-for
instance, the torso, hip, or head of the Atlas robot under a sagittal re egdi(see g. 4.1)—the
kinematic and inertial constraints in egs9band4.9dreduce to:

Ji(9.0d) 1o/9 = 9..Jdi(Q) and IiRg=Rgli 8 4(i)=1,92G;(0;Q2TQ
(4.10)

Both constraints in this case can be interpreted as morphological constraints on the mass
distribution of bodyi. From an algebraic perspective, the commutativity constraint on the
inertia matrix reduces its freeoF (see details iprop. 2.3. The equivariance constraint on the
Jacobian ensures that the body frame—aligned with the body's principal axes of inertia—at
(9.00;9.1,0Q) is theg-transformed body frame &t]; q). In practice, these constraints ensure

that the body's mass distribution is invariant under conjugation by the isorRgfrguch that if

g 2 G is are ection, the body has a re ectional symmetry in its mass distribution (se€5),

and ifg 2 G is a rotation, the body has a rotational symmetry in its mass distribution.

Intuitively, for the case of re ections irg. 4.1, eq.4.10is responsible for the sagittal re ection
symmetry of the torso, head, and hip mass distribution in the humanoid robot Atlas under
0s 2 Cy, and the sagittal and transverse re ection symmetries together with8berotational
symmetry of the torso mass distribution in the Mini-Cheetah robot uggdex; g, 2 C»

C, C..

h 4(i) 6 i: Foranyg 2 G and bodyi for which the symmetry transformation implies a
permutation of the dynamical roles of two bodies—such as the left and right limbs in robots
with sagittal re ection symmetry, or the front, hind, right, and left limbs of the Mini-Cheetah
robotin g. 4.1—eq.4.9dimposes mass-equality constraints between the two bodies, together
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Figure 4.4 Example diagram of a 3-legged robot in 2-dimensional space with morphological symmetry group
given by the cyclic group of order 3, G = C3 = fe;g;¢fg. The robot is composed of seven rigid bodies: the
base and the two linked bodies of each leg, fB;la.1;la2;1b:1;lb:2; lc:1; l;29. The body permutation induced by
the generator g is denoted by 4 and permutes the leg roles as g(la;i ) = Ibi, g(lb;i) = lei, and g(lei) = lai s
fori 2 f 1;2g. The only rigid body left invariant by ¢ is the base B, whose mass distribution must therefore be
invariant to rotations by 120 and 240 (see eq. 4.10). For bodies permuted by 4, the kinematic constraints
in eq. 4.9b ensure that the Jacobians, and therefore the kinematic chains, of permuted bodies represent
identical kinematic structures. Similarly, the inertial constraints in eq. 4.9d ensure that the mass distributions of
corresponding leg bodies are identical. Hence, the rst link of each leg is required to be identical to the rst link
of the other legs, and likewise for the second link of each leg. The diagram further illustrates that, although the
kinematic structure is compatible with the larger dihedral symmetry group D3, the unequal mass distribution of
the rst links breaks the re ection symmetry h 2 D3, leaving only the cyclic subgroup Cs as a valid morphological
symmetry group.

with an algebraic constraint relating their inertia matrices under the conjugate action of the
isometryg 2 G.

An illustrative depiction of these constraints is showngn4.4 for a 3-legged robot ir2-dimensional

space with morphological symmetry gro@= Cs. In this example, the leg bodies are permuted
under the action of the symmetry group, which constrains both their mass distributions and their
Jacobians to satisfy egé.9band4.9d In practice, the kinematic constraints on the Jacobians force
the kinematic chains of each leg to be identical copies of one another, while the inertial constraints
ensure that the leg bodies are identical across corresponding links. Crucially, the gure also shows
that the kinematic structure satis es the kinematic constraints of a larger symmetry group, the dihedral
group of orders, D3 (g. 2.1), which contains the cyclic groups as a subgroup. However, the
unequal mass distribution of the rst links of the legs violates the inertial constraints éf@itfor

states transformed by the re ection eleméar2 D3, breaking the dynamics equivalence between any
state(qg; q) and its re ection(h. gq; h. q). Hence, the morphological symmetry group of the robot is
C3, and notDs.

Summary 4.2

The existence of a morphological symmetry g 2 G induces identi able constraints on the robot's
kinematic tree and inertial parameters. These can be summarized as follows: if, for some g 2 G, the
group action on the robot's joint-space con guration manifold .,, :G M!M (eq. 4.7) relates the
con guration of the i body of one kinematic branch to that of the (i)™ body of a different kinematic
branch, then the following constraints must hold for all (q;q) 2 T Q:
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Figure 4.5 Left: A body with re ection-symmetric mass distribution can mimic the infeasible environmental
re ection g, (eq. 4.3b) through the feasible conjugate con guration ¢, (eq. 4.3c), while preserving the
body's kinetic energy. Right: Breaking that mass-distribution symmetry destroys this equivalence, because the
recon guration ¢, leads to a different body kinetic energy. Gray lines represent the body's principal axes of
inertia, and the body frame is aligned with these axes. Figure adapted from Ordofiez-Apraez et al. (2025).

h Kinematic constraints:  The bodies' Jacobians must satisfy the matrix-equivariance constraint
in eq. 4.9b.

h Inertial constraints: The bodies' masses must be equal, and their inertia matrices must satisfy
the conjugation constraint in eq. 4.9d.

4.3 Dynamics' harmonic analysis

Recall that in classical mechanics, the equations of motion of a body withmmass! inertial in 3D
space decouple along the orthogonal directitings 2 2 R3:

mx = fg;, my="fg, mz=fy, (4.11)

where(f ¢; fy; f ) denotes the decomposition of the moving force into its orthogonal components along
the®, ¥, and2 directions. This decomposition of the body dynamics follows from the orthogonality
relations between the canonical ax@&, ¢ ? 2, which ensure that any component of the forge
induces zero work alongand2, and thus does not contribute to the dynamics along those directions.

This section illustrates that morphological symmetries induce an analogous orthogonal decomposition
of the robot's dynamics in the space of generalized coordinates. The key tool is a standard result
from abstract harmonic analysis—namely thatypic decompositionf a symmetric vector space
(theorem 2.}, which generalizes the Fourier transform to arbitrary vector spaces and compact
symmetry groupsnapp 1986—and exposes orthogonal constraints between subspaces of the
con guration spacd Q. To highlight the utility of identifying these orthogonal subspaces, we show

that several relevant quadruped gaits, such as the trot, pace, bound, and pronk, can be modeled as
dynamic motions constrained to evolve within one or a few of these subspaces rather than in the full
con guration space (seg. 4.6). This provides a direct route to identifying relevant subspaces for

gait design and analysis.
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Note that here we focus on the physical interpretation of the isotypic decomposition and do not
delve into the representation-theoretic details underlying the analysis. Those details can be found in
theorem 2.JandOrdofez-Apraeet al. (2025 and are referenced in the main text when needed.

Orthogonal con guration submanifolds induced by morphological symmetries

Recall that a robot with morphological symmetry gragpossesses a group actiog : G Q! Q

(see eg4.39. Once a basis is chosen to represent pajri2sqQ , this action can be written as a group
representationg : G 7! GL(R"), which maps each symmetry transformatg8 G to a linear
invertible matrix o(g) 2 R"@ "a de ning how the coordinates of the robot's con guration manifold
transform (seele nition 2.2).

By theorem 2.1there exists a change of ba3is. R"a 7! R"a that yields a block-diagonal decompo-
sition of the representation, and, equivalently, an orthogonal decomposition of the con guration
space:

Q'f"(g) 0
is0(g) = > -—g Q9 ° é - 00w ? Q@ ? ? s
(@ =T( a)T~ = : ST 0 Q@ =Q Q Q
oo g

(4.12)

Here, iS° denotes the group representatiorGofn theisotypic basigde nition 2.12) of Q. This
characteristic basis of symmetric vector spaces exposes the orthogonal sulfatersk 2 f 1;

1113 Nisod, each representing a con guration submanifold subject to orthogonality constraints with the
others, much like the orthogonality relations betweeriths and? axes inR3. Consequently, any
generalized force acting along the directions of motion of one subspétdoes zero work along the
directions of motion of any other subspa@é&” for k96 k.

To comprehend the implications and physical interpretations of this result in the context of robot
dynamics, we must rst characterize the structure of the isotypic decompaosition, which depends
entirely on the morphological symmetry groGp

h The number of orthogon&otypic subspacesise 2 [1;]Gj], is determined by the number of
real irreducible representations of the groUpkgEijg , each characterizing a distinct subset of
the symmetries o6 (seede nition 2.11and g. 4.6).

h Each con guration isotypic subspa€¥" is constructed to feature only a subset of the sym-
metries ofG, makingQ® a space of symmetry-constrained robot con gurations (ge4.6).
Formally, the effective symmetry group Q¥ is the quotient subgroug® := G=N,, where
Ny is the kernel of the irreducible representation of tikpseede nition 2.13). For example, in
g. 4.6, the rstisotypic subspac®® de nes the space db-invariant con gurations, meaning
that all legs share the same con guration. In this cadées K4 and therefor&s™® = feg.
The second isotypic subspa@& de nes con gurations in which the left and right legs are
synchronized, sbl; = fe;ggandG®@  C,. Similarly, forQ® we haveNs = fe;ggand
G®  C,, whereas foQ® we haveN, = fe;ggandG®  C,.

h The orthogonality relations between the isotypic subsp@edollow from Schur's orthog-
onality relations (seéemma 2.). In our context, this has a direct physical interpretation:

Note that the group representation o is well de ned only when the robot orientation is represented in
terms of Euler angles, which is implicitly assumed in this section.
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Figure 4.6 lllustration of the projection of the symmetry-related states of the Solo quadruped robot (Grimminger
etal.,, 2020), Kaq = fg.4 qjg 2 Kag (bottom-half), onto the isotypic subspaces fQ g, of the robot's con gura-
tion manifold Q (upper-half). For any state q 2 Q, the matrix T encodes the change to the isotypic basis, in
which the state decomposes into its projections onto the isotypic subspaces: q= T2 (q® @ q® q¥),
with g® 2 Q™ for all k 2 [1;4]. Each isotypic subspace describes a family of symmetry-constrained robot
con gurations. For example, Q* describes con gurations in which all legs share the same con guration, Q?those
in which the left and right legs are synchronized, Q2 those in which the front and back legs are synchronized, and
Q* those in which diagonally opposed legs are synchronized. In a basis that exposes these subspaces, the group
actions act block-wise on subsets of the con guration space while leaving the remaining subspaces invariant,
as illustrated by the orbit K4q = fg., qjg 2 K4gin the bottom half. Figure adapted from Ordofiez-Apraez et al.
(2025).

any direction of displacemeng® 2 Q® is orthogonal to any direction of displacement
g% 2 Q™ for k%6 k, in the sense that no generalized force acting alayi§ can do work

along q(ko), and vice versa. This, in turn, enables us to derive independent equations of motion

for each isotypic subspace, analogous todefyl, in which only inertial terms are shared across

the subspaces equations of motion. We discuss this in more detail in the next section.

Decomposing motions into a superposition ofiormal con guration modes
The decomposition of the con guration manifold into orthogonal submanif@ds QW 7

? ? Q=) jmplies that any robot con guratiog 2 Q decomposes as a superposition of its
projections onto the isotypic subspaces= T1(q® q® q(Mso)), whereq® 2 Q®
denotes the projection of onto thek! isotypic subspace (seg. 4.6). Given that for every 2 Q
the tangent spack,Q inherits the group action,q (see eq4.3d), the same decomposition applies
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to the robot's velocityg, acceleratior, and generalized forces such that:

n n n TM
q® # q® # q® # - W

q=TY ¢+ ; q=7* ¢ ; =Tt ¢ ; and =Tt (4.13)
q(” iso) q'” iso) q(” iso) (Niso)

Whereg®, g®, ¢, and ® denote the projections of the generalized positions, velocities, accel-
erations, and forces onto th& isotypic subspace, of dimensiop; = jM }f"j iIMj = njs (see

g. 4.6 andanimatior). In the isotypic basis, each dimensionTod 2 R"s no longer describes the
position of a singléoF, but rather a synergy @oF. Likewise, the dimensions dfq, T, andT
describe the corresponding synergy velocities, accelerations, and generalized foragsi(§9e

Moreover, orthogonality between isotypic subspaces implies that generalized moving forces associated
with one subspace do zero work along displacement directions in the others. Consequently, the
instantaneous work decomposes into the sum of the work performed in each isotypic subspace:

Kiso Kiso S
W )= “g= W= © = q" (4.14)

Normal con guration modes (NCMs) In molecular physics, a related symmetry-aware decom-
position of states and dynamics is commonly described as a decompositiointal vibrational
modegDresselhaus et aR007. By analogy, we refer to the robot-motion decomposition indetj3

as a decomposition inteormal con guration modes (NCM%f motion. Each isotypic subspag®

then describes a family of symmetry-constrained robot con gurations, namely @ik

NCMs of the dynamics of quadruped locomotion

To empirically assess the relevance of the isotypic decomposition and the assbicitedor robot
dynamics,Ordofiez-Apraeet al. (2024 2025 study the decomposition of several Mini-Cheetah
locomotion gaits and terrains into g, = 4 NCMs. These modes match the structure of egMs

of the Solo quadruped iy. 4.6, since both robots share the same morphological symmetry group
G= K4.

Speci cally, we take real-world motion trajectori§®l;; g:)]t2 T, collected over a time spanfrom

the dataset ofin et al. (2027), identify the change of basib to the isotypic basis o using
Dixon's reduction algorithm@ixon, 1970, implemented irsymm_learning (seetheorem 2.1
andsection 1.5.), and project the trajectories into the isotypic subsp&@e¥gy_, viaeq.4.13 We
then study the kinetic energy of eaitM as a proxy for its relevance in characterizing the dynamics
of each gait and terrain.

The results, shown i. 4.7, demonstrate that decomposing the motion M&Vis readily reveals

the lower-dimensional structure of the trotting, jumping, pronking, and galloping gaits of the Mini-
Cheetah robot. Each gait primarily evolves i-aor 6-dimensional joint-space subspace composed

of one or twoNCMs. Furthermore, the less relevant subspaces for each gait appear to be excited
only transiently during disturbance rejection, as if the controller actively penalized occupancy of
those subspaces to keep the overall motion in a lower-dimensional space. Interestingly, even when
the terrain changes, the distribution of kinetic energy across isotypic subspaces remains largely
unchanged, as shown for trotting im 4.7 -left. These empirical results suggest that optimal control
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Figure 4.7 Decomposition of the joint space dynamics of legged locomotion of the Mini-Cheetah robot as a
superposition of lower dimensional NCM. The dynamics of locomotion for different gait types and terrains are
characterized by the projection of trajectories of motion onto the isotypic spaces M @;M @; M @; M @ R3,
The relevance of each isotypic subspace, per gait type and terrain, is quanti ed by computing the joint space
kinetic energy of the projected motion in the isotypic subspace. Left: The trotting gait dynamics on forest,
grass, concrete, road with rocks terrains primarily evolve inthe M @ M @ 2 R® subspace, as indicated by the
kinetic energy distribution. Right: The jumping, pronking, gaits on asphalt terrain mainly evolve in M @ and
M® M @2 R subspaces, respectively, while the galloping gait dynamics periodically evolve in all isotypic
subspaces. Figure adapted from Ordofiez-Apraez et al. (2024).

strategies for quadrupedal locomotion in unstructured terrain converge to gaits with a low effective
dimensionality of evolution relative to the full con guration space, and th@ivis provide a natural
basis for describing this low-dimensional structure of the dynamics.



Chapter 5

Leveraging symmetries in robot learning

As discussed irsection 2.2andchapter 8andThrun et al.(2005, the core learning problems in
robotics, namely dynamics modelling, state estimation, and optimal control, can in stochastic settings
be formulated as learning problems whose goal is to approximate a target conditional probability
distribution. For dynamics modelling and state estimation, the target distributioﬁ’%’}‘gge(eq.zla,

the distribution of next-state observations conditioned on past observations and the present action,
and PS"’J.'tfj (eq.7.1), the distribution of the present state conditioned on past observations. Both can
be approximated from system trajectories via supervised or self-supervised learning techniques (see
egs.2.16and2.17). For optimal control, the target distribution is either an optimal policyr an

expert control distribution exp, Which can be approximated via reinforcement or imitation learning.

In chapters @o 8, we characterize how dynamics modelling, optimal control, and state estimation be-
come symmetry-constrained learning problems whenever the robot features a spatial symmetry group
G (seesection 3.2and g. 1.2), thereby rendering the corresponding target conditional distributions
G-invariant (seeale nition 2.17). The core argument of this thesis is that, in such cases, one should
leverage these symmetry priors through constrained optimization techniques to improve the quality
of the target-distribution approximation, as well as the sample ef ciency and generalization of the
learning process.

Before formulating dynamics modelling, optimal control, and state estimation as symmetry-constrained
learning problems ichapters @o 8, this chapter presents the core theoretical result used to justify
the exploitation of symmetry priors in these applications. Summarizgdbin. 5.1 this result states

that if the target conditional distribution &-invariant, then the family of optimal parametric models
approximating it is a subset of the family Gf-invariant conditional distributions. In other words, any
optimal model isG-invariant, and therefore the parametric approximation should be sought within the
family of G-invariant conditional distributions by means of constrained optimization.

Although this result may appear simple, it provides a clear criterion for determining when leveraging
symmetry priors can improve the performance of learned models in practice. As discussed in
section 5.2we argue that this criterion is satis ed by the vast majority of robot learning applications.
Finally, in section 5.3we provide practical guidance on how to exploit these priors in practice.
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5.1 Approximating G-invariant conditional probability distributions

This section studies the learning problem of approximating a target conditional probability distribution
Pyix - v X! [0;1]with a parametric mode? : y X! [0;1], given two random variables
y andx with marginal distribution®y, andPy. This problem can be formalized as:

argmin  Len(P ) := Ex D(Pyjx(jx)kP (jx)) : (5.1)

whereD : (Y; v) (Y; y) ! [0;1]is a divergence between probability measureg¥n
y)—such as the Kullback-Leibler or other f-divergences—, withdenoting the sigma-algebra on
Y, andEx denoting expectation with respect to the marginal distribuign

Symmetry priors  Crucially, we will study this problem under the presence of symmetry priors in
the form of theG-invariance of the marginal distributid? (de nition 2.16), i.e.,

X X
PX)= Pu(g.xX); B g2GiX2 x: S 62
[0; 1]
and theG-invariance of the target conditional distributi®y;, (de nition 2.17), i.e.,
('Y ;-x)
: : y X —— ¢y X
Pij(YJX): Pij(g-YYJg-x X); 0 o (5.3)
8 g2G;Xx2X;Y2 v; k( " '
fO; 1]

whereG is a compact symmetry grougd nition 2.1), and.y and.y denote the group actions &f
on the vector spaces and X, respectively (sede nition 2.2). An illustration of these symmetry
priors for scalar random variables under the re ection symmetry gfiuis presented ing. 5.1.

Remark As we will see irthapters &o 8, in the context of robot dynamics modelling, state estimation,
and optimal control, the random variable corresponds to the history of state observations and
actions, and the random variablecorresponds to the next-state observation, the present state, or the
present action, respectively. For robotic systems with spatial symmetry @dapction 3.2, the
G-invariance ofPy, follows from the symmetries of classical mechanics, whil&thevariance of

Py depends on the assumptions on the excitation of the system by a given control policy.

Considering these symmetry priors, Bt denote &G-invariant version of the parametric model,
constructed via group averaging as follows:
z
PE(Yix):= P g.vYig.xx d (9); (5.4)
G
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M / o
O .x Xo g .vYo g .vYo

Figure 5.1 lllustration of the symmetry priors in egs. 5.2 and 5.3 for scalar random variables under the re ection
symmetry group C, := fe;g j gr = eg. The rst two panels show C-invariant marginals Px and Py, while the
last two panels show the symmetry-related conditional distributions Py, ( jx0) and Pyjx (jgr . x Xo).

such thaP® satis es theG-invariance constraints of e§.3by construction. Here, denotes the
normalized Haar measure on the compact gi@ypvhich for nite symmetry groups reduces to the
counting measure, reducing the integral in ®¢.to a sum over group elements;

PO(Yjx) := P (g.vYjg.x X):

IGj 026
It can be shown, under mild natural assumptions on the diverdendeat the approximation error of
the G-invariant modeL ¢(P®) is always less or equal to that of the unconstrained mogglP ).

This result is summarized in the following proposition.

Proposition 5.1. Let(x;y) be twoG-invariant random variablesde nition 2.16) with a G-invariant
conditional probability distributiorPy;, : v X! [0; 1](de nition 2.17). Consider any parametric
modelP : y X! [0;1]and its corresponding symmetry-constrained ver$tSnde ned by
eq.5.4. If the approximation quality metric ¢, as de ned in eg5.1, is measured by a divergente
that is convex in the second argument, then:

Lerr(PG) L en(P); (5.5)

Proof. Letx 2 X be a realization of the random variable We begin by analyzing the pointwise

approximation-quality term at an arbitrary conditioning point x, de ned as the divergence
between the true conditional distribution and the symmetry-constrained model:

€ S

L errx (PG) =D Pij( jx) kFZ)G( jx)

<

=D Pyp(ix) GP(g-Y jg.xx)d (9) : (byeq5.9

Since the divergend® is assumed to be convex in its second argument, Jensen's inequality yields an
upper bound in which the divergence of the average is bounded by the average of the divergences:

Z . <
Lemx (P®) D Pyix(iX) P (g.v jg.xx) d (g):

For G-invariant random variablesl¢ nition 2.16), the probability space remains invariant under
symmetry transformations; therefore, the divergeDcés invariant under the group action, i.e.,
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D(P()kQ()) = D(P(g.v )kQ(g.v )). Hence,

L4 < . <

D Pyjx(ix) P(9.v jg.xX) D Pyjx(9.v j9.xx) P(g.v jg.xXx)

L4 <

D Pyjx(jg.xx) P (jg.xx) : (byeq.2.32

Substituting this bound into the expected-loss de nition in®q.gives:
z
Lerr(PG) = Ex [Lerr,X(PG)] = Lerr,X(PG) Px (dx)
zZ Z X
§ GD Pyix(19.x X) kP (jg.xXx) d (@) Px(dx):
Then, using th&-invariance of the marginal measu?g (eq.5.2), we obtain:
Z 7 <
Len(P®) D Pyix(jg.xX)kP (jg.xXx) Px(dx) d (g)
z8. 7% <
§ D Pyjx(ix)kP (jx) Px(dx) d (9)

ZG
. Ler(P )d (9) = Len(P ):

This completes the proof. O

It is fundamental to develop a strong intuition foop. 5.1 as it forms the core argument justifying
symmetry exploitation in robot dynamics modelling, estimation, and controbfsgeters @o 8). This
proposition is, in a sense, restatithg very, very obviousf your goal is to approximate &-invariant
conditional probability distribution, you should search for your parametric approximation within the
family of G-invariant conditional distributions. Given that, for any arbitrary modelGitsvariant
version is likely a better approximation. In other words, you should approach your learning problem
as a constrained optimization problem of the form:

argmin  Len(P ) := Ex D(Pyjx(JX)kP (jx)) ;
(5.6)
SLP (Yjx)=P (g.vyYjg.xX); 8g2G;x2X;Y2 v:

5.2 When to leverage symmetry priors in robot learning?

In a nutshellprop. 5.1states that iPy;, andPy areG-invariant, then approximatingy, becomes a
symmetry-constrained optimization problem of the form of®e§. Therefore, the question of whether
to leverage symmetry priors reduces to whetheiGhiavariance ofPy;, andPy holds in practice.

Chapters @o 8 provide strong arguments justifying that t@einvariance ofPy;, holds in dynamics
modelling, state estimation, and optimal control, as a consequence of the symmetries of classical
mechanics, for every operational environment and control task. In practice, howeverjikariance

of Py depends entirely on the regime of operation of the robotic system. Therefore, the decision to
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P (jxo) Pij(jXO) PG(jXQ) Pij(jxo)
Px 9 Pg
P (jgr .xx0)  Pyjx(igr -xX0)  P®(jgr.xx0) Pyix(i9r . xXo0)
O -x Xo

Figure 5.2 lllustration of a parametrlc model approximation under a symmetry prior. Left: The marglnal distribution
of conditioning variables Py and its non-G-invariant empirical approximation P2. Middle: A parametric conditional
model P trained to approximate the ground-truth distribution (dashed) evaluated at two symmetry-related
conditioning points Xo and g . x Xo. Right: The corresponding G-invariant conditional model P, constructed by
averaging the parametric model over the group orbits, which yields a signi cantly better approximation of the
true conditional distribution across the orbit space.

leverage symmetry priors in robot learning hinges on whetheGtlirevariance ofPy is satis ed in
practice.

To understand this point, we begin from a purely theoretical perspective, noting ti@&tittvariance
of Py is required in the last step of the proofbp. 5.1to obtain the nal bound_ ¢ (P€) L en(P ),
which is the key result of the proposition. Violating t@einvariance ofP, would imply that this
bound is not guaranteed to hold, and therefore the invariant nStelay have a worse modelling
error than the unconstrained modkel.

To illustrate this fact intuitively, we preserg. 5.2, which shows the performance of a parametric
modelP and itsG-invariant versiorP® in approximating &-invariant target conditional distribution

Py;x for the two random variables andy of g. 5.1. Inthis gure, the parametric model is shown to
have accurate approximations of the target distribution for conditioning poirt< and deteriorated
approximation quality for conditioning poinis < 0. Whenever thé&-invariance of the marginal
distributionP, holds, theG-invariant modeP® features a lower modelling error (€6.5), as the
predictions on the left half of the conditioning space are improved by the symmetry constraint.
However, if theG-invariance ofPy is violated, as shown in the left panel of 5.2 for PQ, and the
likelihood of the negative conditioning events is negligible compared to the positive conditioning
events, then the parametric modkel, which features good approximation quality for the positive
conditioning events, will yield a better overall approximation. This occurs due to the expectation over
P? in the de nition of the approximation errdre in eq.5.1

As we will see inchapters @o 8, in the context of robot dynamics modelling, state estimation, and
optimal control, the marginal distributid?y corresponds to the marginal distribution of past-state
observations and actions, linked to the marginal distribution of robot states. HenGejrnkiariance

of Px can be justi ed if, in the expected operational regime of the robot, every worldstate is
assumed to be equally likely to be observed as any element of its groupdmrbiition 2.4), that

is, as any of its symmetry-related stat€s,ss = fg.sS j g 2 Gg. We posit that this is a natural
assumption in the vast majority of robotic applications, but it inevitably depends on the chosen regime
of operation. We present two application examples that violate this assumption:
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1. Legged locomotion with a pre-de ned forward direction: Consider the control application
of legged locomotion with the MiniCheetah robai.(1.3). The robot is capable of locomoting
with the torso facing forward/backward, left/right, and upwards/downwards. For this control
task, theG-invariance ofPx would entail that, during normal operational conditions, we expect
the robot to be equally likely to locomote in any of these torso con gurations. However, if the
practitioner chooses to only operate the robot with the torso in a single of these con gurations,
the empirical distribution of stateR] would violate theG-invariance ofPyx. Symmetry
exploitation in this case would enable the dynamics/state-estimation/control model to operate
comparably well across the8emodes of locomotion, but this performance will never be used
in practice, as the practitioner will only operate the robot in one of these modes. Furthermore,
leveraging the symmetry priors might hamper performance in the chosen operational mode.
2. Ambidextrous and non-ambidextrous manipulatiort Consider the control application of
bimanual robot manipulation with the dual-arm robotgda. 8.1 and8.12 For this application,
the G-invariance ofP, implies that the robot is expected to tackle ambidextrous manipulation,
meaning that any manipulation task and its re ected counterpart are equally likely to be observed
in practice (seeg. 8.1). If, however, the practitioner wants to learn a non-ambidextrous control
policy, say, learning to write only with the right hand, then the empirical distribution of states
PO would violate theG-invariance ofPy. In this case, symmetry exploitation would enable
the control model to perform well for both right-handed and left-handed writing, but only
the right-handed writing performance will be used in practice. Furthermore, leveraging the
symmetry priors might hamper performance in the chosen operational mode.

5.3 How to leverage symmetry priors in robot learning?

If in your control application, th&-invariance ofPy is a natural assumption, there exist two main
approaches to leverage symmetry priors in the constrained optimization problen®bi6, echich are
not mutually exclusive and can be combined for even better results:

h Data augmentation To empirically approximaté ¢, you should use a dataset of pairs of
realizations ok andy sampled from their joint distributior) := f(Xi;yi) Pxy g, . If
bothPy andPy;, areG-invariant, then so is their joint distributidp,, (seeprop. 2.3. You
can exploit this by improving the empirical coverage of your dataset via data augmentation:
apply all group elements to each dataset sample, increasing the effective sample sixetbrom
(approximatelyjGjN, yielding theG-augmented dataset/minibatch:

D¢ =f(g9.xXi;9.vVYi) nygiNzligz G: (5.7)

By leveraging data-augmentation in every minibatch you use to approxingatempirically,
you obtain an empirical estimator with strictly lower varianeéafg et al.20221. In other
words, you get better loss and gradient estimates.

h Invariance constraint enforcement In addition to data-augmentation, tleinvariance con-
straint in eq5.6 can be enforced via hard/explicit or soft/regularized constrained optimization
(or a combination of both):

u Explicit constraint enforcement: The G-invariance constraints can be explicitly enforced
via projection methods (e.g., projected gradient desdéatdenfors et a).2023) or
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by reparametrization methods (e.g., by using invariant/equivalidhiarchitectures
(Bronstein et al.2021; Cesa et a).2021; Kondor and Trivedi2018 Pertigkiozoglou et aJ.
2026 Ordofiez-Apraeet al, 2025 2026 Weiler et al, 2021)), such that the model is
guaranteed to satisfg-invarianceglobally by construction, even for out of distribution
conditioning events.

Remark: Note that for aG-equivariant/invariant model, data-augmentation is redundant,
and should not provide any additional performance bene ts.

u Regularized constraint enforcement Alternatively, theG-invariance constraint can
be enforced via regularization (e.g., penalty, barrier and relaxation methiods €t al,
2027 Pertigkiozoglou et al2024 2026 Xie and Smid{2025), such that the model is
encouragedo satisfy theG-invariance constrairdan the support of the training distribu-
tion, but has no guarantees of satisfying the constraint for out of distribution conditioning
events.

For these approaches one computes a metric of constraint violation, such as:

(4 ~
Pinv-en(P ) == Ex p, D(Pyjx(ix)kP (g.v jg.xx))d (9) ; (5.8)
G
which for nite groups reduces to
2 3
_ 41X . . 5.
Pinv-er(P ) == Ex p, @ D(Pyjx(ix)KP (g.v Jg.xX))2; (5.9)
92G

and then optimize the regularized ldsg«(P ; ) == Ler(P )+  Pinver(P ), Where
> Qis a constraint violation penalty coef cient.

A practitioner's guide to leveraging symmetry priors in robot learning

Although leveraging symmetry priors results in improved empirical performance of the learned
models, different forms of symmetry exploitation require different levels of implementation effort and
expertise. Therefore, we recommend the following order of approaches to leverage symmetry priors
in practice:

1. Data augmentation Begin with data augmentation, as it is the simplest approach to im-
plement and only requires you to de ne the group actionvoand X . This will help you
eliminate errors arising from incorrectly specifying the symmetry group and its action. Note
thatmorpho_symm andsymm_learning (seesection 1.5.1provide group actions for a
wide variety of robotic systems, along with documentation and example code for implementing
data augmentation iNN training pipelines.

2. Constraint-violation regularization: Once you observe improved model performance via
data augmentation, proceed with regularized constraint enforcement. Its implementation is
straightforward once the group actions are well de ned.

3. Explicit constraint enforcement: Finally, leverage explicit constraint enforcement via equivari-
antNN architectures, which ensure the optimality constraint is satigletially by construction.
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symm_learning provides a wide variety of equivariaNtN modules and ready-to-use equiv-
ariantNN architectures, such as a BERT-type transformer e&5).

In the next three chapters, we will apply these symmetry constrained optimization techniques to
the problems of robot dynamics modelling, state estimation, and optimal control, showing both
theoretically and empirically the impact of leveraging symmetry priors in these applications.



Chapter 6

Morphological symmetries in dynamics
modelling

This chapter studies the problem of learning stochastic robot dynamics in realistic contact-rich
operational environments in the presence of state/morphological symmetries. Its main result is
prop. 6.1 which provides a theoretical justi cation for formulating dynamics modelling in this setting

as a symmetry-constrained learning problem. In doing so, we provide a clear theoretical motivation
for symmetry-exploitation in contact-rich robot dynamics modelling.

To establish this result, we rst characterizesiection 6.Jhow spatial symmetries of the underlying
deterministic robot dynamics translate into symmetry constraints on the stochastic world dynamics that
govern the robot's evolution in contact-rich environments. Theseittion 6.2we characterize how
symmetries of the partially observable world dynamics transfer to state-observation dynamics, which
are the target of our modelling efforts. Finally, we establish conditions under which approximating
the observation stochastic dynamics with a parametric learnable model is a constrained optimization
problem, where the model must satisfy tAenvariance constraints induced by the symmetries of the
underlying dynamics.

6.1 Symmetric stochastic dynamics

As detailed insection 2.2epistemic and measurement uncertainty in contact-rich operational environ-
ments motivate modelling the world dynamics as a controlled state-dependent diffusion process of the
form:

P_— ,
St+ M = th(fi;atg + P(Stiz Mt }; with ¢ N (0;ld;s;): (6.1)
Controlled . State-dependent
deterministic drift diffusion

Here,s 2 S anda 2 A denote the world state and action variables, respectively (seel&l}. The
mapFy: : S A!'S is adeterministic drift term that captures the known robot dynamics under
observable forcing terms such as gravity, control torques, and nonlinear coupling (8€8.€the
mapD :S! RISISI s a state-dependent diffusion matrix that models the uncertainty of partially
observable forcing terms, including contact forces and friction ¢segon 2.Zor details).
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For a robotic system with morphological symmetry gréigseechapter 3, the world state space

S and action spacA inherit symmetry transformations induced by the morphological group action
on the robot statég; @) 2 T Q and by the environmental group action on the world interaction state
z2Z (seeeqd.D:

.s .G ST7'S ; _ A .G ATIA ;
* 9.qd (6.2)
(9;8) 7' g.sS:= 91,01 (g;a) 7' g.aa
gz z

Furthermore, th&-equivariance of the robot's equations of motiaoiollary 3.) constrains the
stochastic dynamics in e§.1 In particular, the deterministic driffyy and the state-dependent
diffusion matrixD becomeG-equivariant maps satisfying:

g.sFw(s;a)= Fm(g.sS;g.,a) and g.sD(s)S/g'lz D(g.ss) 8g2G;s2S;a2A: (6.3)

The equivariance of follows directly fromcorollary 3.1 while the matrix-equivariance @

follows from the symmetr% relation of the uncsr@nty distributions of forcing terms at symmetry-
related states—that iB, (s;) Mt {andD (g.sSt) Mt ¢, forallg2 G. To understand this, consider

g. 6.1-left: by the symmetries of Newtonian mechanics, the uncertainty over ground reaction forces
at states has an equivalent uncertainty distribution at any symmetry-related state.

Together, the two equivariance constraints in @@§.ensure that the state-conditional transition
distribution Pg?tas is G-invariant under the symmetry transformations of the state and action spaces.
This invariance is the de ning property of symmetric stochastic dynamical systems, as captured in the

following de nition.
De nition 6.1 (Symmetric stochastic dynamical systemiets 2 S anda 2 A denote the state and
action variables of a stochastic dynamical system with state-transition distring’@g: s A

S! [0;1]. The system dynamics are said to possess a symmetry@rtfu?g"aS is invariant under
the group action on the state and action spaces, that is, if it satis es:

(-si-si-a)
P (0550 55194 2) = P (Ss;a) s S A s S A
8 2G;s25:S S :a2A: M
[0;1]
(6.4)

th

sjas

In a nutshell, eq6.4 can be interpreted as the generalization of the equivariance of the robot's
equations of motion (sesorollary 3.J to the ow of world-state distributions, as depicted in 6.1.

In the context of robot operation in contact-rich environments, following the stochastic dynamics in
eq.6.1, the state-conditional probability distributicﬁ?i?"as is assumed to be Gaussian (seetion 2.2.

Then, eq6.4implies equivariance constraints on the drift and diffusion terms that parameterize the
mean and covariance of the Gaussian distribution:

Corollary 6.1 (Equivariant conditional Gaussian transition distributio@jven thatPg"aS foreq.6.1

is Gaussian, invariance of the conditional distribution is equivalent to equivariance of the conditional
mean and matrix-equivariance of the conditional covariance, that is:

PM‘s(js;a)z N (Fm(s;a); D (s)D (s)”Mt) s.t. Fy andD satisfy eq6.3: (6.5)

sja
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Figure 6.1 lllustration of the equivariant stochastic dynamics of the quadruped robot Solo (Grimminger et al.,
2020) featuring the Klein-four morphological symmetry group K4 = fe; ;0 ;0jo? = o° = ¢ = €% G = ¢ 3.
The gure shows four symmetry-related world states (left), each acted upon by symmetry-related actions, and the

resulting state-conditional transition distributions Pg’j"as for each state-action pair (right). The K4-equivariant nature
of the robot's dynamics (corollary 3.1), together with the symmetry relations between uncertainty distributions
of ground reaction contact forces, results in Ks-invariance of the transition distribution P’S"j'taS under symmetry
transformations of the state and action spaces (eq. 6.4), which implies that the transition distribution generated
by (s;a) is equivalent—up to a symmetry transformation of the domain S A —to the transition distribution
generated by (g.sS;g.,a) foranyg2 G.

Corollary 6.1captures the fact that the next-state conditional Gaussian distribution (given 2

S A isequivalent to the distribution generated by the symmetry-transformed conditi@nigg;
g.»a), forallg2 G. This invariance property is illustrated ig. 6.1-right for a quadruped robot,
which features the Klein-four morphological symmetry group.

Symmetries under partial observability

Having established how symmetries of the underlying deterministic robot dynamics induce symmetry
constraints on the stochastic world dynamics, we now characterize their implications under partial
observability of the world state 2 S.

Until now, we have studied stochastic world dynamics with uncertainty in forcing terms associated
with partially observable contact forces and friction (8dl). In that setting, for any world state

s 2 S and suf ciently smallMt, the robot is assumed to be in a known contact mode (a set of contact
surfaces with corresponding contact forces), and forcing-term uncertainty captures epistemic and
measurement uncertainty in contact points/areas and contact wrenches for that mode. In practice,
however, the world state is only partially observable, since the contact mode is usually not directly
observable and must be inferred from sensor measurements from onboard sensors.

The set of proprioceptive and exteroceptive sensor measurements de nes the observati@n space
sampled at each timestepy an observation sensor mod&ls : o S 7! [0; 1] that speci es the
conditional distribution of state observations given world states (se2 &§. From a modelling
perspective, our aim is to model state-observation dynamics using only sensor measurements—i.e.,
present and past observations. Formally, this implies approximating the ground-truth observation
dynamics de ned by the following conditional observation transition distribution ¢segon 2.}
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Oia o) z - . L O 0 a2Ait2R
Jat; 6t) = jat; SJ6t);
Pola S|OJaS : Z|£{ —? 6t :=(00;01;:::;01) 2 O
obsg\r/%ltjir(])(rj] gurtgmic ontimal
% Y| State estimation ‘ (6.6)
- . Pojs Ojs(? stas(ds(jat,s? SJB(deGt)
Observatlon Ground-truth
model state dynamics
Here POJae o A O ! [0; 1] de nes state-observation dynamics conditioned on the current
actiona; 2 A and the history of past state observationp2 O—with O := ~, ,O'*! denoting the

space of past state-observation trajectories. This model is composed of the ground-truth observation
dynamlcsPOJaS—de ning the distribution of next-state observations conditioned on the current

partially observable state and action (seeZ24), and aroptimalstate-estimation moddP,sM‘e, that
infers the distribution of the current world state2 S from the full history of past state observatlons

ot 2 O. Refer tosection 2.Zor details.

We now study the conditions under WhiBﬁ;ﬂj‘ae inherits theG-invariance constraints of the underlying

dynamlcsPsjas (eq.6.4). For this to happen, botllﬁ('\)’}tas and Pg'te must also satisf$s-invariance con-

straints. For ground-truth observation dynarTFF%’%a to inherit theG-invariance constraints from the
underlying dynamic®™ sjas (eq.6.4), we make the reasonable assumption that the observation model
Pojs also satis esG-invariance constraints. Because this assumption is crucial for our theoretical
results, we state it formally and discuss scenarios where it may not hold in practice.

Assumption 6.1(G-invariant observation modelletS andO be the state and observation spaces of
a symmetric stochastic dynamical system with symmetry deo(geede nition 6.1). We assume that,
for all g 2 G, the probability of observing any 2 O at states equals the probability of observing
anyo 2 g.o O at the symmetry-transformed stajes s, that is:

P(02Qjs=s)= P(029g.00js=g.ss) Pojs(Qjs) = Pojs(9.0 Ojg.ss)
892G;s2S;0 O :

This is equivalent to assuming thatinherits a group action, : G O! O  (de nition 2.2) and
that the observation sensor mod®}s is G-invariant (de nition 2.17).

Justi cation: In robotics, the observation spa€eis de ned by proprioceptive and exteroceptive
sensor measurements composed of points, vectors, and higher-order geometric structures living in
either3-dimensional Euclidean space or the robot's state spa€g Consequently, it is natural to
assume tha® inherits the symmetry transformations of the world state si@aei& the morphological

and environmental group actions de ned in €ql. Furthermore, if the observation sensor model

is unbiased—a standard assumption in robotics—or at least has bias invariant under symmetry
transformations, then the distributions ®aind o satisfyprop. 2.3

Limitations: This assumption is violated whenever the group actigris not properly de ned. For
instance, this occurs whed contains RGB images from camera frames not aligned with the robot's
morphological symmetries, in which case rotated/re ected/translated images cannot be computed
via invertible linear transformations of the original image. This limitation can be mitigated if the
perception system outputs point cloudsity which can be transformed via (see eqg4.1).
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Figure 6.2 lllustration of symmetry transfer from the state transition distribution to the observation transition
distribution for a quadruped with Klein-four morphological symmetry group K4. Left: K4-invariant state-conditional
transition distributions Pg’j"as for symmetry-related state-action pairs (cf. g. 6.1). Right: the corresponding
attainable conditional observation transition distributions P(")"j‘aﬁ ja;e), which are generally non-Gaussian and

multimodal (see eq. 2.15). Under assumption 6.1, K4-invariance of Pg’;‘as together with G-invariance of the

observation model P,js implies K4-invariance of P("J"j‘ae (see eq. 6.8). Note that S and O are plotted as similar

manifolds only for visualization purposes, these need not have the same dimensionality.

Underassumption 6.1the ground-truth observation stochastic dynamics (seé.éginherit, by
construction, th&-invariance of the state transition distributiﬁgj"as. That is, they satisfy:

Phias(Ojs;a) = Pyl(9.00jg.ss;g.A2) 8 g2G;s2S;a2A;0 O :  (6.7)
In chapter 7we will show that the optimal estimation mode}_ also satis esG-invariance con-
straints (see e(..3), which together with ecs.7implies that the full observation transition distribution
PM s G-invariant under symmetry transformations of the state and action spaces, as described in

ojae
the following equation and depicted ig. 6.2-right:

(.O;.A;.o)
PY o(0ja;0) = P (0.0 0jg . 8;0 .0 0) oA 9 oA O
892Ga2A;0 0:620: M) Pajas
lo; 1]
(6.8)

Where the group action, : G O! O isde ned as the natural extension of to the space of

6t 2 O (seeg. 6.2).

Given that eq6.8 is the target conditional distribution we aim to approximate using numerical
stochastic modelsd. 6.3), its G-invariance represents a relevant inductive bias, which renders world
dynamics modelling a symmetry-constrained optimization problem, as discussed in the next section.

6.2 Modelling symmetric dynamics under partially observability

Recall fromsection 2.2hat a parametric model of a stochastic dynamical system of the form stated
in eq.6.1is de ned as a parametric family of conditional probability distributions: o A
O 7! [0;1] that is learned to approximate the true observation transition distringi}gg (eq.6.9).
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Figure 6.3 Graphical depiction of a stochastic dynamics model of robot dynamics. Given a world state s,
a state observation o; is sampled from the observation model P,js (2.14), and an action a; is sampled from a
given control policy Pyjs. The next predicted observation is sampled from the stochastic dynamics model
conditioned on the history of past observations &1 = ( 0,;:::; 0¢) and the current action a., where to = maxf0;
t H +1gfor some xed history horizon H 2 N. Gray links from each past action to the next observation
indicate that an observation at time t can carry information about the previous action a; 1.

In this context, learning a dynamics model from trajectory data can be formulated as the following
optimization problem:

S O S—

argmin Len( )= Ega p, D Phae(jaie)k (jaje) ; (6.9)
whereD : o o! R gisaconvexdivergence metric—such as the KL divergence or Wasserstein
distance—that quanti es the approximation error for each conditioning observation-history/action
pair(e;a;) Pea. Here,Pgy denotes the joint distribution over observation trajectories and actions
induced by a control policy or a family of control policies. Importantly, this marginal distribution
weights the modelling error of world state-action pairs according to their likelihood of being visited
under nominal operation, thereby downweighting the error for pairs that are rarely encountered. Since
our objective is to learn dynamics models that are effective for control, we assunfigthatinduced
either by the family of all control policies the robot may execute in its operational environment or by
a suf ciently rich, representative subset of such policies.

In the vast majority of control tasks involving robots with an environmental or morphological
symmetry groups (chapter 4, the robot is expected, during nominal operation, to execute both

a given controlled trajectory and its symmetry-related counterparts with comparable or identical
frequency. For example, in quadruped or humanoid loco-manipulation tasks with robots exhibiting
bilateral morphological symmetry (segs. 4.1 and8.9), the robot is expected to walk in any direction

and turn either way with similar frequency. From a modelling perspective, this motivates seeking
models that perform consistently across all symmetry-related trajectories. Formally, this is equivalent
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to assuming that joint distributioRe, is G-invariant e nition 2.17), which can be interpreted
as assuming that modelling error is evaluated urglemquivariant excitation. This assumption is
fundamental to the theoretical results and is therefore stated and discussed in detail.

Assumption 6.2 (G-equivariant system excitation).et Pgy @ 4 A ! [0; 1] be the joint
distribution over observation trajectories and actions used to weight the modelling error thSfqr
different regions oA 0. We assume th#&,, is G-invariant, that is:

Pea(0.60;9.4aA) = Psa(O;A) 8 g2G;0 O;A A:

As a result, the modelling error metrice () in €q.6.9is G-invariant, meaning it assigns equal
weight to the modelling error of any given conditioning pégt; a;) and to all symmetry-related
conditioning pairs(g. , 61;9. at) foreveryg 2 G.

Justi cation: If we aim to learn a world dynamics models that perform well across arbitrary actuation
for one or multiple control task€;-equivariant excitation is a natural assumption. In the vast majority
of robot control tasks, this is a natural assumption given that during nominal operation, a control

trajectory and all its symmetry-related trajectories are expected to occur with comparable frequency.
In loco-manipulation, this means expecting symmetry-related tasks to occur with similar frequency,

as is typical in locomotion §s. 3.2, 4.1, 8.9and8.11) and manipulation @s. 8.1 and8.12.

Exceptions: This assumption may be violated when one symmetric mode of operation is arbitrarily
favored. For example, in bimanual dexterous manipulation (gee8.1 and 8.12), if nominal
operation requires handwriting exclusively with the right hand, tRgn would not be re ection-
invariant, andL ¢, would assign zero weight to modelling errors on left-hand writing trajectories.
Similarly, for quadruped locomotiong. 1.3), although the robot can locomote with torso facing
forwards or backwards and upwards or downwards (8eenatior), one torso con guration may be
arbitrarily preferred. In such cases, the training distribution will cover only a subset of the support of
the G-invariant Pg,. The philosophy of this work is to avoid such arbitrary selection of a preferred
symmetric mode of operation.

The relevance o&-equivariant excitation is two fold:

1. When empirically approximating ., using a dataset or batch of observation-history trajectories,
D = f(6;aj) Pﬁ,agi’\‘=1 , theG-invariance ofPg, motivates the use of data augmentation
(seechapter %. By applying all group elements to each sample, the effective sample size
increases fronN tojGjN (Wang et al, 2022, leading to the estimator:

1 PAND¢
Iperr( )

= iGN D(Pyae( 1 9-22i;0.08)K (jg.a2i:0.06) (6.10)

i=1 g2G

2. If the modelling error is weighted uniformly across symmetry-related state-action trajectories,

then for any parametric model , we can construct &-invariant model © with equal or

lower modelling error, i.el.er( ©) L e ). For nite morphological symmetry groups,
this invariant model is obtained by group averaging:

. 1 X .
(Oja;e) = Gi (9.00jg.Aa;9.06): (6.11)
g2G
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Figure 6.4 lllustration of model symmetrization under the Klein-four symmetry group. Left: an unconstrained
model can assign non-equivalent conditional distributions across symmetry-related conditioning pairs (a; ),
(Os-28;0s.50), (0. a2;0.,0),and (o . A a;0 ., 6). Right: after group averaging, the model G constructed
via eg. 6.11, yields equivalent conditional distributions for symmetry-related conditioning pairs, as a consequence
of its G-invariance constraint. Crucially, the modelling error of the symmetrized model is equal or lower than
that of the original model, i.e., Lex( ) L er( ), whenever the modelling error is weighted uniformly across
symmetry-related conditioning pairs (assumption 6.2).

This group averaging leverages the symmetry prior encoded in the invariance of the target ob-
servation transition kerneFl(’\)’J!tae, ensuring that © is G-invariant by construction (seg. 6.4).
Crucially, since a model can always be improved (or matched) by enfo@imyariance, the

set of optimal solutions to e.9is contained within the family o&-invariant conditional dis-
tributions. This motivates reformulating world-dynamics modelling as a symmetry-constrained
optimization problem. The result, which provides a clear theoretical justi cation for exploiting
symmetry in contact-rich robot dynamics modelling, is formalized in the following proposition.

Proposition 6.1(Symmetry-constrained partially observable dynamics modellihg}S, A, andO
denote the state, action, and observation spaces of a partially observable controlled state-dependent
diffusion process (ed.1), modelling robot dynamics in contact-rich environments.FEg(;e 0

A O! [0;1](eq.6.6) be the observation stochastic dynamics to be approximated by a parametric
model : o A O! [0;1]. Assume that:

1. The world dynamics are symmetric under the action of a compact symmetry@raagpthe
partially observable state dynamié’,ﬁ’j"as is G-invariant (de nition 6.1).

2. The observation modél,s is G-invariant @ssumption 6.1 ConsequentlPM__ is G-invariant

ojae
(eq.6.9).
3. The modelling error is measured via
” € v_
Ler( )= Eoa Py D Phae(iai®)k (jaie) ;
for some divergence metrl2 : ¢ o ! [0;1 )—assumed to be convex in its second

argument—and averaged undeainvariant distribution of observation-history/action pairs
Psa (@ssumption 6.2

Then, for any parametric model , its symmetrized version® de ned in eq.6.11satis es

Lerr( G) L oenr( ):



6.2 Modelling symmetric dynamics under partially observability 78

Therefore, modelling the world dynamics of such a symmetric partially observable stochastic dynami-
cal system must be reformulated as the following symmetry-constrained learning problem:

=argmin Len( )

st. (Oja;e)= (0.00jg.,na;9.,6) 8 g2G;a2A;0 O ;820:
(6.12)

Proof. The result follows directly fronprop. 5.1by identifyingy = o+ andx = (a;; 6¢), with
group action orx de ned asg.x X := (9. at;g.,6¢) forallg2 G. Note that thes-invariance of
Py« follows fromassumption 6.2and theG-invariance ofP;, follows from eq.6.8. O

As discussed ithapter Sthe symmetry priors ofrop. 6.1can be leveraged either by using data
augmentation to improve the empirical coverage of the dataset of observation-history/action pairs used
to approximate. ¢ or by enforcing thé&s-invariance constraint on the model, via soft penalization
methods, or via hard architectural constraints.

Truncated history models Note thatprop. 6.1makes few assumptions about the parametrization of

the dynamics model , and therefore applies to virtually any stochastic model parametrization. The
result also holds for dynamics models that depend on a truncated history of past observations, as is
the case in most practical settings (seetion 8.2ZandChi et al.(2024). For anH -truncated history,

the target distribution becomé’%’}‘ae o A O "1 [0;1], and correspondingly, the dynamics

model becomes : o A O M1 [0;1],whereO" is the space of observation trajectories of
lengthH (seesection 8.%.

Remark: Section 6.2

This thesis does not empirically address the problem of world dynamics modelling directly; this remains
an avenue for future work. The theoretical results in this section, however, provide a rigorous justi cation
for exploiting symmetry in the modelling of contact-rich robot dynamics, and are included to offer a
complete theoretical characterization of the implications of morphological symmetries for the core
learning problems in robotics: modelling, estimation (chapter 7), and control (chapter 8). In particular,
symmetry priors in estimation and control rely on assumptions 6.1 and 6.2 and prop. 6.1 as their
theoretical foundation.

Notably, in section 9.3.2, we address the problem of modelling the closed-loop dynamics of quadruped
locomotion via approximations of the closed-loop transfer/Koopman operator (de nition 9.3 ). In this con-
text, prop. 6.1 is used to justify the adoption of symmetry priors for operator approximation, demonstrating
one of the rst examples of robot dynamics modelling through the Koopman operator ( Ordofiez-Apraez
et al., 2024). Here, symmetry exploitation yields substantial empirical bene ts in model prediction

accuracy, data ef ciency, and algorithmic stability.



Chapter 7

Morphological symmetries in state
estimation

This chapter studies the implications of spatial symmetries for state estimation in contact-rich robotics.
In section 7.1we cast state estimation as conditional-distribution learning under partial observability
and characterize the symmetry priors inherited from the underlying robot dynamics and observation
model. The core result igrop. 7.1 which shows that, under natural assumptions, optimal state-
estimation models lie within the family dd-invariant conditional probability distributions. This
yields state estimation as a symmetry-constrained learning problem.

To characterize how to leverage these symmetry priors in practicggdion 7.2.1we discuss
deterministic inference, covering supervised regression and classi cation. Theattion 7.3we
address probabilistic inference and uncertainty quanti cation.

7.1 Symmetry-priors in optimal state estimation

As discussed in detail isection 2.2Zandchapter 6 when modelling the dynamics of a robot in a
contact-rich environment, our goal is to capture the evolution ofubied states 2 S rather than

just the robot's statéq; q) 2 T Q. This is because the robot's evolution depends not only on its own
con guration but also on the contact modes, contact forces, and the speci ¢ control task. Thus, the
world state spac8 := TQ Z comprises both the robot's state space and the robot—environment
state spacg , which encodes contact information and control task statesgsgi@n 2.Zandchapter §.

By construction, the world stage?2 S is only partially observable, for two main reasons:
h The robot's statéq; q) 2 T Q is subject to measurement uncertainty in joint positions and

velocities. Additionally, some state variables, such as the global position of a oating-base
robot, may not be directly measured by sensors.
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h The robot—environment state varialde2 Z is not directly measurable, as no sensor can
reliably determine the current contact mode, including contact surfaces, contact forces, friction
regimes, material deformation, and related quantities.

Thus, the problem aftate estimatiohcan be formulated, in its most general form, as the approxima-
tion of the true conditional probability distribution of states given the history of past state observations,
Pg’j"e : s O! [0;1], de ned as:

Pyo(Sier) = P(st2 Ser = 8)  86¢:=(00;:::;01) 2 0;S S ;t2 R; (7.1)

Here,e; 2 O denotes the history of past state observations up tottireach state observatidh 3
ot Pojs(jst) consists of the collection of proprioceptive and exteroceptive sensor measurements
available from onboard sensors at tim@ssumed to be sampled from an observation megel:

o S! [0;1]. O denotes the state-observation space,@rglthe space of all possible observation
trajectories (see e@.15).

Consequently, state estimation can be cast as a conditional distribution learning problem, where we

approximatePg“e with a parametric model : s O! [0;1]
=argmin Lg ) :=argmin Ee p, D(ngte( je)k (je) ; (7.2)

Here,D : (S; s) (S; s)! [0;1) isaconvex divergence measure between probability distribu-
tions, such as the Kullback-Leibler divergence, Bggdenotes the corresponding average divergence
under the marginal distribution of state-observation histd?igdn practice, this marginal weights the
estimation errors of  for different conditioning observation historiesaccording to their likelihood

of occurrence during operation. That is, errors in estimating world states that are highly likely to
occur are heavily penalized, while states never observed during operation are ignored in this metric.

Importantly,Pg is induced by the control policy and the true underlying dynamics, modeled by the
state-transition probability distributidPQ?‘aS s A S [0; 1] (see eq2.13. This kernel gives

the conditional distribution of next states at titneé Mt when the robot takes actian 2 A in world
states; 2 S at timet:

Pyss(Sjatst) = P(ssm 2 Sjar=ast=St) 8 S S ;ar2A;st2S;t2R;
State estimation of symmetric dynamical systems As detailed inchapter §when modelling the
contact-rich dynamics of a robot with an environmental or morphological symmetry @dape

chapter 4, the state-transition distributid?@}"as is aG-invariant conditional probability distribution
(de nition 6.1), satisfying:

Pius(9.s599.ss5:9.42) = Pifi(sls;ia) 8 g2 G;s;s°2S;a2A,;

where.s :G S!S and., :G A'A denote the group actions & on the state and
action spaces, respectively (sge6.1 and eq6.2). If, in addition, the observation modB};s is also

!In robotics, “state estimation” often refers to determining the robot's position in a global/world reference
frame. Here, we use the term in the classical dynamical-systems sense: estimating unobserved or partially
observed state quantities.
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Figure 7.1 lllustration of invariance of the conditional probability of world states given past observation histories,
P (eq. 7.3), for a quadruped robot with the morphological symmetry group Ks := fe;g;0;0jo€ = of = of =
€;%60 = 0:;0:0s = 0 g, composed of two orthogonal re ections gs and g and a 180 rotation g; . For a given set

of symmetry related noisy past observation histories Ge: := fg. 6tjg 2 K4g, the state probability distributions

f Pgﬂjg( jg. 5 81)jg 2 Kag are related by the re ections and rotation of K, to the state distribution Pg’j"e( j6t) induced

by the original observation history e (right). Here, Pgﬂj;( jet) denotes the uncertainty distribution over robot
state and contact states and contact forces acting on the robot at state s; (orange). The relation between
the symmetry-related state distributions models the relationship between uncertainties of the model state and
contact mode and forces at the symmetry related states (green, blue, purple).

G-invariant—a natural assumption in robotics, discussed in detadsnmption 6-2-then Pg'te is
itself aG-invariant conditional probability distribution (seg 7.1), satisfying:
Py(9.5s59.506) = PY(Se) 8 g2G;S S ;020; (7.3)

sje

This G-invariance follows directly from the symmetries of the underlying robot dynamltsgter 3,

and formalizes the intuitive idea that the uncertainty distribution over the current worlds@te,
conditioned on a history of past observatians2 O, transforms under a symmetgy2 G to

the uncertainty distribution over the symmetry-related world states:, given the symmetry-
transformed observation histogy , 6¢. For example, consider the world state2 S of a quadruped
robot, as illustrated irg. 7.1. The uncertainty in contact states and forces is modeled by the state
distribution Pg‘e( j61), induced by a history of proprioceptive and exteroceptive observatiorisor

any symmetry-related state, suchggss St, the corresponding contact state and contact forces are
the re ected versions of the original. Thus, €43 states that if we were to observe the re ected
observation historgs . , 6¢, the resulting uncertainty distribution ovgy. s st would be the re ection

of the original distribution. This reasoning applies to any robotic system and any environmental or
morphological symmetry grou (seegs. 3.1, 3.2and7.1).

Similarly, as in the problem of modelling stochastic world dynamidsapter 6and prop. 6.J,

the target conditional probability distribution to be modele&isnvariant due to the underlying
symmetries of the robot dynamics and the observation model. Furthermore, we assume that the
marginal distribution of observation historiBg is G-invariant—a natural assumption in the context

of dynamics learning and state estimation, as discussed in desaitirmption 6.2since for the vast
majority of robot tasks, we are interested in learning state estimation models that perform identically
or equivalently across symmetry-related modes of operation. For example, in quadruped or humanoid
loco-manipulation tasks with robots exhibiting bilateral re ection morphological symmetry (see
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gs. 4.1 and8.9), re ection invariance oPg implies that we aim to learn models that perform equally
well for controlled trajectories of walking and turning in any directidfit(al et al,, 2024 Su et al,
2024 Ordofez-Apraeet al, 2025 Yu et al, 2018.

The G-invariance of both the target conditional distributiBﬁ‘e and the marginal distribution of
observation historieBg (which weights the state estimation errors in €g) justi es formulating

state estimation foG-symmetric dynamical systems as a constrained optimization problem. We state
this result in the following proposition:

Proposition 7.1(Symmetry-constrained state estimation learnifigdt S, A, andO denote the state,
action, and observation spaces of a partially observable stochastic dynamical system modelling

robot dynamics in contact-rich environments. E’@ﬁs . s O [0;1] be the true conditional

distribution of states given observation histories (éd), andlet : s O! [0;1] be any
stochastic state estimation model, parameterized (8g.7.2). Assume that:

1. The robot possesses an environmental or morphological compact symmetryG(obppter 4,
which renders the state-transition distributiﬁ’iﬁj"as G-invariant (de nition 6.1).

2. The observation sensor modgj;s is G-invariant (@ssumption 6 )1 Consequently, the target
distribution Pg'te is G-invariant (eq.7.3).

3. The state estimation error is measured via the loss:

R "€ _ - S—
Ll ) L sl ©)i= Eo p, D PY(io)k (jO) ;

for some divergence metriz : (S; s) (S; s)! [0;1 )—thatis be convex in its second
argument.

4. The state estimation error is averaged undeg anvariant marginal distribution of observation
historiesPg (assumption 6.2

Then, the family of optimal state estimation models is a subset of the far@lymviriant conditional
probability distributions of states given observation histories. Hence, state estimation must be
formulated as the following symmetry-constrained learning problem:

zargmin Lgd )
(7.4)
st.  (§e) = (9.s99.,0) 89g2G;S S ;820:

Proof. The result follows directly fronprop. 5.1by identifyingy = sandx = o, with group action
onx denedasg.x X := g.,6; forallg 2 G. TheG-invariance ofPx follows from (4), and the
G-invariance ofPy, follows from (1). O

As discussed irthapter 5the symmetry priors of edi.4 can be leveraged either by using data
augmentation to improve the empirical coverage of the dataset of state and state-observation pairs
used to approximatese or by enforcing th&s-invariance constraint on the model, via soft penalization
methods, or via hard architectural constraints.

Next, we discuss the implications of these symmetry priors in the case of deterministic state estimation
(i.e., regression and classi cation of unobservable quantities) and probabilistic state estimation (i.e.,
conditional probability estimation and uncertainty quanti cation) for speci ¢ model parameterizations.
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7.2 Deterministic inference

For many unobservable quantities of the world stat2 S of a robotic system operating in contact-
rich environments, it is often assumed that the conditional distribution of the target variables given the
observation history is (or can be well approximated by) a Gaussian or another well-de ned parametric
probability distribution (e.g., a categorical distribution for classi cation tasks).

Under this assumption, the state estimation learning problem ih2geduces to a standard supervised
regression or classi cation task. This section presents both theoretical and empirical implications of
incorporating state and morphological symmetry priors in supervised regression and classi cation of
unobservable components of the robot's state. The analysis and results are adapted from our previous
work Ordofiez-Apraeet al.(2023 2025.

7.2.1 Supervised regression

Here, the target random variable of interest is a subset of the world gtates, taking values
y 2Y S , and composed of unobservable world state quantities whose conditional distribution,
given state observations, can reasonably be assumed to be approximately Gaussian:

Pyijs = Py 2 je=6) N (f(e); (0));
where the meah : O" 1Y and covariance : O" ! RIYilYI are assumed to be non-linear

H 2 Nis the truncated history length abgl:= max(0;t H).

A classical example of such an unobservable variable is the robot's position and orientation in global
coordinatesy = X 2 SEjs, estimated from past IMU linear acceleration and angular velocity,
lidar/camera measurements, and joint positions and velocities. Another common example is the
ground reaction forces acting on the feet of a quadruped robot with poinyfedtf rr;f rL; f HR;

fuL] 2 R*? (g. 1.3), which are commonly assumed to be Gaussian-distributed in the literature for
short time discretizationstt (Camurri et al, 2017 (although in reality they often exhibit skewed and
multimodal distributions; segection 7.3.

In this setting, the problem of state estimation—namely, predicting the most likely target variable
y 2 'Y from the Gaussian conditional distributiéty;s—reduces to a mean-seeking supervised
regression problem of approximating the conditional mean funétio®" 1Y with a parametric
modelf :O" 1Y ;thatis,

=argmin Lmsdf ):=argmin E, p, kf () f (e)k? ; (7.5)

Symmetry priors in supervised regression As discussed isection 7.1for robotic systems with

an environmental or morphological symmetry grdapthe conditional distribution of the target
variabley given the observation histogyis G-invariant (eq.7.3). Under the working assumption
that Py is approximately Gaussian, ti@&invariance of the conditional distribution implies the
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G-equivariance of both the conditional mean functionO" 1Y and the conditional covariante
:OF 1 RIYIYI (seede nition 2.14and gs. 6.1 and7.1), namely:

Pyie(9-v S9.0n 8) = Pyjs(S0) 0 g.vf(e)=f(g.on6) and
N (f(g.000); (9.000)= N (f(e); (9)) g.v (®v/g= (9.000) (7.6)

8g2G;S Y ;020"

As detailed inchapter 5the G-equivariance of in the supervised regression problem (&), to-
gether with theG-invariance of the marginal distribution of observation histoRggassumption 6.2
justi es reformulating the learning problem aszaequivariant regression problem of the form:

=argmin Lmsdf )
(7.7)
st. g.yf (6)=f (g.on6) 89g2G;e20":

As previously explained, these symmetry priors can be leveraged either via data augmentation or by
constrained optimization methods (such as usiagquivariantNN architecturesgronstein et aJ.

2021; Cohen et a].2019 Wang et al.20221)), or via regularization methods. In the latter case, the
stochastidG-invariance violation penalty term in ef.8 reduces to &-equivariance penalty term of

the form: 2 3

1 X
Peo(f )= Eo p, 4= kg.vf (8) f (g.on0)k?: (7.8)
€] 026
Next, we present an empirical analysis of the impact of leveraging these symmetry priors in supervised
regression problems in robotics.

Experimental validation

To validate the impact of symmetry in supervised regression problems in robotics, we present a
synthetic experiment on predicting a robatsM linear ( 2 R3) and angulark 2 R®) momenta
from noisy state observations. Speci cally, the target function is given by:

v— €S H=1; :

yoi= B =f(0) = Ac () & 8t2R; with N gmas oy | (7.9)
Ot = 0t = B=q+ 1401

In this setting, the target random variapl® R® consists of the stacked linear and angular momentum
components. The functiohc : Q! R® "a is the state-dependent centroidal momentum matrix,
introduced byOrin et al.(2013. For each con guratiom 2 Q, A c(q) maps generalized velocities
to the center of mass linear and angular momenta. Shgealepends only on the current robot
state(q;; Q) 2 T Q, we setH = 1 in this experiment and reduce the observation history to the
present observationy ;= ( ty; EI) 2 R2"a, which consists of sensor measurements of the generalized
coordinates and velocities at timecorrupted by zero-mean Gaussian noigeand 1,q, respectively.

As detailed in QOrin et al, 2013 Ordofiez-Apraeet al, 2023 2025, for robotic systems with an
environmental or morphological symmetry gro@pthe centroidal momentum matrix function is a

Note that the equivariance of the covariance matrix imposes strict constraints on the degrees of freedom
of the Gaussian uncertainty (see prop. 2.2). These constraints are of relevant interest for symmetry aware
sensor-fusion frameworks, common in robot pose estimation from IMU data and other sensor modalities.



7.2 Deterministic inference 85

Figure 7.2 Sample ef ciency plots ( nal test set loss achieved vs. training dataset size) for regression of the
center of mass linear and angular momenta (see eq. 7.9) for the Atlas humanoid and Solo quadruped robots.
We compare MLP, MLPaug, and eMLP models across varying model capacities and symmetry groups. Left and
Middle: Sample ef ciency for Solo and Atlas tasks, comparing model variants with different numbers of neurons
in the hidden layers of the NN (hidden channels hc=128/256/512/1024 ). Right: Sample ef ciency for Solo
with models at hc=512 , leveraging either G = K, (sagittal and transversal symmetries) or G = C, (sagittal
symmetry only). Results show mean and standard deviation across 10 random training seeds.

G-equivariant matrix-valued function, satisfying

g.eAc(@)ro/g '=Ac(g.0q) 892G;q2Q;

where the group actions. and . 1o, de ned in eq.4.3d ensure that the target functiénis G-
equivariant, as illustrated ig. 6.2 for the case of a quadruped robot with= K 4. In this gure, the

orange and green vectors next to each robot visually represent the robot's linear and angular center
of mass momenta for that particular robot state, andepresents the group action relating these
symmetry-related center of mass momenta.

The experiment consists of a center of mass regression task for two robots: APaBc& humanoid

robot withG = C, (seegs. 2.1 and4.1), and Solo, d2-DoF quadruped robot witls = K4 (see

gs. 2.1 and6.2). The baseline model is a standardlti-Layer Perceptron (MLP) NNarchitecture,
which is compared against two alternative approaches that exploit symmetryi(ip drained with

data augmentation (MLPaugnd (ii) anEquivariant MLP (eMLParchitecture.

In g. 7.2-left and -middle, we study the impact of symmetry exploitation on the models' sample
ef ciency ( nal test loss vs. the size of the training dataset) and generalization ( nal test loss).
To achieve this, we compare the performance of the model variants when leveraging the robots
entire symmetry groups¥~ andC,, respectively—and varying the width of the hidden layers of
the underlying3-layer deepMLP NNs. Across both robots and all model capacities|LP and
MLPaugoutperformMLP in terms of sample ef ciency (better generalization with fewer data) and
robustness to over tting when training data is limited and the model is over-parameterized. Among
the eMLP and MLPaugvariants, models with the lowest number of trainable parameters exhibit
similar sample complexity and performance; however, as model capacity increasgd] themodels

reach consistently better test losses, highlighting the relevance of leveraging constrained optimization
methods beyond mere data augmentation.

Additionally, g. 7.2-right compares sample ef ciency and optimality for the regression task of the
Solo robot when leveraging the entire symmetry grup(sagittal and transversal symmetries) and
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when leveraging only a subgroup of the true symmetry g@upg fe;dslg Ky (sagittal symmetry

only). The results indicate a strong improvement in sample ef ciency and generalization capacity
with the increased number of symmetries leveraged, with the optimality gaps bdWt&zngand

eMLP being even more pronounced when leveraging the larger symmetry Krouphis motivates

the importance of leveraging the largest possible symmetry group in state estimation problems, and
the relevance of constrained optimization methods beyond data augmentation when leveraging larger
symmetry groups.

7.2.2 Supervised classi cation

Here, the unobservable target random variable of intgrests is categorical, taking values from a
discrete set of classgs2 Y . This means its conditional distribution, given state observations, can
reasonably be assumed to be a categorical distribution:

Pyjs := P(y = yije = &) Categoricalf (e));

where the probability vector functigh : O" 1 ¥i 1 maps the truncated observation history
o 2 O to the probability simplex of the possible categorical states.

A classical example of such a variables in legged robotics is the binary contact state of a quadruped
robot with point feet. The categorical target variapl@ f 0; 1g*, representing the contact state

of the four feet (e.g., in a static-friction-regime, or in a slipping or non-contact state), takes one of
jYj = 16 possible binary combination&i( et al, 2021). These categorical estimated measurements
are fundamental in state estimation pipelines dependent on leg odometrZésrguri et al, 2017)

and legged locomotion control (e.@orbéres et 812024 Lee et al, 2020 Mastalli et al, 20200).

In this setting, the problem of state estimation reduces to a standard mean-seeking supervised

classi cation problem of approximating the conditional class probability fundtiorot 1 1¥i 1
with a parametric model (such as a neural netwdrk): OH 1t I¥i 1 typically trained by
minimizing the expected cross-entropy loss:
. 3
X() € .S
=argmin Le(f ) :=argmin Eo p, 4 yilog f V(e) 5: (7.10)

i=1

wherey is the one-hot encoded ground truth categorical state.

Symmetry priors in supervised classi cation Following section 7.1under the assumption that
Pyje is a categorical distribution, th@-invariance of the conditional distribution implies that the
underlying probability functiofi must beG-equivariant:

g.vf(®=f(g.on6) 89g2G;e20":

In this case, the group action on the categorical variable's probability simplexs simply de ned

as a subset of permutations acting on the categorical classes. These permutations represent how the
categorical values transform under the symmetry group. For instance, for the quadruped robot in
g. 7.1 the binary contact states of the legs of the robot at each symmetry related state are permutations
of the original contact state.
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Figure 7.3 Static-friction-regime contact state classi cation results for the Mini-Cheetah quadruped robot. We
compare the baseline Convolutional NN (CNN) architecture from Lin et al. (2021) with its symmetry-aware
variants: CNN trained with data-augmentation (CNNaug) and eCNN. Left and Middle: Sample ef ciency plots
showing the nal test set cross-entropy loss and the average continuous leg F1-score versus the size of the
training dataset. Right: Contact state classi cation metrics evaluated on the test set using models trained with
the entire dataset, reporting overall binary contact-state accuracy (Acc) and individual leg F1-scores. Due to
the sagittal and transversal symmetries of the robot (G = K4  Cy), the Fl-scores of symmetric leg pairs (e.g.,
LF/RF and LH/RH) are expected to be well-balanced for the symmetry-aware models. Results show mean and
standard deviation across 8 random training seeds.

Experimental validation

To validate the impact of symmetry in supervised classi cation problems in robotics, we present an
experiment on classifying the contact state variaglesf 0; 1g* of the Mini-Cheetah quadruped
robot from a history of proprioceptive sensor measuremenkr this system, the symmetry group
corresponds t@ = K, Co.

The dataseb = f(si;yi)dl\,, rstintroduced byLin et al.(2021), comprises samples containing
the one-hot encoded categorical target varigbf 0; 1g'6. This variable represents the ground
truth system's contact state among ttdifferent combinations of each of thkelegs' possible
binary contact states. Each sample also includes a truncated observationéh2tory of the past

H =150 frames of proprioceptive sensor measurements, de ned by:

o :=(gst m(t);gs+ Tom (ke + »(t);! e+ 1 (1)irfeett (1) lieett r(1);)

Here,gs 2 M  R?andgs2 TqM  R!? denote the robot's joint space position and velocity
generalized coordinates; and! 5 2 R® represent the robot's base linear acceleration and angular
velocity measured by an onboard IMU, angei = [rrr; T LF; T RH; T LH] 2 O feet R12 andr feet =
[rrerirrru;Tin] 2 Oret R12 are the positions and velocities of each of the four legs' feet,
respectively, referenced to the robot's base frame. All these observation measurements are perturbed
by zero-mean Gaussian noise modelling the respective sensor model uncertainty.

The baseline model is a standdifd-CNN architecture utilized inl(in et al,, 2021), which is compared
against two alternative approaches that exploit symmetry: (i) a data-augniaidéalug and (i) an
equivariant CNN (eCNNarchitecture. Ing. 7.3-left and -middle, we study the impact of symmetry
exploitation on the models' sample ef ciency ( nal test cross-entropy loss vs. the size of the training
dataset) and generalization (average continuous leg F1-score). Across all data re@iRfeéand
CNNaugoutperformCNN in terms of sample ef ciency (achieving lower test loss and higher F1-score
with fewer data) and robustness to dataset biases when training data is limited. Ameij\tiNe
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andCNNaugvariants, the fully equivariant modelCNNreaches consistently better test metrics and
accuracy. Additionally,g. 7.3-right compares the classi cation metrics of the models on the test set.
Here, a closer look at the individual legs' F1-scores illustrates how exploiting symmetries mitigates
suboptimal asymmetries commonly learned from nite datasets. While the unconstfziiefavors

one leg over its symmetric counterpart (e.g., learning a better predictor for the LF leg than for the RF
leg), the symmetry-aware models, particulaglyNN, maintain a balanced predictive performance
across symmetric morphological components, directly improving the overall classi cation reliability.

7.3 Probabilistic inference

For most target random variablgs s, we cannot safely assume that the conditional distribution
Pyje, given the past observation history, belongs to a simple parametric family (e.g., Gaussian,
Poisson, or Mixture of Gaussians) for alk O H since in realistic scenarios, epistemic uncertainty

in contact modes and forces induces complex multimodality in the observation dynamics and in the
true conditional state distributid?@?"‘3 (seegs. 6.2 and7.1).

In such cases, state estimation cannot be reduced to a standard supervised regression problem, given
that, for most conditional distributions, the conditional mearncditional expectation
Z

Ymean:= E[yjo=6t] = Y Pyje(dyjer);

is not suf ciently informative for state estimation—that is, it does not
allow us to sample likely values gf according tcPy, (seeg. 7.4). In ’——‘
this scenarios, state estimation should be addressed in its full stochastic l

form, as the approximation of a conditional probability distribution | _ Y
(see eqs7.2and7.4). However, estimating such conditional distribu- .~ Ebie=el

tions remains challenging in high-dimensional settings without stron v

inductive biasesltbicki and B. Lee2017 Nagler and Czad®016 | — Pjo(yjer)
Scott 1997). \¥
! Y

We differentiate between two classes of conditional probability mod-

elling: methods that aim to approximate the sampling process offtlggre 7.4 Example uninforma-
conditional distribution via generative modelling techniques, and &f§-conditional expectations.
proaches that provide point- or set-wise estimates of the conditional likelihood of events of interest
(e.qg., the probability that a contact force is within a speci ¢ range, the probability a disturbance in my
left arm is present). In summary:

h Generative modelling: Most state of the art generative modelling methods—such as diffu-
sion and ow-matchingHo et al.(2020; Lipman et al(2022—model rst-order information
of the probability, such as the gradient of the likelihood with respect to the target variable,
r yPyje(yiet). This is used to approximate sampling from the conditional distribution via
a generative process mapping samples from a base distributiory deelPy ;s (yjet). By
construction, these approaches do not estimate the likelihood of events and therefore cannot
truly tell from two generated samples which one is more likely, rendering them not directly
suited to solve thenaximal a posteriorstate estimation problem. Although recent efforts have



7.3 Probabilistic inference 89

begun to adapt generative modelling to maximum a posteriori estimatiofack et al, 2025
Willingham et al, 2025, these approaches remain out of the scope of this work.

Note: In sections 2.4nd8.3.1, we discuss the implications of our symmetry priors in the
context of ow-matching based imitation learning. The results transfer to state estimation by
changing the target from control actioasto state variableg;.

h Point/set-wise estimation:We interpret these methods as approximating the zero-th order
information of the conditional probabilitygy;s( j 6t), at speci ¢ points or sets of interest
(Izbicki and B. Leg2017 Kostic et al, 2024 Nagler and Czad®016. This means that they
can estimate a scalar value that approximates the likelihood of speci ¢ events of interest, or
that it's proportional to the likelihood. These are the focus of this section as they enable the
robust decision-making, planning and control.

7.3.1 Conditional probability modelling and uncertainty quanti cation

The problem of conditional probability modelling and parametric uncertainty quanti cation remains
an open challenge in high-dimensional settings in which one cannot assume that the target conditional
distribution belongs to a simple parametric familgticki and B. Leg2017 Nagler and Czad®016

Scott 1997). Recent advances Deep Learning (DLand deep representation learning have shown
promise tackling conditional probability modelling—and therefore reliable uncertainty quanti cation—

in these high-dimensional and unstructured settings by training non-linear representations of the target
and conditioning variables within the framework of contrastive representation leafnigef al,

2024 Tosh et al.2021; Turri et al, 2025.

Speci cally, Kostic et al.(2024) proposed\eural Conditional Probability (NCRHiscused in detail in
chapter 9, a contrastive representation learning algorithm that rely on the pre-trained representation
to provide, via linear regression, estimates of conditional probabilities of events of the fariv for

setsY Y ,via

Py2Yje=e6) P(y2Yje):=BivyI+ (&)’E By (v) 1v(y); (7.11)

where :0O" 1 R"and :Y! R"arelearned, nonlinear, high-dimensional representations of
the conditioning variable and the target variablg, respectively, an& 2 R" " is a linear map
between the two representation spaces e23). Moreover,1y( ) denotes the indicator function

of the evenyy 2 Y, andl?y (y) 1v(y) 2 R"isthe vector of basis-expansion coef cients of
1y() in the representation space induced by Consequently, for seté for which we can reliably
estimate the marginal probabiliﬂ(/ [1y(y)] P(y 2Y),eq.7.11provides a valuable estimate of
P(y 2 Y j o = e;) for a wide range of conditioning values 2 OH .

In the next section, we study how egllcan be leveraged for parametric uncertainty quanti cation

of unobservable state variables in robotics, usingldaiyarchitecture to parameterize and

Crucially, this method works in high-dimensional settings and without assumptions on the form of
the conditional distribution; hence, it can be used in foundational tasks of robust decision-making,
planning, and control under uncertainty.
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Details on the theoretical underpinnings of this depbased estimate (ed.11) require an extensive
operator-theoretic treatment of conditional distributions and are therefore providedpter 9 The
rest of this section focuses on the practical use of7elfLfor uncertainty quanti cation in robotics.

Conditional quantile regression One of the main approaches to conditional uncertainty quan-
ti cation is conditional quantile regression. In this setting, givescalar target random variable

y Yy s, the goalis to predict a con dence interval with coverage levébr y, conditioned on

the observation historg. For example, we may wish to predict the= 95% con dence interval

for the z-component of a contact force. To this end, we regress the lower and upper conditional
quantilesc-,: 0" 1 Randc; -,:0M" ! R, respectively. These quantiles are derived from the
conditional Cumulative Distribution Function (cCD#&fthe target variable y, de ned as

cCDHyjoe):=Ply yjoe=0): (7.12)

To approximate this function, we discretize the marginal rangeioffo Ny bins and de ne the sets
A, = fy2 R:y byg, whereb, denotes the upper bound of theth bin2 This allows us to

Ieverageb (eq.7.1]) to estimate a discretized version of the DF. For all conditioning events
o 2 O and all binsn 2 [Ny], we de ne

EEDF (yjo):= P (y2 Anjo)= Byf1a, W]+ (6)E Byl () 1a (] (7.13)

A key advantage of this formulation is that the marginal probabilEy{SAn (y)] can be estimated
easily and reliably from training data, makiﬁg a practical estimator of theCDFfor arbitrary scalar
random variabley. Moreover, for a discretization witNy, bins, the full estimaté&DF can be
obtained using a single forward pass throughitidss  and |, followed by a linear layer that
maps (e) 2 R" to RNv. This makes the approach computationally ef cient and well suited to
real-time applications. Importantly, when extending the prediction of@leFto a vector-valued
targety =[y,;:::] s, the additional computational cost arises only in the nal linear head, which
is now de ned by a matrbR" (Y] No) composed of the basis expansion coef cients of the indicator
functionsly,, () for all dimensions and binsn.

Symmetry priors in conditional quantile regression In the context of uncertainty quanti cation
for robotic systems with an environmental or morphological symmetry g®uhe conditional
distribution of the target vector-valued random variabl& igmvariant (see eq’.3):

Pyis(Yy 2Yjoe=0)=Pyje(g.vyy2Yjo=9g.0006) 892G; e20M: vy v :

whenever there is a well-de ned group actiop on the target variable spate For example, when
estimating the contact forces of a quadruped robot, the forces at eagh 2082 for symmetry-
related robot states transform according {Q which permutes the legs' contact forces and applies
the appropriate re ections or rotations to the vectors (ge&.1).*

*To obtain a discretization adapted to the marginal distribution, one may use methods such as quantile
binning (Pedregosa et al., 2011), which allocates bins so as to more uniformly cover the support of the marginal
distribution Py.

“The discretization of the target variable's range into bins for cCDF regression in this scenario can be most
conveniently de ned in a hyperspherical coordinate frame, instead in the canonical Cartesian coordinates, as
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In such cases, as discussegbiop. 7.1 uncertainty quanti cation can be rendered as a symmetry-
constrained optimization problem in which the estim&omust beG-invariant. As discussed in
detail insection 7.1to leverage the symmetry priors we can resort to data-augmentation, regularization,
or reparametrization techniques @aequivariant architectures. In the following section we discuss
how to In a nutshell, to enforce ti@-invariance constraint & implies parameterizing thigN
representations and with G-equivariant architectures, and the linear niap with a G-
equivariant linear layechapter 9

Experimental validation

We present two experiments on uncertainty quanti cation via conditional quantile regression: (i)
a synthetic experiment illustrating the empirical underpinnings!6f and Equivariant Neural
Conditional Probability (eNCRand (ii) a simulated robotics state-estimation experiment in which
we predict con dence intervals for relevant observables in quadruped legged locomotion.

To assess the impact of symmetry exploitation, we compare the basgltieand Conditional
Quantile Regression (CQRJreldman et a).2023 with their respective equivariant adaptations,
eNCPandEquivariant CQR (eCQR)roposed irOrdofez-Apraeet al.(2029. Here,NCP and
eNCPare trained to approximate the conditional distribution of the target variBpjg(see eq7.11
andchapter 9. By contrast, the baselifeQR (Feldman et a).2023 and its equivariant adaptation
eCQRdirectly regress quantiles for a xed coverage level (ecg., andc; - , for a coverage level

of ), which are not reusable across coverage levels and require retraining for different coverage
values. All models are parameterized s with equivalent architectural footprints, so performance
differences can be attributed to contrastive versus regression losses and symmetry exploitation, rather
than differences in model capacity. Refer @r{ofiez-Apraeet al, 2026 for extensive details on the
experimental setup.

Conditional quantile regression of skewed, symmetric, and bimodal distributions This syn-
thetic experiment is intended to demonstrate howNlé& andeNCPframeworks can approximate
conditional distributions that are highly skewed and multimodal, for which the mean (or conditional
expectation) is not informative (seg 7.4). For such applications, we rely on accurate approximation
of the conditional distribution to perform uncertainty quanti cation by regressing@ieF of a
one-dimensional target random variabl2 YR conditioned on a one-dimensional variabl2 R.

As illustrated in g. 7.5-top, the target conditional distributid?;, has three distinct regimes, all
affected by heteroscedastic noise: (i) a skewed distribution with an exponential tail, (i) a symmetric
distribution, and (iii) a bimodal distribution. Crucially, the conditional distribution of the target
variable isC,-invariant, with a trivial group action od 2 R and a group action o¥ 2 R de ned

such that the re ection action @, mapsx to X, that is:

Pij(yZYjXZX)ZPij(yZij: X) 8x2R;Y R:

The task consists of predicting conditional quantiles at diverse coverage levels for the target variable
y over the full range ok values. To achieve this, we discretize the rangg ioto N, = 200 bins
usingquantile_transform from Pedregosa et &(2011), which allocates higher bin resolution

described in Ordofiez-Apraez et al. (2026), such that the discretization covers each representative of the coset
space Y=G or equivalently.
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Figure 7.5 1% row: Target conditional probability distribution of y given x, featuring three distinct regimes: (i) a
skewed distribution with an exponential tail, (i) a symmetric distribution, and (iii) a bimodal distribution. 25 row :
lllustration of the predicted con dence intervals for coverage levels = f70%; 90%g for NCP (left) and eNCP
(right). 3 row: Empirical coverage tracking and con dence interval size for coverage levels from 10%to 90%.
4" row : Example cCDFs predicted by NCP and eNCP in the skewed and bimodal regimes, with vertical gray
lines indicating the bins used to discretize the range of y for cCDF regression.
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Validation Test
r-Coverage’ Coveragée Set Size# r-Coverage’ Coveragé' Set Sizett

eNCP 993 0:0% 941 0:4% 24 04 10° 995 0:1% 950 0:4% 43 36 10°
NCP 964 0:0% 569 0:1% 39 45 10° 995 0:.0% 569 0:3% 26 1.4 10%°
eCQR 707 0:6% 73 1.7% 37 26 10° 842 0:7% 67 1:2% 1.7 1.7 10
COR 676 1:8% 76 0:4% 25 24 10° 805 3:7% 85 0:9% 14 01 1¢°
Table 7.1 Validation and test metrics for 95% Con dence Intervals (Cls) on quadruped robot observables while
traversing rough terrain. Metrics: (i) relaxed coverage (r-Coverage), de ned as the probability that any scalar
random variable v; lies inside the predicted con dence interval; (ii) coverage, de ned as the probability that the
entire vector-valued target variable y lies inside the predicted con dence interval; and (i) set size, the volume
of the con dence region. Best results are shown in blue. While eCQR and CQR produce smaller con dence
intervals, they fail to achieve the expected 95% coverage on both validation and test sets. The eNCP model
achieves the best overall coverage for reliable uncertainty quanti cation. Importantly, eNCP and NCP can
provide Cls at any coverage level without retraining , whereas CQR and eCQR require retraining for each level.

to regions of the support gfwith higher probability mass, and regress ti&DF of y using eq.7.13

Then, the quantiles of any desired coverage level can be obtained by applying a linear search over
the predictedcCDF (seeKostic et al.(2024)). ExamplecCDF predictions for theNCP andeNCP

models are shown iy. 7.5-bottom for the skewed and bimodal regimes, with the vertical gray lines
indicating the bins used to discretize the range of y.

The results for this low-dimensional example show that bati? andeNCPcan learn to approximate

the conditional distributio;, across the three regimes and produce parametric con dence intervals
at different coverage levels that are well calibrated (se€.5-second-and-third-row). However,
even in this low-dimensional setting, leveraging symmetry prioreM&Pyields smaller con dence
intervals that match the empirical coverage across all coverage leetsl0%; : : : ; 90%g, while

NCP produces conservative con dence intervals with empirical coverage above the desired levels.

Uncertainty quanti cation for quadruped locomotion We demonstrate the practical impact of
symmetry exploitation in robotics uncertainty quanti cation by providing robust uncertainty estimates
for unavailable yet crucial state observables in robot control and state estintzitioin €t al, 2018
Maravgakis et a).2023. Speci cally, the task is to use a history of proprioceptive sensor observations
to provide90% Cls for the robot'sGround Reaction Forces (GRFgys 2 R12 the instantaneous work
exerted by or absorbed by the roli{q; q; ) 2 R (eq.2.6), and the robot's kinetic enerdly(q;

d) 2 R (eq.2.39 while the robot traverses rough terrain; iye 7 [U(q; d; ); T(0;d); grf]. Reliable
probabilistic estimates of these quantities are crucial for optimal corgret{ et al, 2018, contact
detection {laravgakis et a).2023, state estimation\(istico et al, 2025, and system identi cation
(Gautier 19979

The history of past observatioss 2 O™ includesH =5 state observations de ned by:
O =(Gt+ Qilt+ To0i@t+ ailet ilrent 3! et 13 gent 110+ giPufeett feet ) (7.14)

whereq; 2 R" andg; 2 R"e are the joint positions and velocities, respectively:2 R2 is the
linear acceleration of the robot's base frame measured by the IMB;R? is the base linear velocity,
while vi.err 2 R? is the base linear-velocity command errbg;2 R3 and! e 2 R® are the base
angular velocity and its command errgf;2 R3 is the gravity vector expressed in the base frame;
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Figure 7.6 Prediction of 90% Cls for G-invariant observables in quadruped locomotion: instantaneous work U
and kinetic energy T. We compare eNCP, NCP, eCQR, and CQR. Con dence intervals are shown as light red
areas; samples outside the predicted interval are shown in red, and samples inside are shown in blue.

Prfeet 2 RY? stacks the linear velocities of the four feet (three components each) fBAdR R"
contains the commanded joint torques.

In g. 7.6, we compare model performance for uncertainty quanti cation ofGhavariant scalar
observables) andT, while in g. 7.7, we compare model performance for uncertainty quanti cation

of the G-equivariant vector-valued observablg:. Furthermoretable 7.1reports empirical coverage

on the validation and test sets, as well as the average size of the predicted con dence intervals, which
are crucial metrics for assessing practical reliability. The results idesitifyPas the only model
capable of robust uncertainty quanti cation, as it is the only model with test-set empirical coverage
close to the desired value, rendering the others unreliable for practical applications. The baseline
modelsCQRandeCQRproduce severely overcon dent intervals that t the training data but fail to
generalize to the test set. AlthougEQRoutperformsCQRin empirical coverage, it still fails to
achieve the desired test coverage level, pointing to a limitation of this regression-based approach to
uncertainty quanti cation in high-dimensional settings.
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Figure 7.7 Prediction of 90% Cls for the G-equivariant ground-reaction forces ¢+ 2 R?. Intervals are shown
per leg (FR, FL, HR, HL) and Cartesian component (X, y, z). Con dence intervals are shown as light red areas;
samples outside the predicted interval are shown in red, and samples inside are shown in blue.



Chapter 8

Morphological symmetries in data-driven
optimal control

This chapter studies the implications of spatial symmetries for optimal control of robots in contact-rich
environments. Irsection 8.1we analyze symmetry priors for stochastic control tasks modelled as
MDP, extendingRavindran and Bart(2001); Zinkevich and Balcl{2001) to continuous state and
action spaces and compact symmetry groups. The core results establish that,Gesyanynetric

MDP, the optimal quality and value functions a@invariant (heorem 8.1and corollary 8.9,

and identify symmetry constraints on optimal stochastic and deterministic policy parametrizations
(corollaries 8.2and8.3). In section 8.2we transfer this analysis t@artially Observable Markov
Decision Processs (POMDPgip the beliefMDP formulation and recover analogous invariance
results for partially observable control settings, including real-world robotic control tasks in contact-
rich environments.

Finally, in section 8.3we leverage these results in two practical settings:

h Imitation learning from expert demonstrations: we characterize why behaviour cloning
becomes a symmetry-constrained learning problem for robots with morphological symmetries
(eq.8.19, and present symmetry-exploitation strategies for ow-matching policy parametriza-
tions (Lipman et al, 2022). We study Push-T and bimanual mobile manipulation under
re ection symmetry Siebenborn et gl2026).

h Model-free reinforcement learning (RL): we characterize how morphological symmetries
induce constraints for the family éfroximal Policy Optimization (PPGlgorithms, and study
symmetry-exploitation strategies in quadruped locomanipulation @4teymmetry groupsgu
et al, 2024 and dexterous multi-arm manipulation wity andC, symmetry groupsl( et al.,

2025.

8.1 Symmetry priors in optimal control

As discussed in detail isection 2.2andchapter §the discrete-time stochastic world dynamics of a
robot operating in a contact-rich environment are modelled by a state-transition probability distribution

Pg’j'tas s A S [0; 1], which de nes the conditional distribution of next states given current
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states and actions, such that
ngtas(Sj a;St) = P(ssm 2 Sjar=a;st=5S) 8S S ;a12A;5:2S;t2R;

guanti es the probability of transitioning to a state in the Setfter aMt time step, given that the
robot takes actioa; in world states; at timet.

Here, the world state spa&comprises the robot stafg;q) 2 T Q and the robot—environment
interaction state 2 Z —which de nes the control task and determines the robot's current contact
mode—while the action spade R"< s the space of control forces applied to the robot's actuated
DoF. For instance, for any manipulation task (sge3.1), s; captures the robot's state, its contact
mode, and the manipulation control task metrics, such as the con guration of a target object to be
manipulated.

In this context, any robot control task can be modelled dglBR, de ned by the tupldS; A; Pg?‘as; r;

P, A ; ),wherer :S A! Risaboundedcontrol-task reward functioi? : 5! [0;1]is the
probability distribution of initial state#d :S! A denotes the admissible action map that maps
each state to its set of admissible actions, ard[0; 1) is a constant discount factor. The objective of
optimal control is to nd a parametric stochastic control policy: A S 7! [0;1]that maximizes

the expected discounted reward, which can be expressed as the following optimization problem:

~ ~

. . < .

argmax Eg po E “r(strkm; @ km) = B, po Vo (St) (8.1)
k=0

whereE () denotes the expectation over the stochastic trajectories generated by the world dynamics

ng‘as when following policy

To analyze such control problems and study the implications of spatial symmetries, we de ne two
functions of interest: the@alue functionv : S ! R and theaction-value or quality, function
Q :S A! R.These quantify the expected cumulative reward of following policgtarting
from a given stats and from a given state-action p4s; a), respectively. Formally, the quality
function of policy is de ned recursively as:
Z
Q (st;ar) = r(s;ap)+ V' (Strm)PYas(dste mjst;ar) 8 st2S;ar2A:  (8.2)
s
Consequently, the value function of policy is de ned as:
Z
V (st)= Q (st;at) (datjst) 8 st 2S: (8.3)
A

Our aim is to show that, in control tasks for robots featuring a state/morphological symmetry group
G, the unique optimal value and quality functions (andQ ) are constrained to b8-invariant, and

that as a consequence, any optimal stochastic control poligyalso constrained to be-invariant
conditional distributionde nition 2.17). To achieve this, we rst de ne the symmetry priors of the
control problem, re ected as structural properties of khieP.

Symmetry priors in the control problem. As detailed inchapter §when a robotic system features
a state/morphological symmetry gro@®j the state and action spaces are endowed with group actions
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Figure 8.1 Re ection-related box-lifting tasks for the Tiago mobile bimanual manipulator with sagittal re ection
symmetry gs 2 C,. The initial states so and gs . s So correspond to left- and right-table variants of the same
task. Task equivalence implies reward invariance, r(s;a) = r(gs.sS;gs.,a) foralls 2S,a 2 A, so an optimal
trajectory for one variant maps to an optimal trajectory for the re ected variant by applying gs to the state-action
trajectory. Figure adapted from Siebenborn et al. (2026).

.s:G SIS and., :G A!A | dening symmetry transformations of the world state and
robot control actions, respectively. Since the world s$a2eS captures the robot state, its contact
mode, and the control-task metrics, a symmetry-transformed worldgstagedescribes the symmetry-
transformed robot state, symmetry-transformed contact nasdkthe symmetry-transformed control
task Importantly, both the original and symmetry-transformed control taskegue/alentas a
consequence of thé-invariance of the world dynamics, which implies trﬁlgfas is aG-invariant
conditional probability distribution (see €6.4). A depiction of this principle is provided imgy. 8.1

for the case of two symmetry-related manipulation control tasks.

In this context, théVIDP modelling the control of a robot inherits symmetry constraints that we state
in the following de nition and discuss in detail:

De nition 8.1 (SymmetricMDP). An MDP is said to possess a symmetry grdbipif the state and
action spaces admitgroup actiong : G S!S and., :G A!A | suchthatthe transition
dynamicsPM _, the bounded reward functian and initial state distribution$? are G-invariant,
and the admissible action map is a G-equivariant mapde nition 2.14). That is, if forallg 2 G,
s 2 S,anda 2 A the following conditions hold:

P (0. s0sjg.aa;9.5s5) = PM (dsja; s); (8.4a)
r(g.ss;g.na)=r(s;a)<1; (8.4b)
Po(g.sds) = PY(ds) (8.4c)

A (g.sS)=g..A (s): (8.4d)

It is straightforward to verify that control tasks for robots with a state/morphological symmetry
groupG satisfyde nition 8.1. Eq.8.4afollows directly from theG-equivariance of the underlying
deterministic robot dynamics (see é34), and eq8.4bfollows from the equivalence of symmetry-
related control tasks (seg. 8.1). Eq.8.4cis a natural operational assumption when the robot is
equally likely to face a task or any of its symmetry-related variants—for instance, turning left or right
while navigating, manipulating an object with the left or right arm 8.1), or locomoting forward or
backward (g. 4.1). Finally, eq.8.4dfollows from the de nition of spatial symmetries (sekapter J.

TheseMDP symmetry priors induce constraints on optimal control policies and on optimal value and
quality functions. To see this, we begin by proving that the optimal quality funQiois G-invariant.
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Theorem 8.1(G-invariant optimal quality function) For any G-symmetridMIDP satisfyingde ni-
tion 8.1, the optimal quality functioQ is G-invariant, that is:

Q (g.ss;g.,a)=Q (s;a) 8g2G;s2S;a2A: (8.5)

Proof. The proof follows the same rationale Ravindran and Bart(2001, Theorem 1), generalized
here to continuous state and action spaces. De ne, fokkaRyN, the k-step discounted optimal
guality function as:

Z

Qk(so; o) := r(so;ao) + sup  Qy 1(s1;a1) Piss(dsijso; ao)
Sai2A (s1)

with Qqg(s;a):=r(s;a) 8 s2S;a2A:

Here, the supremum is taken over the compact admissible-actién ét); hence, it is well de ned
under the standing assumptions. Note that, for notational simplicity, we use ifdhretl instead of
t andt + Mt, without loss of generality.

Let(sp;a0) 2 S A andde ne its symmetry-transformed pair@s s So; 9. » ag) foranyg 2 G. For
k=0, we haveQ(so;a0) = r(So;a0) = r(d.sS0;9-aa0) = Qp(g.sS0;9.4a0) forallg2 G,
by rewardG-invariance (eq8.40). Moreover, since the admissible-action masisequivariant
(eq.8.40), the set of optimal actions according@g(s; ) is symmetry-related to the set of optimal
actions according tQ,(g.s S; ), since:
sup  Qu(g.ss;a)= sup Qy(g.ss;g..a%= sup Q(s;a%: witha:= g.,a°

a2A (g.gs) a®A (s) a®RA (s)
Fork = 1, we combine the result fdc = 0 with the G-invariance of the reward and transition kernel;
andcorollary 2.1to obtain

z
Q1(g-5S0;g-a20) = r(9-5S0;9 -4 a0) + sup  [Qo(S1;@1)]Pyfas(dS1jg -5 059 - 4 A0)
7 Saji2A (s1)
= 1(s0;@0) + sup  [Qo(g™ . sS1;an)]Pihs (g - s dsijso; ao)
ZS ai12A (gl.gs1)
= r(so;ao) + sup  [Qq(s1;a9)]Pyss (dS1jSo; @0) = Q4 (So; @o)
S af2A (s1)

Applying the same argument inductively, invariancedf , implies invariance oQ, . HenceQ, is
G-invariant for allk 2 N. Since the reward is bounde‘d}kgﬁzo converges t@ , which is therefore
G-invariant. O

As a direct result of th&-invariance of the optimal quality function, we obtain tBeinvariance of
the optimal value function:

Corollary 8.1 (G-invariant optimal value function)For any G-symmetridVIDP satisfyingde ni-
tion 8.1, the optimal value functioW is G-invariant, that is:

V (g.ss)=V (s) 8g2G;s2S: (8.6)
Proof. De ne thek-step discounted optimal value function as:

Vi(s):= sup Q(s;a) 8 k2N;s2S:
a2A (s)
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Figure 8.2 Control policies induced by an arbitrary quality function (top row) and a C;-invariant quality function
(bottom row) for a C,-symmetric MDP with one-dimensional actions, where re ections actas g .,a = a.
Columns 2—4 show how the temperature parameter reshapes probability mass in the Boltzmann parametrization
(eq. 8.7).

Then following the results frortheorem 8.1we have thaV, is G-invariant for allk 2 N, and by the
boundedness of the rewafd/, gi_, converges t&/ , which is therefores-invariant. O

Symmetry constraints on optimal control policies Having characterized th8-invariance of the
unique optimal value and quality functions, we now study the implications of/aP symmetry
priors for the family of stochastic optimal control policies. Recall that the optimal quality function
Q :S Al R quanti es the expected discounted cumulative reward obtained by following
an optimal control policy , starting from any state-action pdi;a). In this context, we can
interpret each quality functio® :S A'! R as de ning a stochastic control policy via the

Gibbs/Boltzmann distribution, such that:
Z

R
exp Q (sia)= Py(da
A &XP a(da) 8s2S; withp(s):= exp Q (sia%= P,(da%: (8.7)
A

p(s)
Here,P, is the marginal probability distribution of control actions, whictGsnvariant as a con-

sequence of e®.4d p(s) is the normalizing partition function; and 2 [0;1 ) is a temperature
parameter that controls the stochasticity of the policy.

(Ajs) =

This parametrization offers strong theoretical exibility, as it allows us to recover symmetry constraints
on optimal deterministic and stochastic policies{0), as well as optimal stochastic policies in the
context of entropy regularizedlL ( > 0) (Sutton and Barta2018. To see this, consider that the
temperature parameter2 [0; 1 ) controls the stochasticity of the policy in the following fashion
(seeg. 8.2):

I 0: The policy assigs all probability mass to the set of optimal control actions, de ned as
A (s):=argmaxasa sy Q (s;a)foralls 2 S. If the set contains a single action for
all s, the policy becomes deterministic, otherwise its an optimal stochastic policy with
uniform distribution oveA (s).
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=1: The policy is a stochastic Gibbs/Boltzmann distribution over actions, with the optimal
guality function as energy function.

> 1. The probability mass becomes increasingly smoothed across the action space, reducing
the policy's exploitation of the quality function. In the limit as! 1 , the policy
converges to the marginal distributi®y.

Crucially, this parametrization also enables us to recover symmetry constraints on the Gibbs/Boltz-
mann policy induced by the optimal quality functi@n (theorem 8.1

Corollary 8.2 (Invariance of optimal stochastic policiedjor any G-symmetricVMIDP satisfying
de nition 8.1, an optimal stochastic control policy G-invariant, that is:

(Ajs)= (g9.aAjg.ss) 89g2G;s2S;A A

Proof. By theorem 8.1the optimal quality functiol® is G-invariant, which implies that any optimal
control policy de ned byQ is G-invariant. Note thatfor ! 1 , the distribution remains invariant
as we assume the marginal distribution of actiBpss G-invariant e nition 2.17). O

This result extends directly to deterministic policies in the limit 0, provided that ties within the
optimal-action sets are resolved byaequivariant selection rule. Recall that there may exist a family
of deterministic optimal control policies associated with (Ravindran and Bart@001). A standard
example is a driving task where obstacle avoidance can be achieved by turning either left or right;
thus, two deterministic optimal control policies exist, each turning in a different direction. In the limit

I 0, the optimal stochastic policy itorollary 8.2converges, for every stage? S, to a uniform
distribution over optimal control actios (s)—that is, a policy equally likely to turn left or right in
this toy example. If a mechanism is introduced to select a single optimal action and this mechanism
is G-equivariant, the resulting deterministic poli¢y : S ! A is G-equivariant by construction
(de nition 2.14). We summarize this result in the following corollary:

Corollary 8.3 (G-equivariant optimal deterministic policy under equivariant tie-breakifgy any G-
symmetridVIDP satisfyingde nition 8.1, if one selects an action from each optimal-actionAe(s)
through aG-equivariant selection rule, then the induced deterministic control pdlicyS ! A is
optimal andG-equivariant, that is:

g.a"(s)=" (g.ss) 89g2G;s2S:

Proof. By corollary 8.2 when ! 0, the optimal stochastic policy converges to a uniform distribution
over optimal control action8 (s) foralls 2 S. If there is a unique optimal actiojA (s)j =1, for
all s 2 S, then the optimal deterministic policy is unique &&ekequivariant by construction.

If there exist states 2 S with multiple optimal actiongA (s)j > 1, then symmetry-related states
also have multiple optimal actions, i.¢A (g9.sS)j > 1, forallg 2 G, by theG-invariance ofQ .
Any selection rule picking an element from eachA&e{s) induces an optimal deterministic policy.

De ne a G-equivariant selection map of optimal actions per statg(s) ! a (s), satisfying
a (g.ss)=g.,a (s)forallg2 G. The resulting optimal deterministic poli¢y (s) := a (s) is
thereforeG-equivariant by constructiordé nition 2.14). O
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Symmetry constraints on marginal distributions Next, we characterize a fundamental implication

for the distributions of state and action trajectories inducedryG-invariant stochastic control
policy in aG-symmetricMDP. In a nutshell, the result states that for a®&yinvariant policy, the
marginal distributions of states and actions at any tirBeR induced by that policy ar&-invariant.

Given that this result is fundamental for theoretically justifying the use of data augmentation in data-
driven optimal control and the symmetry constraints of imitation learning algorithatsién 8.3, we

state and prove it as a standalone proposition.

Proposition 8.1(Marginal G-invariance through time)Let(S; A; Pg'tas; r; PY; A ) be aG-symmetric
MDP (de nition 8.1), and let be anyG-invariant stochastic control policy. Then, the marginal

distributions of states and actions at any tin2 R induced by are alsoG-invariant, that is:

PA(S) = PYg.s9); and PL(S) = Pi(g.s9);
2(S)= P9 5 9) o PR o pagis s A A
(Ajs)= (g.aAjg.sS) Pa(A) = P3(g9.A A)
Proof. The proof follows by induction usingrop. 2.3 Fort = 0, the G-invariance of the initial state
distributionP¢ (eq.8.49) together with theG-invariance of implies, byprop. 2.3 that the marginal
distribution of actions at time= 0 is G-invariant,

4 4
PY(A) = . (Ajs)PS(ds) = . (9. Aig-sS)PY(g.sds) = P3(g.aA):

The G-invariance of both the initial state and action distributions at tirze0, together with the
G-invariance of the transition kernel (e8,49, implies theG-invariance of the marginal distribution
of states at timé = Mt (seeprop. 2.3:
Z Z
PY(S) = P (Sis;a) (dajs)P3(ds)
zs 77

) Pius(9.s 59 .55;9.4a) (9.4dajg.ss)P(g.sds) = P{(g.s9):

Then, theG-invariance of the marginal state and action distributions at timeVit together with the
G-invariance of the transition kernel implies t@einvariance of the marginal distribution of states at
timet = kMt, for anyk 2 N, by applying the same argument inductively. O

Intuitively, this property of preserving the symmetries of state distributions through time can be inter-
preted as a characteristic property of symmetry-consistent optimal control poli€eesymmetric

MDPs, given that the Gibbs/Boltzmann optimal policy frararollary 8.2is G-invariant. In practical

terms, the relevance of this result stems from characterizing that the distributions of optimal state-
action trajectories are constrained to®envariant, which is a crucial theoretical requirement for
leveraging these symmetries in imitation and of ine learningégttion 8.3leading to substantial
improvements in sample ef ciency and policy robustness.

Summary 8.1

The dynamics of contact-rich control tasks for robots with state/morphological symmetries can be
modelled as a G-symmetric MDP satisfying the symmetry priors in de nition 8.1 , including G-invariance
of the transition dynamics PQ’J-“as, reward function r, and initial state distribution P2, and G-equivariance
of the admissible action map A .
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Under these symmetry priors, the optimal quality function is constrained to be G-invariant (theorem 8.1):
Q(9.ss;g.Aa)=Q (s;a); 8 g2G;s2S;az2A;
Consequently, the optimal value function is also G-invariant (corollary 8.1):
V (g.ss)=V (s); 89g2G;s2S;
and symmetry-consistent optimal policy parametrizations are constrained to be G-invariant (corol-

lary 8.2):
(Ajs)= (g.aAjg.ss); 8 g2G;s2S;A A :

8.2 Symmetry priors in optimal control under partial observability

As detailed insection 2.2 the world state in contact-rich robotic control tasks is only partially
observable, since several quantities of interest cannot be directly measured by onboard proprioceptive
and exteroceptive sensors. Among these unobservable or partially observable quantities is the robot
contact mode—which determines the number of contacts at a givert titme associated contact
surfaces, friction regimes, and resultant contact forces.

Formally, the set of onboard proprioceptive and exteroceptive sensor measurements de nes a state
observatioro; 2 O, assumed to be generated at each timestep by sanmlindPy;s( jst) from a
stochastic observation mode};s : o S 7! [0;1]. Such partially observable control problems are
commonly modelled as BOMDPde ned by the tuplgS; A; O; Pg?‘as; I, Pojsi PS;A ; ), composed

of the underlyingMDP (S;A; Pg?‘as; r; P3;A ; ) (seesection 8.) together with the observation
spaceO and observation modél;s.

To characterize how the symmetry priors oGasymmetricMDP (de nition 8.1) translate to the
associate?OMDP, we study thdvelief MDP, which recasts optimal control under partial observability

as an optimal-control problem over state-observation dynamics. We then characterize the relation
between the beligfIDP and aG-symmetricMDP, yielding analogou&-invariance constraints on

the optimal belief value and quality functions, and on the family of optimal control policies.

Belief MDP We de ne a beliefMDP as aPOMDPwith an associated optimal state-estimation
modeI,PS’Vj“e : s O 7! 0;1], that uses the full history of past observatiens= (0p;:::;0¢) 2 O

to de ne the probability distribution of the current world state2 S at timet. Thus,Ps’Vj"e(Sjet)
denotes the probability that 2 S given the history of observatiors. Here,O denotes the space of

nite past observation trajectories. Seection 2.Xor details.

The optimal state-estimation model enables us to model state-observation dynamics using only directly
measurable quantities—namely, the observation hisgtpand the control action; at timet—by
marginalizing out the unobservable world stai€seesection 2.}, that is:
zZ Z
P(’\)’}tae(Ojat;et) = . Pojs(Ojst+ Mt)Pg/jltas(dSH mjat; St) FQ?L(?Z@JG{ ;

| > {Z } Optimal (8.8)

Py Jtas (Ojar;$t) state estimation

8 0 O ;at2A;t2R;e::=(0p;:::;0) 2 O:
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Here,Pg’}‘as(Ojat;ét) = P(o+m 2 Oja; = ag; st = $1). We denote estimated/belief states by

$¢ 2 S to distinguish them from the true partially observable world statesS.
In this context, we de ne the beliefiDP by the tuple(O; A;P™ P ;O ; ). Its state space is

ojae’
the trajectory spac®, and its action space is the same as that of the underiyIbg, A. Its transition
dynamics are given byg’}‘ae in eq.8.8. The initial observation-trajectory distributidy is induced
by the state initial distributioR?, and the admissible control-actionm@p : O! A is de ned
from the underlyingIDP admissible action map :S!  a. Finally, the belief reward function
f: 0O A! Risdened as the reward expectation over the belief/state-estimation distribution:
Z

Ne;a):=  r($a)Pys(dsje) 8 62 0;a2A; (8.9)
s
In this context, a control policy depends only on the observable history of past observatians,
A O 7! [0;1], and the policy quality function is de ned as:
z
Q (er;a) =7 (6r;ar) + . V' (61+m)Phae(dOts mjar;0) 8 602 O;a2A;  (8.10)

and the belief value function is de ned as the expected quality over the policy distribution of actions:
Z * % <
V (6= Q (esa) (dajer):=E “MOr+km:atrkm) 8 &2 01 (8.11)
A k=0

G-symmetric beliefMDP  We now characterize the conditions under which the baflief mod-

elling a partially observable, contact-rich control problem for a robot with environmental or morpho-
logical symmetries is itself &-symmetricMDP satisfying the symmetry priors ide nition 8.1.

This allows us to apply the results frosection 8.1directly to the belieMDP and obtain analogous
G-invariance constraints on the optimal belief value and quality functions, and on the family of
optimal control policies.

As detailed inchapter § under the reasonable assumption that the observation space is endowed
with a group action., : G O 7! O and that the stochastic observation sensor mBgglis
G-invariant (see discussion assumption 6.)] the predictable state-observation dynamics de ned
by P(’\)’J!tae in eq.8.8become &-invariant conditional probability distributiordé nition 2.17). The

belief reward functiont: O A!  Rin eq.8.9is alsoG-invariant by reward-function invariance
(eq.8.4b); the initial trajectory distributior?® is G-invariant by initial-state-distribution invariance
(eq.8.40); and the admissible action m&p is G-equivariant by admissible-action-map equivariance
(eq.8.40. Consequently, by translatirigeorem 8.Zandcorollaries 8.Jand8.2to the beliefMDP
setting, we guarantee that the optimal belief quality func@brand optimal belief value functioft
areG-invariant, while the corresponding symmetry-constrained policy parametrizations inherit the
sameG-invariance requirements.

Truncated history belief MDP In practice, when modelling or controlling dynamical/robotic
systems using data-driven methods, memory and compute limitations prevent us from relying on the
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observation-history horizon. In this context, there exists an optimal state-estimation model that relies
only on truncated observation historié’,{i’]"e . s O 1 71[0;1], thereby de ning a truncated-history
belief MDP. The analysis of this section then applies directly, and the sasimariance constraints

hold for the optimal belief value and quality functions, as well as for the family of optimal control
policies.

Summary 8.2

In practice, contact-rich control tasks in robotics are partially observable. For robots with state/morpho-
logical symmetry group G, under the assumption that the observation space is endowed with a group
action ., : G O 7!'O and that the sensor model P,;s is G-invariant (assumption 6.1), that is

Pojs(9.00jg.s8) = Pyjs(Ojs) 8 g2 G;s2S;0 O ;

the control problem can be modelled as a G-symmetric belief MDP over the space of (potentially
truncated) past observation trajectories O, with control policies that depend only on the history of
past observations, : a O 7! [0;1]. Consequently, even under partial observability, the optimal
belief quality function @ and optimal belief value function ¥ are G-invariant, and the family of optimal
stochastic control policies is subject to the same G-invariance constraint, that is:

(Aje) =  (9.aAjg.o0) 8 9g2G;0:=(00;:::01)20;A A :

8.3 Leveraging symmetries in data-driven optimal control

This section shows how to leverage the symmetry priors fsentions 8..and8.2in data-driven opti-

mal control. Insection 8.3..lwe formulate behaviour cloning as a symmetry-constrained problem and
study symmetry-aware ow-matching policies for Push-T and bimanual mobile manipulation under
bilateral re ection symmetryC,. In section 8.3.2we cast model-freRL objectives as symmetry-
constrained optimization problems and stiriyCbased methods for quadruped locomanipulation
underC, and dexterous manipulation undég and C4. Across both settings, symmetry-aware
methods improve sample ef ciency, robustness, and generalization.

8.3.1 Imitation learning

Editorial Note: Section 8.3.1

The analysis and results from this section are based on the paper Siebenborn et al. (2026), done
in collaboration with the PhD student Max Siebenborn, and other authors. Details on my personal
contribution to the paper are provided in section 1.5.

This section studies the implications of state and morphological symmetry priors in imitation learning—
an of ine learning paradigm in which a parametric policy is trained to approximate an expert policy

exp from a dataset of expert demonstrations. In particular, for robotic systems with an environmental
or morphological symmetry group, we show that the expert policy can be assui@ethvariant
(assumption 8)1 which frames imitation learning as a constrained problem.
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Although the results apply to arbitrary symmetry groups, our experiments focus on bilateral re ection
symmetry—the most common case in practice, since most robots (humanoids, quadrupeds, mobile
manipulators, etc.) featue = C, = fe;gjof = eg(seeqg. 2.1). Leveraging these priors yields
imitation-learning policies that are ambidextrous by construction: they can perform a manipulation or
locomotion task and its mirrored version with identical control performance. A simple example is
humanoid handwriting, or any dexterous bimanual manipulation task, where the robot can perform
the task with either hand (segs. 4.1 and8.1).

As detailed insections 2.2nd8.2, contact-rich control tasks are modelled &3@VIDP(S; A; O;
Pg"‘as,r Pojs;P3A 5 ), withPyjs © o S 7! [0;1] denoting the stochastic observation model.
Slnce the world state is only partially observable, we assume that a histbrypaét observations,
ot := (0g;:::;0t) 20M withto = maxf0;t H + 1g, provides suf cient statistics for estimating
the current state (sexection 2.2. The expert control policy is then modelled as a conditional
distribution of actions given observation historgy, : a o H 71[0:1] Under this assumption,
we recast th® OMDPas a truncated-history belisfDP (O ; A; P('\)’J'tae, f PO 0H5 ), WherePOjaﬁ
denotes predictable observation dynamics &), i* denotes the belief reward (%49) P denotes
the initial trajectory distribution, an®" denotes the admissible action map (seetlon 8 2

Behaviour cloning In its simplest form, imitation learning is a behaviour-cloning problem where
the goal is to learn a parametric stochastic policy je) that approximates an expert policyyy( j©)

for eache 2 O" . This can be formalized as maximizing likelihood under the joint distribution of
observation-history—action pairs induced by the expert polioytfart et al. 2009, or equivalently as
minimizing the Kullback—Leibler divergence between expert and learned policy distributions for each
conditioning:

Y
zargmax Lp( ) :=argmax (ajo)
oa PO (8.12)
aigmin E_Di  ep(i0)k (jo) :
o POH”a
HerePi’f.’:;1 I oH a 7! [0; 1] denotes the joint distribution over observation histories and actions

induced by the expert policyeyp. In practice, eq8.12is approximated from a dataset of expert
demonstrations composedMsfi.i.d. samples fronPS, , denoted byD;* := f(e;ai)  PohO, .

Symmetry priors in imitation learning As detailed insections 8.1and 8.2, if a robotic sys-

tem has a state/morphological symmetry gré@i@and the observation modBl;s is G-invariant
(assumption 6)1 then the belieMDP for our contact-rich control problem i-symmetric and
satis esde nition 8.1. Consequently, the family of optimal stochastic policies are constrained to be
G-invariant gorollary 8.2. In this context, it is reasonable to assume that the (potentially suboptimal)
expert policy expis aG-invariant conditional distributionde nition 2.17). We state this assumption
formally:
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Assumption 8.1(G-invariance of expert control policiesyhe expert control policy expis a G-
invariant control policy satisfying:

exlAj®) = ex0.aAjg.on8) 8 g2G;020M;A A :
Withg.oHet:=(g.oot0;:::;g.oot)20H;andtozmax(o;t H+1):

Justi cation: In setups involving learning from human demonstrations and in most of ine learning
problems, one cannot expect the expert policy inducing the training dﬁé‘éﬂo be an optimal
control policy. Indeede'Xpis commonly composed of a collection of optimal and suboptimal tra-
jectories from one or multiple expert demonstratéfgepart et al, 20089, and demonstrations can

be biased—for instance, in the control task of writing with a humanoid robot, a dataset of expert
demonstrations can be biased toward right-handed writing demonstrations. However, all expert
demonstrations de ne trajectories solving the target control task, which, by the symmetries of the
control problem gection 8.2, implies that symmetry-transformed demonstrations de ne trajectories
solving the symmetry-transformed control task. For instance, any demonstration of writing with
the right hand can be transformed into a demonstration of writing with the left hand, such that the
robot can learn an ambidextrous writing policy from a dataset of right-handed writing demonstra-
tions. Hence, if one is interested in solving all symmetry-related control tasks—i.e., ambidextrous
locomanipulation—it is natural and bene cial to assume @eénvariance of the expert poliCyexp.

In practice,assumption 8.implies that for every expert demonstration trajector@ﬁp, the cor-
responding symmetry-transformed trajectory is equally likely to occur under the joint distribution
over obsgrvatlon_hlgtorlgs and ae():(tld_?ﬁﬁa (gee the e>_<a_mp|¢_e ng. 8._3). For.mallly, byprop. 8.1and
assumption 6.1this implies thaPOHF; is aG-invariant joint distribution satisfying:

Por(ea)= PSP (g.0n0;0.48) 8 9g2G;0620";a2A: (8.13)
This has a direct practical interpretation: if one aims to solve a control task and its symmetry-related
variants—as in locomotionds. 1.1 and8.9), dexterous manipulationd. 8.12), and bimanual
mobile manipulation ¢is. 8.1 and8.6—then each expert trajectory in the training set also serves as a
demonstration for the corresponding symmetry-transformed task. Hence, symmetry exploitation in
imitation learning yields policies that solve multiple symmetry-related tasks, even when the dataset
contains demonstrations of only one task variant.

For robots with bilateral re ection symmetry (e.g., humanoids, quadrupeds, and mobile manipulators),
solving a task and its re ected version corresponds to an ambidextrous locomanipulation policy that
solves both a task and its mirror variant—e.g., recovering from a fall and its mirrored counterpart,
manipulating an object with the left/right hand, or turning left and right. For systems with larger
symmetry groups, such as the Mini-Cheetah (ge#.3), the same argument implies that, given expert
locomotion demonstrations, the learned policy can be guaranteed to generalise to all symmetry-related
locomotion tasks, including re ected gaits, forward and backward gaits, and gaits with the belly
facing up and down.

As detailed next, there are two complementary approaches to leverage symmetry priors in data-driven
optimal control: data augmentation and symmetry-constrained optimisation.

Data augmentation Eg.8.13motivates data augmentation: exploit known symmetries of the control
problem to enlarge the expert dataset and obtain a symmetry-augmented aLf%lWh improved
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Figure 8.3 Left: Push-T re ection symmetry with an expert rollout from sq and its re ected rollout from g . 5 So.
The rst-action distribution ag exp( jSo) (orange, left) maps to gr .  ao exp( O - s So) (orange, right)
under assumption 8.1; hence each demonstration in D;;* is also a demonstration for the re ected task. Right:
G-invariance of the joint distribution Piff’a induced by exp, motivating symmetry-based data augmentation to
obtain D{}® (eq. 8.14) with improved empirical coverage of P, . Figure adapted from Siebenborn et al. (2026).

empirical coverage d?}, (see . 8.3), de ned as:

Di%:=f(g.0n6;9..2)j8 (5;2) 2 DF":892 Gg; withjD'Y = jGj jDF":  (8.14)

Symmetry-constrained behaviour cloning Both expert-policyG-invariance §ssumption 8)land
optimal-policyG-invariance ¢orollary 8.9 motivate casting ed®.12as a constrained optimisation
problem in whichG-invariance of is explicitly enforced:

margmax Lo )=argmin E_Di (ex(j0) k  (j0)); (8.15a)

oHa

st. (aje)= (g..ajg.o+0); 89g2G;a2A;e20M: (8.15b)

Next, we address e§.15using the ow-matching paradigni{pman et al, 2022 to parameterise .

Imitation Learning via Equivariant Flow Matching

To tackle eq8.15 we adopt ow matching l{ipman et al, 2022, a continuous-time generative
modelling framework for approximate sampling from a target distribution—here, the family of expert
action distributions exp( jo) foralle 2 O H.

For each conditioning 2 O™, ow matching learns a conditional probability path,, : o O 7 7!
[0; 1]gk2 0,1 that interpolates between a tractable base distributie,( je)—e.g., a multivariate
Gaussian—, and the expert distribution:1 ( j&) := exp( j©). Herek 2 [0; 1] is thetransport time
The path is governed by a conditional optimal velocity eld: A O " [0;1]! A , which
de nes directional changes of probability mass for each conditioning and transport timg.(8e€).
Sampling from ey, is then modelled through solutions of the ODE induced by

Z 1

a® =a@+ v (@®:e;k)dk;
0 (8.16)

witha©  o(je); anda; := aP  j(jer) = explj6n):
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Figure 8.4 Flow-matching probability transport paths at k 2 [0; 0:5; 1]. Left: Path induced by a C,-equivariant
velocity eld v , satisfying g .oV (2;6,K)= Vv (& .Ana;0 .o 6;k) foralla 2A,e2 oY, and k 2 [0;1]. With
C,=fe;gjg =egandg .,a:= a,theinduced policy at k =1 satis es eq. 8.15b. Right: Path induced by
a non-equivariant velocity eld, yielding a policy that violates eq. 8.15b. Figure adapted from Ordofiez-Apraez
et al. (2025).

Here,ak) denotes théntermediateaction sample along the ow-matching ODE trajectory, and
t denotes theontrol-timeindex of the underlying control problem. For each xed conditioning
o1, the actiona, is generated at endpoikt= 1, i.e.,a; := a) (see g. 8.4). The objective is
therefore to approximate with a parametric eldv and, via eq8.16 parameterise a policy that
approximates sampling fromey,, for every conditionings 2 O H

Equivariant ow-matching Underassumption 8.1 ey is aG-invariant conditional distribution
(see g. 8.3 andde nition 2.17). This yields a key inductive bias: for the ODE in éql6to produce
k=1 ‘= expWith G-invariancey must be equivariant (semrollary 2.2and g. 8.4), i.e.:

g.av (a;o;k)= v (g.xa:9.0n0;K); 8g2G:a2A;e20"; k2][0:1] (8.17)
This motivates formulating the approximationwf as a constrained regression problem of the form:
=argmin Lem( )= E L0 (o Vv @8k v (@Mieik) 2 (8.18a)
e DjPk U[01]
st. g.av (a;e;k)= v (g.na:9.0n0:k); 8g2G;a2A;e20M: k2][0:1]
(8.18b)

Crucially, minimizing velocity- eld error effectively minimizes the behaviour-cloning objective in
eq.8.12for every conditionings 2 OH (Su et al, 2025. Thus, ow matching provides a principled

and scalable generative framework for imitation learning. Moreover, enforcing equivariance of
v ensures that the resulting policy satis es the invariance constraint in egj15b(see g. 8.4
andsection 2.4andKlein et al. (2023), as well as the optimal-policg-invariance constraint in
corollary 8.2

Note that, sinces is generally intractable, in practice, e818ais minimized via an unbiased
surrogate loss, termed the conditional ow-matching Ibggy (see details inipman et al.(2022).
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Within this formulation, symmetry priors enter through two complementary mechanisms: (i) data
augmentation (e®.14and g. 8.3), and (ii) constrained optimisation that enfor¢ggnvariance of
the learned policy (eg8.15band8.18h), either via explicit constraints or regularisation:

Equivariance constraint regularisation One approach to approximately enforce the equivariance
constraint in eg8.15bis to penalise constraint violations through regularisation, yielding:

argminLem( )+  Reg( )
X
with Req( ) = kg.av (a;e;k) Vv (g.a@;0.0" e;k)k2;8a 2A;620M:k2]0;1]:
092G
(8.19)
Here,L gy denotes the ow-matching loss in €§.183 and > 0is a Lagrange multiplier that
controls the strength of the quadratic penalty on constraint violatRgg, ).

The main advantage of this approach is simplicity: it requires no modi cation tolttarchitecture

used to parameterize . Its main limitation is that equivariance is enforced only approximately on the
support of the augmented training distribution (sge3.3), with no guarantees for out-of-distribution
inputs. From a control-theoretic perspective, violationsabllary 8.2render the learned policy
suboptimal by construction, since performance may differ across symmetry-related initial states (e.qg.,
the two initial states ing. 8.3-left). In addition, approximating e®.19from a batch of sizé3
requires augmentation by a faci@j, with memory cosO(B jGj). This can be prohibitive for

large symmetry groups and impossible for continuous compact grothpss requiring approximation
techniques for the regularisation term, such as random sampling of group elements for each batch.

Explicit equivariance constraint Instead of penalizing violations, we can explicitly enforce
eg. 8.18bby adopting an equivariartN architecture whose trainable parameters satisfy equiv-
ariance by construction, including out-of-distribution inpBtenstein et al(2021); Ordofiez-Apraez

et al. (2029; Weiler et al.(2021). This enables direct minimization of e§.18with guaranteed
constraint satisfaction.

Imposing explicit equivariance requires modifying thel used forv so that each submodule is
equivariant toG. Although several libraries support equivariaiitls (Cesa et a).2021 Geiger

et al, 2022 Kondor et al, 2018 Thomas et a).2018 Weiler et al, 2021), most target point-cloud

or image data and are not directly applicable to trajectories of symmetric vector-valued signals. As
a result, adaptingtate-of-the-art (s.o.t.aifnitation-learning architectures—such as the conditional
encoder-decoder transformer or UnetlD modelShinet al.(2023 20249—remains non-trivial and

often requires substantial implementation effort and representation-theory expertisé¢z-Apraez

et al, 2023 Weiler et al, 2021).

To address these challenges and lower the barrier to exploiting state/morphological symmetries
in s.o.t.a.imitation learning and data-driven control, this thesis introdugesm_learning , a
symmetry-aware ML library that provid€s-equivariant baselines of the encoder-decoder transformer
(seeg. 8.5) and UnetlD architectures used @ et al, 2023 2024), for any nite groupG (see

section 1.5.1

For continuous compact groups, the regularisation in eq. 8.19 is de ned by an integral over the group
weighted by the Haar measure.
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Figure 8.5 G-equivariant transformer (encoder-decoder) architecture for parameterizing the ow-matching
velocity eld v with built-in G-equivariance (eq. 8.17). The encoder applies nenc €quivariant transformer layers
to &1 + Zpos(k). The decoder applies ngec €quivariant transformer layers with cross-attention to the encoder
latent, taking a®) + z,0s as input and outputting the velocity used in eq. 8.16. Source code and documentation:
symm_learning.models.eCondTransformerRegressor . Figure adapted from Siebenborn et al. (2026).

Experimental results

Our experimental setup compares three strategies for leveraging symmetry priors in imitation learning
when optimizing eq8.15 (i) data augmentationSymAug eq. 8.14), (ii) soft policy-invariance
enforcement via loss regularizatioBquivRegeq.8.19, and (iii) explicit invariance enforcement
through equivariantiNs (EquivNe}. Tasks include synthetic Push-1(8.3) and simulated/real-
world mobile-manipulation benchmarks)(8.6). Results repor8 training seeds an8l0 evaluation
environments per seed. Full experimental details a&aivenborn et a(2026.

All symmetry-aware methods are compared against a symmetry-agnostic ow-matching baseline
policy (BL) with velocity eld v parameterized by an encoder-decoder transformer adapted from
(Chi et al, 2023 2024). The same backbone is used faymAugand EquivReg while EquivNet

uses ouC,-equivariant transformer (e Transformarith an equivalent architectural footprint (see

g. 8.5). Thus, experiments control for backbone size. Equivariance constraintséi thesformer
reduce trainable parameters by roughly half, trading expressivity for global satisfaction of the policy-
symmetry constraint motivated laprollary 8.2

Push-T Task The rst experiment examines re ection-symmetry exploitation on the state-based
planar Push-T task fror@hi et al.(2023, a standard imitation-learning benchmark. As shown in
g. 8.3, the task has state re ection symmetry graiy also present as a morphological symmetry
in bimanual mobile manipulation. Hence, it is modelled & asymmetricPOMDPsatisfying the
priors insection 8.2making it a suitable setting to evaluate symmetry exploitation.
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Figure 8.6 Benchmark environments used in the mobile-manipulation experiments (section 8.3.1). The four
subplots (three simulation tasks and one real-world task) show the original scene and its re ection-transformed
counterpart under g 2 C,, illustrating the symmetry-related task pairs solved by a single policy. Figure adapted
from Siebenborn et al. (2026).

Figure 8.7left compares sample ef ciency of all policy variants, reporting target T-pose reaching
performance versus the number of expert rollouts. Across all dataset-size regimes, symmetry-informed
policies consistently outperform the baseline, indicating improved generalization and optimality in
low-, mid-, and high-data regime&quivNetperforms best in low data. On average, symmetry
exploitation yields & (or larger) sample-ef ciency gain: the baseline ne2@6rollouts to reach

a 0:9 score, whereas symmetry-informed policies re@®b with 100 rollouts and near-perfect
performance witt200 These results highlight the bene ts of re ection-symmetry exploitation even

in low-dimensional control tasks.

Simulated bimanual mobile manipulation This experiment studies symmetry exploitation in
three bimanual mobile-manipulation taskémanual reachingbox lifting, andcabinet openingsee

g. 8.6). The bimanual manipulatdriago++ has bilateral re ection symmetry grougy,, which
induces re ection symmetry in these tasks (sge 8.1 and8.6). Because the goal is to solve each
task and its re ection-transformed version with a single policy, we assume expert-fiicyariance
(assumption 81 yielding the symmetry-constrained formulation in 8dL5

Figure 8.7 Control performance as a function of the number of expert demonstrations. Left: Push-T. Middle and
right: simulated bimanual mobile manipulation (box lifting and cabinet opening). Across tasks and data regimes,
symmetry-informed policies (SymAug, EquivReg, EquivNet) outperform the symmetry-agnostic baseline (BL),
with EquivReg and EquivNet generally strongest. On average, symmetry-informed policies yield about a 2
sample-ef ciency gain over BL.
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Box lifting (Zero-shot, success raté'’)  Cabinet opening (Zero-shot, success raté)
e g total | e g total

FM-baseline | 0.59 0.14 0.00 0.00 0.29 0.07|0.89 0.03 0.00 0.00 0.44 0.02
FM-SymAug | 0.63 0.07 0.67 0.06 0.65 0.04| 0.90 0.07 0.88 0.02 0.89 0.04
FM-EquivReg| 0.70 0.12 0.72 0.03 0.71 0.06| 0.85 0.08 0.87 0.02 0.86 0.04
FM-EquivNet | 0.67 0.11 0.66 0.16 0.67 0.13| 0.87 0.02 0.83 0.03 0.85 0.02
Table 8.1 Zero-shot evaluation in simulated mobile manipulation. Policies are trained only on demonstrations
from the original con guration ( €) and evaluated on both the original (e) and re ected ( g ) con gurations. Results
report success rate (mean standard deviation; higher is better) for box lifting and cabinet opening.

Method

Expert demonstration trajectories are collected imwgoco simulation odorov et al. 2012 using
scripted end-effector policies and a whole-body tracking controller basedrdn (Zakka 2025. The
learned policy must captures the distribution of approaching, grasping, and manipulation motions from
these demonstrations. Control actionsare [ X gt ; X gtRr; Cgtl, WhereX g ; X tgtr 2 SEz are

target left and right end-effector con gurations tracked by the whole-body controlleGgeibg. ;

bgtr] 2 R? is the target gripper-closing state. Likewise, each observatiorFi§X ecefl s X eefR; C;

€goalL ; €goatr ], cOmprising left and right end-effector con guratioRsees. ; X eetr 2 SEs, binary
gripper-closing state = [b_; br] 2 R?, and target object poses plus pose errors for the two arms, i.e.,
ea = [X goata; X goata X eeta] for A 2 fL;RQ. Here,X goat X eet denotes the end-effector

con guration error expressed as a vector in the Lie algebi@ef(Selig 2004).

The experiment quanti es three advantages of symmetry-informed policies over the symmetry-
agnostic baseline: (i) zero-shot generalization to re ected task states unseen during training, (ii)
sample ef ciency versus number of expert demonstrations, and (iii) spatial generalization under
broader initial/target-state distributions.

1. Symmetric zero-shot generalization.Policies are trained only on the original con guration
e 2 C, and evaluated on bothand re ectedg, 2 C, ( g. 8.6). In box lifting, this means training
on right-table lifting and evaluating also on left-table lifting. Resultsaation 8.3.how that
all symmetry-informed methods preserve baseline performaneeand generalize to unsegp,
with broadly comparable zero-shot performance. This supports ambidextrous behavior without
degrading in-distribution performance.

2. Sample ef ciency. Policies are trained with demonstrations from betindg, variants of each
task, and evaluated on both. As showndn8.7-middle forbox lifting and cabinet opening
all symmetry-informed methods outperform the baseline across low-, middle-, and high-data
regimes, with at lea®2 sample-ef ciency gains. Methods that enforce the policy-invariance
optimality constraintEquivRegandEquivNe] perform best across regimes, motivating constrained
optimization beyond data augmentation alone.

3. Spatial generalization. Policies are trained obimanual reachingandcabinet openinginder
two dif culty levels (narrow, wide), corresponding to broader target-pose distributions and larger
cabinet-pose variatiorzigure 8.8reports relative performance gains over the baseline, with all
methods trained oB5 demonstrations. Symmetry-informed methods outperform the baseline at
both dif culty levels. Gains are comparable across methods im#érew setting, whileEquivNet
is most robust in thevide setting, where out-of-distribution evaluations are more likely. We
attribute this to global satisfaction of the policy-invariance optimality constraagrb{lary 8.2,
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Figure 8.8 Relative gain over the symmetry-agnostic baseline in spatial-generalization experiments for narrow
and wide settings of bimanual reaching and cabinet opening (all methods trained with 25 demonstrations).
Symmetry-informed methods improve both tracking error and success rate in both settings. Methods enforcing
the policy-invariance optimality constraint (corollary 8.2) provide the largest gains in the wide regime, where
out-of-distribution evaluations are more common. Figure adapted from Siebenborn et al. (2026).

which EquivNetguarantees by construction through equivariance constraints iiNtegchitecture
parameterizing the ow-matching velocity eld.

Summary 8.3.1: Imitation learning

In imitation learning for locomanipulation control tasks involving robotic systems with a state or morpho-
logical symmetry group G, if the policy is expected to generalize across symmetry-related tasks, the
expert policy can be assumed G-invariant (assumption 8.1):

ep(@j0) = exp(gd.n8j0.0706); 892 G;a2A;e20":

In imitation learning via ow-matching, expert-policy invariance makes the learning problem equiv-
ariant (eq. 8.18a). This motivates both data augmentation (eq. 8.14) to improve empirical coverage
of expert demonstrations, and constrained optimization to enforce G-invariance of the learned pol-
icy—either through regularization (eq. 8.19) or explicit equivariance constraints in the NN architecture
parameterizing the ow-matching velocity eld (eq. 8.17).

For bimanual mobile manipulation with bilateral re ection symmetry, leveraging these symmetry priors
consistently yields ambidextrous control policies with at least 2 improvements in sample ef ciency
and enhanced robustness in out-of-distribution settings.

8.3.2 Model-free reinforcement learning

In the last decade, model-fré&&. has become a primary approach for contact-rich robotic control prob-
lems, such as locomotion and locomanipulation, especially when no extensive expert-demonstration
dataset is availableérigorescu et al202Q Kumar et al, 2016 Rudin et al, 2022 Team et al.2025.

These methods are effective in regimes where model-based trajectory optimization struggles with
combinatorial contact-mode planningléstalli et al, 2020gb) and hard-to-model contact dynamics
Todorov et al(2012).

A key limitation is poor sample ef ciency, which increases data and compute requirements and
often yields brittle or suboptimal locomanipulation policies. This section shows how the symmetry
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priors fromsections 8.5and8.2 provide inductive biases that improve sample ef ciency and control
performance.

We focus orPPOalgorithms Gchulman et a)2017), but the same foundational priors apply to any
model-free on-/off-policyRL method, in the sense that tleinvariance of thevIDP optimal value
and quality functionstbeorem 8.Jandcorollary 8.J) together with the induced symmetry constraints
on optimal policy parametrizationsdrollary 8.3.

Proximal policy optimization algorithms  PPOis a family of policy-gradient actor-critic algorithms
that learn a parametric stochastic control policy: o O " 1 [0;1] and a parametric value
functionV : OM I R, approximating the optimal policy and value function of the truncated-history
belief MDP modelling contact-rich control tasks. In this setup, the beli&fP state spac®" is the
space of past observation-history trajectories of lehtjth N, (seesection 8.2.

These algorithms alternate between sampling experience interactions—with a xed pqgjey-and
optimizing  using the following advantage-weighted importance-sampling estimator:

(dat j et)

W'ZQ (6 a): (8.20)

Ppg(et;at; ) :=

Here,A oH Al R denotes the intractabledvantagefunction, de ned asA Old(et;

a)) = 0 old(et;at) Y old(et) (see eqs8.10and8.117). In practice, it is estimated from the last
collected batch and the parametric value function as:

R (o;a1) = © wenasP) V(o)
K 1 (8.21)

with @  (ey;ai;P):= PV (61 pm)+ KP(Ot+ vt At+ k)
k=0

@ o denotes an approximate quality function based on a xed look-ahead hdpizamd the
bootstrap estimate¢ . Using the same batch, we de ne the pointwise value-regression error as

Br(ot )= (V 4(61) V (60)7; (8.22)

In this context, the training objective for amP Oalgorithm can be written with a single expectation
over the sampling distribution as:

Lepd )= E  [Prec(or;ar; ) vBwR(e: )+ eR( (joo)l; (8.23)

The expectatiot ~_ is taken over the distribution of observation histories and actions induced by
. Which is xed while updating in each optimization phase and updated at the start of the

next sampling iteration. MoreovePrpg denotes a regularized pointwise versiorPet; in eq.8.20

that penalizes large policy updates (the most common variant Gltie surrogate; seEchulman

et al.(2017). The scalarsy; g > 0control the value-regression and entropy-regularization terms,

respectively.

Symmetry priors in PPO algorithms  For contact-rich control tasks of robots featuring a state/-
morphological symmetry grou@®, the G-invariance of the optimal value and quality functions



8.3 Leveraging symmetries in data-driven optimal control 116

(theorem 8.Jandcorollary 8.) together with the corresponding symmetry constraints on optimal
policy parametrizationscprollary 8.9 render the?POobjective a symmetry-constrained optimization
problem of the form:

argmin Lppd )

s.t. (aje) (9.4 2]9.0r 0); 8g2G;a2A:020":
V(6)=V (9.040);

Similarly to imitation learninggection 8.3.), the symmetry priors of this constrained optimization
objective can be exploited via (i) data augmentation, and (ii) enforcing policy and value-function in-
variance constraints through regularization or explicit equivariance constraintshiitiaechitectures
parameterizing andV .

Data augmentation For any trajectory sampled during one iteratibe;; a; sl jer); et

at) gl , the symmetry-transformed trajectdiy. o« 61; 9. 4 at; N(J. o« 61: 9. 4 A1) := F(61; A1) g

is also valid experience for the symmetry-related task. Augmenting batches with these transformed
samples improves empirical coverage and, therefore, estimation of the policy-gRgigrtlue-
regressiorbr, and entropy-regularizatioR terms in eq.8.23 all of which areG-invariant by
construction ffittal et al., 2024 Mondal et al, 2022, Su et al, 2024 Wang et al.2022h.

Equivariance/invariance constraint regularization To enforce policy and value-function invari-
ance constraints via regularization, de ne the following pointwise equivariance/invariance violation
penalties:

X
Reg(6t;at; )= k (atjer) (9.aa1g.ox B0)K;
%° , (8.25)
Rinv(6t; )= KV (61) V (9.0n60)K™:
92G

Then, the regularizeBPOobjective can be de ned with a Lagrange multiplies;, > 0 as:

argmin E _ [Preg(6r;at; ) vBWwR(G; )+ eR( (jor))+  equReq(Ot;at; )+ Rinv(0r; )]
(8.26)

SincePPOQis already hyperparameter-rich and evaluatinggegt can be prohibitively expensive for

large symmetry group8, a practical alternative is to enforce invariance constraints explicitly.

Explicit equivariance/invariance constraints Value-function invariance can be readily enforced

by using aG-invariantNN architecture to parameterizé (Cesa et a).2021; Ordofiez-Apraez

et al, 2025. In contrast, enforcing policy invariance depends on the chosen parametrization of the
conditional distribution ( je). In most practical uses ®fPQ is parameterized as a Gaussian
distribution with mean : O" I A and covariance map : O" I RAIA | In this case,
satisfying the optimality invariance constrainb(ollary 8.9 is achieved by enforcinG-equivariance
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Figure 8.9 Top: snapshots and training curves (average expected discounted reward, i.e., return, vs. experience
samples/iterations) for four quadruped locomanipulation tasks under PPO, PPOaug, and PPOsym. Symmetry-
aware methods improve sample ef ciency and return, with PPOsym strongest overall. Bottom: qualitative
slope-walking comparison. The left panel shows the task; the remaining panels show each foot x coordinate
over steps, with the x axis aligned to commanded motion. Vanilla PPO shows slower speed tracking, less regular
stepping, and transient right-foot dragging; PPOaug improves these behaviors; PPOsym is most regular with
best tracking. This highlights that return alone is not a direct proxy for gait quality. Figure adapted from Su et al.
(2024).

of these mean and covariance maps, de ning the Gaussian distribution foeaCH?, i.e.:

(je):= N(; (o), (0); 8e20";

st. (g.ov0)=g.n (6); (g.0+0)=g.,» (8)a/g?; 8g2G;e20":
(8.27)

This can be achieved by using-equivariantNN architectures to parameterize and  (see
symm_learning.nn.eMultivariateNormal for details and examples).
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PPO PPOsym
Tracking error KJs
Method e rad Rler, [%] — CoT %2 Rlcot [%]
-
PPO 0.265 0.022 4.70 2.223 0.102 1.30

PPOaug 0.259 0.010 1.10 2.378 0.101  0.200
PPOsym 0.254 0.014 1.00 2.026 0.187  0.900

Figure 8.10 Stand-and-turn qualitative/quantitative comparison. Left: turn-left and turn-right trajectories under
PPO and PPOsym, with the robot CoM trace in orange. Right: turning-velocity tracking error and cost-of-
transport (CoT) (energy proxy). Tracking errors are comparable across methods, while PPOsym attains the

lowest CoT and tracking error. We also report re ection-invariance errors that measure left-right asymmetry.

jCoTiert  COTrightl

For CoT, Rlcer = COTien™ CoTgne 100[%], which measures relative left-right energy asymmetry and thus policy

suboptimality under corollary 8.2. Symmetry-agnostic policies show about one-order-of-magnitude larger CoT
asymmetry than symmetry-aware policies. Figure adapted from Su et al. (2024).

Quadruped legged locomanipulation
Editorial Note: Section Quadruped legged locomanipulation

The analysis and results from this section are based on the paper Su et al. (2024), done in collaboration
with the undergraduate student Zhi Su. Details on my personal contribution to the paper are provided in
section 1.5.

This section analyzes symmetry exploitation in model-fRéefor contact-rich quadruped locomanip-
ulation. We compare vanillePOagainst two symmetry-aware varian®; O with data-augmentation
(PPOaugpandPPO with hard equivariance / invariance symmetry constraints (PPegn®).24),

using equal or equivalent model footprints and the same number of on-policy interactions. Full
experimental details are given $u et al.(2024).

The experimental suite covers four quadruped locomanipulation tdsks:pushingball dribbling,
stand turning left/rightandslope walkingitop row of g. 8.9). Experiments use Xiaomi CyberDog2
(Xiaomi, 2024 and/or Unitree Gol, both with bilateral re ection symme@y = fe;gjgr = eg.
Modelling these tasks as truncated-history bei€fPs (section 8.2 transfers this symmetry to the
control problem, so optimality constraints on value, quality, and policy functions apgrem 8.1
andcorollaries 8.1and8.2). In this setting, policy invariance corresponds to ambidextrous behaviour:
if a policy rejects a disturbance and solves a task femit should also solve the symmetry-
transformed task frorg, . o« 6¢ under the transformed disturbansetion 8.landchapter 3.

As shown ing. 8.9, PPOsynrtonsistently outperforms the otheéPOvariants in sample ef ciency

and average expected discounted reward (hereafter, return) across all fouP&Gksigmproves

over vanillaPPOon most tasks but underperforms sinpe walkingn average return; stillg. 8.9

shows clear gait-quality gains (more regular stepping and better velocity tracking). This highlights
that, inRL, return alone is not always an informative proxy for locomotion gait quality, since rewards
are often aggregates of multiple terms (e.g., velocity tracking, foot clearance, contact penalizations)
tailored to encode a curriculum in early exploration.

To complement returrtable 8.2reports turning-velocity tracking errooT (energy proxy), and
left-right re ection-invariance errorsFigure 8.11further shows zero-shot real-world transfer for
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Figure 8.11 Zero-shot real-world deployment snapshots for the locomanipulation tasks of door pushing and stand
turning, together with their re ection-transformed counterparts. Symmetry-aware policies PPOaug and PPOsym,
trained on one task variant (left), transfer directly to the re ected variant (right). In real-world deployments,
PPOaug is more robust to disturbances than PPOsym. Figure adapted from Su et al. (2024).

door pushing and stand turning, where symmetry-aware policies transfer better to hardware. Overall,
symmetry exploitation improves sample ef ciency and control performance, with the strongest results
obtained by explicitly enforcing policy and value-function invariance constraimso(laries 8.1
ands.2).

Dexterous bimanual manipulation

Editorial Note: Section Dexterous bimanual manipulation

The analysis and results from this section are based on the paper Li et al. (2025), done in collaboration
with the PhD student Zechu Li. Details on my personal contribution to the paper are provided in
section 1.5. For further details, videos, and animations, visit the project website.

This section studies symmetry exploitation in model-fréefor dexterous bimanual manipulation. We
evaluate six benchmark task$ex-lift, table-clean drawer-insert threading bowl-stir, andhandover

(9. 8.12)—covering cooperative lifting, timed pick-and-place, open—insert—close manipulation, dual-
arm insertion with reorientation, stirring, and coordinated handover. Each task is decomposed into
two role-speci ¢ subtasks, and success is based on sustained goal completion. Policies are trained and
evaluated in simulation for all six tasks and deployed in the real worldoorlift andtable-clean

Full task de nitions, rewards, and implementation details are provided @i al. (2025 and the

project website.

Because left- and right-arm in-hand manipulation dynamics are equivalent up to re ection, we model
these dexterous bimanual tasks as a truncated-history béléf (seesection 8.2 with bilateral

re ection symmetryC, = fe;gjgr = eg, whereg, re ects the workspace and permutes left/right
arm con gurations (seeg. 8.9 andchapter 4. Actionsa; 2 A are target arm-and-hand joint
positions tracked by low-level controllers, and observatmn® O include the robot state and relative
end-effector con guration errors to task-speci c goals.

Several tasks involve sequential, role-dependent subtasks (e.g., one hand stabilizes while the other
manipulates), so success depends on stage-wise completion. BecausePr@idaplores this
long-horizon structure inef ciently, we useMulti-Task Multi-Agent POMDP (MTMA-POMDP)
formulation with intermediate rewards and hand-speci c policies/talskst(al., 2029, then distill

them into a uni ed policy for the full task. Sindel TMA-POMDP details and distillation are outside
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Figure 8.12 Dexterous bimanual manipulation tasks (e row) and their re ected counterparts (g row). Since
left/right in-hand dynamics are equivalent, each task is symmetric under bilateral re ection C, = fe;gjgr = eg,
where g: re ects the workspace and permutes left/right hand con gurations (see chapter 4). Figure adapted
from Li et al. (2025).

Figure 8.13 Performance of Symmetric Dexterous Manipulation (SymDex) and baseline methods on six
benchmark tasks. SymDex consistently learns all six tasks and achieves success rates exceeding 80%,
outperforming all baselines. Figure adapted from Li et al. (2025).

this thesis's scope, we refer ko et al. (2025 and focus on how symmetry exploitation—via data
augmentation and value/policy invariance constraiotsd|laries 8.Jand8.2—affects intermediate-
policy learning and nal-policy distillation.

We evaluate si¥PCbased policies to ablate the role of three priors inNtieMA-POMDP control
problem: subtask and actor/critic decomposition, state/action-space dimensionality, and symmetry
exploitation. The policies are:

h Equivariant PPO (ePPOa singleC,-invariant policy (eq8.27) for the full bimanual task
(i.e., the 44-DoF action space), trained with policy equivariance constraimtsligary 8.9,
leveragingexplicit symmetry constraints of actor and critic functipns

h Independent IPPO (IPPCjvo independent symmetry-agnostic arm-speci ¢ policies and critics
for each subtask, leveragimsgbtask and actor/critic decomposition

h Equivariant IPPO (elPPOa sharedC,-invariant single-arm policy (e@.27) and critic, with
task-conditioned observations, leveraggygnmetry of the control subtasks
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h SymDex anIPPOvariant with per-tasiC,-invariant policy (eq8.27) and critic, leveraging
subtask and actor/critic decompositiandexplicit symmetry constraints of actor and critic
functions

h SYMDEX-aug (SM-aug)a SymDexvariant that exploits symmetry via data augmentation, as
described earlier in this section, instead of explicit invariant constraint enforcement;

h SYMDEX-c (SM-c) a SymDexvariant with a centralize@,-invariant value function, leverag-
ing subtask and actor decompositiandexplicit symmetry constraints of actor/critic functions

The results shown img. 8.13 andtable 8.3indicate that methods exploiting symmetry and stronger
task decomposition consistently outperform the other variants, SyithDexachieving the most
robust performance. We brie y summarize these ndings below and refer the readiegttal. (2025

for a detailed analysis.

h Advantage of Task DecompositionDecomposing tasks into subtasks and sub-action/critic
modules, with lower-dimensional observation/action spaces, is critical when subtasks are
distinct and mutually dependent. Although most methods achieve some success on the simpler
tasks box-lift andtable-clean, ePPQ SM-c, andelPPOfail on the remaining tasks, re ecting
the dif culty of learning in larger action/observation spaces.

h Advantage of Symmetry Exploitation: Exploiting symmetry through invariant constraints
or data augmentation improves learning ef ciency and cross-task generalization. Combined
with task and actor/critic decompositioBy{mDexandSM-aug, it yields the strongest overall
performance. The performance gap betweERCandIPPOfurther indicates that symmetry
exploitation is bene cial even without full task decomposition.

h Symmetry Exploitation in Distillation : In distilling the uni ed global policy via teacher-
student behaviour cloning, we compare a symmetry-agnostic Gaussian student policy with a
C-invariant student policy (e®.27). TheCs,-invariant student performs better on all six tasks,
con rming the bene ts of leveraging policy optimality constraintso(ollary 8.3.

The primary metric is task success rate, averaged over ve random seeds with 4096 rollouts per seed
in simulation (g. 8.13). Real-world evaluation reports both overall task success and per-hand subtask
success over 30 independent trials.

Gaussian student policy\ box-lift table-clean drawer-insert threading bowl-stir handover
Symmetry-agnostic 0:83 003 074 005 069 0:09 062 0:13 075 0:12 054 023
C,-invariant 0:89 001 083 001 087 007 063 0:17 087 008 086 0:12

Table 8.3 Performance of the distilled student policy on six tasks, comparing symmetry-agnostic Gaussian and
C-invariant Gaussian parameterizations (eq. 8.27).

Dexterous multi-arm manipulation The symmetry-aware bimanual framewofiky(MmDey extends

to systems with larger symmetry groups, such as the four-manipulator setyBifi4. This system
has the morphological symmetry groG= C4 = fe;g.; 02,95 j g¢ = eg, corresponding t80
rotations about the vertical axis, which permute manipulator roles and enable aGjrighariant
policy. Figure 8.14shows approximat€,-equivariant evolution from symmetry-related initial states
Gso = 1S0;0c.550; 025 So; 02 . s Sog, wheresg is the upper-left state. Because the optimal policy
is G-invariant, trajectories from these states evolve approxim&edguivariantly, and the policy
solves the task from any of the four symmetry-related initial states.
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Figure 8.14 Environment-policy rollout for the multi-arm task from so and symmetry-related states g; . 5 So,
g2.s5S0, and g2 . s so. The task inherits G = C4 = fe; ;0,0 j g¢ = eg, where g is a 90 rotation about the
vertical axis. Figure adapted from Li et al. (2025).

Summary 8.3.2: Model-free reinforcement learning

For model-free RL in contact-rich control tasks of robots with state/morphological symmetry group G,
the G-invariance of the optimal value and quality functions (theorem 8.1 and corollary 8.1) together
with the induced symmetry constraints on policy parametrizations (corollary 8.2) induce symmetry
constraints on the learning objective.

In the PPO setting, this yields a constrained optimization problem with policy and value-function
invariance constraints (eq. 8.24). For Gaussian policy parametrizations, these constraints can be
enforced by requiring G-equivariance of the mean and covariance maps (eq. 8.27); in practice,
symmetry priors can be exploited through data augmentation, regularization (eq. 8.26), or explicit
equivariant/invariant architectures.

In quadruped and dexterous manipulation benchmarks, symmetry-aware PPO variants consistently
improve sample ef ciency and control quality over symmetry-agnostic baselines, with the strongest
results generally obtained when invariance constraints are enforced explicitly (gs. 8.9 and 8.13
and table 8.3).



Chapter 9

G-invariant conditional probability
estimation

As discussed irsection 2.2and chapters @o 8, the stochastic forms of data-driven dynamics
modelling, optimal control, and state estimation can all be reduced to the foundational learning task
of approximating a conditional probability distribution from data.

This chapter presents a novel approach to conditional probability estimation by approximating the
associated conditional expectation operakarsic et al, 2024 Ryu et al, 2024). In state estimation,

this operator-theoretic perspective enables parametric uncertainty quanti cation for unobserved
guantities of interest in robotics (seection 7.3.). In dynamics modelling, the conditional expectation
operator associated with tih-transition dynamic@g'taS (see eg2.13 is known as theontrolled
transferor Koopman operatofKostic et al, 2024 Mauroy et al, 202Q Turri et al, 2029, and is used

in section 9.3.20 learn a linear dynamics model for quadruped legged locomotion.

The aim of this chapter is to provide a self-contained introduction to operator-theoretic modelling of
conditional probabilities and to discuss the implications of symmetry priors in this cortatidn 9.).

To approximate these operators using deep contrastive representation lesgniimg, 9. iscusses
theNeural Conditional Probabilitf\NCP) framework Kostic et al, 2024), and its symmetry-aware
extensionEquivariant Neural Conditional ProbabiliigNCPB (Ordofiez-Apraeet al, 2026.

9.1 Operator-theoretic modelling of conditional distributions

Let (x;y) be two random variables taking values in the probability spéXes x ; Px) and(Y; v;
Py), respectively. The conditional probability of an eventY given the realizatiox = X is
Z z

P(y 2 Yjx = x) := § Pyjx (dyjx) = § 1v(y)Pyjx(dyjx) := E[1v(y)ix = X]; (9.1)
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wherePy;, : v X 7! [0;1]is the conditional probability measure, abgd : Y ! f 0; 1gis the
characteristic function of the s¥t The joint probability measuryy is then de ned as
Z
Pyy (X;Y) = Pyix (Y]x)Px (dx): (9.2)
X

Whenever the joint probability measupg, is absolutely continuous with respect to the product
of the marginal®y Py, i.e.,Pyy Px Py, there exists a unique Radon-Nikodym derivative
: X Y ! R4, known as théointwise Mutual Dependency (PMP)sai et al, 2020, de ned as

(x;y) = d(SXP¢Py)(x;y). Then, by construction, we have:
zZ Z

Pxy (X;Y) = . (x;y)Py (dy)Pyx(dx): (9.3)

Combining eqs9.2and9.3 shgws that the conditional probability measure can be expressed in terms
of the PMD asPy, (Yjx) = | (X;y)Py(dy) forallY Y andx 2 X. This lets us compute
conditional probabilities via enarginalexpectation of an indicator function weighted by e D:

Z

P(y 2 Yjx = x) := E[lv(y)jx = x] = y Iv(y) (x:y)Py(dy) =[Eyx1v](x): (9.4)

Here, Eyjx denotes theconditional expectation operatassociated withPy;,: a linear integral
operator that acts on any bounded functionY ! R and returns its conditional expectation, i(dn;

x) 7! E[h(y)jx = x]. In this context, thé®MD is also interpreted as the kernel function de ning
the integral operatdg,jy .

This relationship between conditional probabilities and the conditional expectation operator is the
key theoretical insight we leverage in this chaptgproximating the conditional distributio, ;, is
equivalent to approximating the conditional expectation oper&gr. Speci cally, approximating
conditional probabilities for a suf ciently rich set of relevant evehts y according toPy is
equivalent to approximating the action®&fjx on functions in the span of the corresponding indicator
functionsfly : Y 2 byg. That is, approximating the operator for aRy-measurable function at
conditioning pointx 2 X with Px(dx) > 0.

Next, we provide a self-contained de nition of the conditional expectation operator, constrained to
act on the Hilbert spaces of square-integrable functions of the random vartabiety, namely

Lz = LE (X;R) andL] = L (Y;R), respectively. We then study the implications of our assumed
symmetry priorsifrop. 2.3 for the structure of the conditional expectation operator.

De nition 9.1 (Conditional expectation operatorlet (x;y) be two random variables de ned
on the measure spacéX; x;Px) and(Y; v;Py), respectively, and let? andL? denote the
corresponding spaces of square-integrable functions. The conditional expectation ofgrator
LZ ! LZis a linear integral operator—de ned via theMD Radon-Nikodym derivative(x ;
y) = Pw (dx:dy)=p, (dx) P, (dy) —Which acts on any functiom 2 L7 by computing its conditional
expectation:

z z

[Eyjxhl(x) = E[h(y)jx=x] := Yh(Y)Pij(dyJ'X): Yh(Y) (x;y)Py (dy):
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Figure 9.1 Left: Diagram of the group action . on functions f1(x) = x2 + cand f2(x) = x® de ned on the
domain X := R endowed with the re ectional symmetry group G := C, = fe; g0, with the re ection action
acting on the domain by gs.« X = x and on the function space F = ff jf : X 71 Rgby[g.-f](x) =
f(g '.xx) = f( x). Hence, f1 is a G-invariant function, gs . f1(x) = f1(x), and f, is a G-equivariant
function, gs . f2(x) = x5. Center: Diagram representing the action .- on the (arbitrarily chosen) function
f(x)= N(x;c1;2)+ N(x;cz;1) de ned over the symmetric domain X = R? with the cyclic symmetry group
G = C3 = fe;qi20;02409 @nd group action g.x X = x(g)X = RgX, where Ry is a rotation matrix in 2D. Here,
Oizo - ¢ T is equivalent to evaluating f on a domain rotated by 120 . The same holds for g40 . ¢ f . Note that
the z-offsets are added for visualization purposes. Right: Diagram representing the action . on the function
z 2 B, de ned to be a member of the nite-dimensional symmetric function space © := span(l @), constructed
from a basis set composed of the group orbit of the (arbitrarily chosen) function f 2 F , that is lp = Gf = ff;
Oi20 - ¢ f; 9240 . ¢ T g. This function space is G-stable by construction, since Gl o = |p- Note that the z-offsets
are added for visualization purposes.

It is important to clarify when the conditional expectation operator is not properly de ned as a linear
integral operator de ned bi?MD kernel, i.e., when the does not exist. In practice, this occurs when
the joint distributionPyy is not absolutely continuous with respect to the product of the marginals
Py Py,i.e.,,Py 6 Px Py. Equivalently,Py, assigns non-zero probability to sets of measure
zero undePy  Py. Crucially, this includes deterministic relationships betweemdy, i.e., when

Pyx is a Dirac delta distribution for eveny 2 X , induced by a deterministic mappiyg= f (x).

Note, however, that introducing mild noise in the data-generating process; e.d.(x + ) with a

small noise term, is suf cient to ensure existence of fi¢D and well-de nedness of the conditional
expectation operator. Since in this thesiss commonly de ned by noisy state observations of a
robot's dynamics, this operator is well-de ned in the settings we study.

9.1.1 Symmetry priors of the conditional expectation operator

Under the assumption th&,;, andPy areG-invariant, byprop. 2.3 the target margindby, the

joint Py, , and thePMD  are alsdG-invariant (seeg. 2.3). As discussed ichapters @o 8, these
symmetry priors hold for the tasks of dynamics modelling, control, and estimation in robotic systems
with environmental or morphological symmetry groUpsAs we show next, these priors will make

the conditional expectation operatgy;, a G-equivariant linear operator, a crucial inductive bias that
we will leverage for its approximation. To achieve this, we rst need to de ne the symmetry actions
on the function spaces; andL?.

The G-invariance of the marginal probabilities implies that the function spagesdL? become
symmetric Hilbert spaces, as these inherit unitary group actionsG  L;! LZand..:G
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L7 ! LZ de ned via the push-forward of symmetry transformations of the data spaces. This action
de nes the symmetry transformed function as the original function evaluated on the transformed
domain (seeg. 9.1):

[0.:f1()=f(g '.x)2L% and [g.:hl():=h(g'.v)2LZ 8g2G: (9.5

A fundamental property oz-symmetric Hilbert spaces is their orthogonal decomposition into
Niso j Gj subspaces referred to @stypic subspaces 3= [, (L3, andLg= 7, L3
(seetheorem 2.). whereL2¥ andL2® denote the spaces 6f¥-equivariant functions of andy,
with G® := G=N, denoting theguotient group induced by the normal subgroyy, de ned by the
kernel of the group'&™™ irreducible representation (see 9.2 andde nition 2.11). This standard
result from harmonic analysi$fackey, 1980 enables us to express aByequivariant function as a
sum of its projections onto the isotypic subspaces:

fO=f™"O)+ f®(); h()= h™()+ h®();  with f®2L39;h®02129;8 k 2 [niso];  (9.6)

k=2 k=2

is

wheref ¢ andh® denote thes*-equivariant components éfandh. Moreover, by convention, we
associate the rst subspade £ 1) with the space oG-invariant functions, i.e G =G"=f eg (see
g. 9.2 andOrdoriez-Apraeet al.(2026).

Equivariant conditional expectation operator TheG-invariance of théMD kernel @e nition 9.1)
ensures tha,;x commutes with. . and ., , and is therefore &-equivariant linear operator:

Ly —3
g P12 [Eijh]( ) = [ Eij[g L2 h]]( )

- ; 9.7
8g2Gh21z Byix Eyix ©.7)
L2 L2
This can be directly veri ed using th€-invariance of andPy, and eq9.5:
z
[0z [Eixh]I() = [Eyixhl(g *.x )= ) (g Lox Y)Py(dy)
z
= h(y) (;9.vYy)Py(dy) (by G-invariance)
z’ (9.8)

= Yh(g Lvy) (y)Py(dy) (bycorollary 2.)
= [Eij [g L2 h]]( )

Furthermore, as a consequence of@equivariance oE,jx and the isotypic decomposition bf

andLZ, the conditional expectation operator decomposes into operators actinngn the corresponding
isotypic subspaces. This implies that for everg L2, with decompositioh = = ;¢ h® and

h® 2 L7%, the action o« onh can be expressed as the sum of the actiorg efon each isotypic
component oh:

Kiso
[Ephl()=  [Egh®I() with EJ :Lj®! L3 8 k2 [niso]; (9.9)
k=1
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Figure 9.2 Visualization of the basis functions of a nite-dimensional symmetric function space Fy. Left:
Depiction of the basis functions in the regular basis Ir, = f ;g 120. ;g 240. 0, generated by the action of the
cyclic group C3 on an arbitrary function 2 Fy. Right: Depiction of the basis functions in the isotypic basis
g0 = fu™; u(f) ;u(zz) g, obtained via the change of basis matrix Q. The rst basis function u™ corresponds to

the G-invariant subspace F'V and is visually invariant under the action of C on X . The other two basis functions

u(lz) , u(zz) are constrained to span a G-stable subspace of the nite-dimensional space Fy, denoted by F@ | that

transforms according to the irreducible representation . . For any function f 2 F@  the group action g. ¢, f
can be computed by a linear transformation of its basis expansion coef cients.

where each operatd?i,'?x: LW 1 LZ% models the conditional expectation f&¥-equivariant
functions. Note that this decomposition is a consequence of Schur's lelamaé 2.), which states

that there are no non-trivial equivariant linear maps between isotypic subspaces of different types (see
details inprop. 2.3.

Overall, theG-equivariance oE,;x and its isotypic decomposition are crucial inductive biases for the
approximation ok, from data, as discussed in the next sections.

Summary 9.1

Modelling a non-degenerate conditional probability distribution P,;, can be cast as approximating
its conditional expectation operator Eyjx : L3 (Y) ! L3 (X), a linear integral operator that maps
observables of y to conditional expectations given x = X:

z

[Eyixh](x) = . h(y)Pyjx (dyjx)

Whenever Pyj, and Py are G-invariant (prop. 2.3), Eyjx is a G-equivariant linear operator that commutes
with the group actions on function spaces (eg. 9.5):

9. [Eph]()=[Eplg.;hI() 892 G;h2Lf:

For compact symmetry groups G, the isotypic decompositions (theorem 2.1) of L2 := L2™ LE%
and LZ = LZ™ L;* induce an analogous decorgposition of Eyj into independent operators
between isotypic subspaces of the same type: E,jx = = 5 EY), with E)0 : Li® | L3 modelling

conditional expectations between G®-symmetric function spaces, where G® < G is a quotient group.

9.2 Contrastive spectral representation learning

This section studies how the conditional expectation opeggtprcan be approximated from data
via contrastive deep representation learning. We rst presigr® (Kostic et al, 2024, and then
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Task f(x) = Eylyjx=x]  (x) 3 ‘ Ply2Bjx 2 A] p [y 2 Bjx 2 A]
t b> >
Estimate Ey [y] + (X)> E Ey[ (y)y>] ‘ Ey [1B] + By [1a(x) (XE)] [lE(XE))i [1e(y) (¥
A p_— In(1=) . . q Ply 2 B] In(1=)
Guarantees  kf " ko Varkyk] E'+ N”T ‘ PPy SR E+ N”T

Table 9.1 Statistical learning guarantees of NCP (Kostic et al., 2024) for regression and conditional probability
estimation, with bounds that hold with probability at least 1 with respect to an i.i.d. draw of Dy = f(Xn;
yn)  Px gh=: . Inthe estimators, By[ (y)y” 1, Bx[1a(x) (X)], and B,[1s(y) (y)] are basis-expansion
coef cient moments in the learned bases ( ; ) for vector-valuedpand scalar targets. The bounds are shaped
by the quality of the learned representations E" = kE;jx E kop L () L (? (seeeq.9.13), the sample
size N, and the decay rate of Ejx singular-values > 0, which quanti es the task dif culty via the regularity of
the PMD .

introduce its symmetry-aware extensieW CP(Ordofez-Apraeet al, 2026, which leverages the
symmetry priors introduced in this chapter.

The learning problem of nding the best nite-dimensional truncation of the conditional expectation
operatolE,jx as a rank- operatolE with matrix representatioe 2 R" " is de ned as:

argmin kEy;x E kis= ExEy( (X;y) x;yN%
(9.10)
StLExEy, (x;y)=1; (x;y) O;8x2X;y2Y; and rank(E) r+1:

where denotes the approximat&MD kernel de ning the truncated operatir, constrained to
ensure that is a validPMD kernel.

Given that eq9.10is a low-rank approximation problem, the optimal solution, den&gds given
by ther -truncatedSVD of Ejx (Baker, 1973 Eckart and Young1936 Weidmann 2012, namely

[Exf 1(x) = P {:0 ikf;viipyui(x); with  jui(x) = [E/xVil(x); 8i 2 [r]; (9.11)

where( i:uj;v;) denotes thé" singular value and left/right singular functions@f,, with ( 0=1;
Uo=1p,; Vo= 1p,) being the constant functions supportediynandPy (Kostic et al, 2024).

ConsequentlyNCP parameterizes the truncated oper&ousing a bilinear JEPAIN architecture:
(x;y) = 1p (X)1p, (Y)+ (X)°E (y) (seeqg. 9.3-left). This model comprises two encoder
NN, X1 R and :Y ! R", which de ne the centered basis functions for the learned

nite-dimensional representation spaces:

Fy:=span(lp,; 1;:::; ) Li and Fy:=span(lp,; 1;:::; o) Ljr (9.12)
Given knowledge of the rst singular triplét o=1; uo=1p, ; Vo= 1p, ), the representation functions
are centered by construction; thatks,[ (x)]= Ey[ (y)] = 0. By eq.9.11], the representations
are trained to approximate tispanof the topr (non-constant) left and right singular functions of



9.2 Contrastive spectral representation learning 129

Because the true operaty;, and its associateédMD are generally unknown, e§.10is optimized
via the regularizedontrastive low-rank (cLoRdpss Kostic et al, 2024 Ryu et al, 2024):

Letord 5 )= 2Exy  (Xy)+ ExEy (x;y)2+2 KEx (x)k& + KEy,  (y)k2

) ) (9.13)
+kCov( ) Ild/kg + kCov( ) Id(kg ;

where the rst two regularization terms center the learned representations, ensuriBgEjat (X;

y) 1 (Kostic et al, 2024, while the last two promote ranksolutions by encouraging orthonormal-
ity of the learned b_a5|s functions so tifgt andF , (eq.9.12) converge ta -dimensional subspaces of
LZ andLZ, respectively.

After learning , ,andE by minimizing (eq.9.13, the architecture provides estimators for
regression and conditional probability estimation tasks, as detaildbiie 9.1 This procedure uses

the pre-trained representations and  together with an additional linear regression step that
expands the target function in the learned representation spaaesdF . These estimators are
endowed with non-asymptotic statistical learning guarantees that directly relate the quality of the
learned representation spaces to the quality of conditional expectation (i.e., regression) and conditional
probability estimates.

9.2.1 Equivariant contrastive spectral representation learning

The G-equivariant structure oE,jx and its decomposition into isotypic components imply that
computing the conditional expectation dBaequivariant function amounts to summing the conditional
expectations of it&s®-equivariant components for &l 2 [niso] (see €q9.9). Consequently, the
low-rank approximation problem in e§.10 whereE,;, is approximated by a nite-rank operator
acting on the nite-dimensional representation spaegs L andF, L, decouples intmiso
independent (disentangled) low-rank subproblems. In each subproblem, the conditional expectation
operator forG®-equivariant functionfékj; CLE9 1 LEW, is approximated by a rank operator
EY:F,01 F ®, acting on nite-dimensional representation spagg® L andF ®  L{®.
Namely:

argmin kEjx E kg = P nse KE®  ENKZg = Ex EyP mse((xsy)  “xy)Z o (9.14a)

JX

st. “g.xx:g.vy)= “xiy); 892 GY:k 2 [nisol; (9.14b)
ExEy “X;y)= ki rank(E¥)  re+ ing; (9.14c)
®ix;y) 0 8x2X:;y2Y; (9.14d)

Here “ and “ denote the>MD kernels associated witH{), andE". These components aggregate
to de ne thePMDsof Ejx andE , respectively:

iso Kiso
(x;y) = ®(x;y) and  (x;y)= W(x;y) 8x2X;y2Y: (9.15)
k=1 k=1
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Figure 9.3 Left: NCP's bilinear JEPA NN architecture. Right: eNCP's G-equivariant bilinear NN architecture,
featuring and as G-equivariant NNs and E as a G-equivariant block-diagonal matrix. Each block is
equivariant to a quotient group G® = G=Ny and is constrained to have singular spaces of dimension at least
dx—the minimal dimension for a representation of the action of G®.

The constraints in e§.14bensure that the learned low-rank operaffssatisfy theG®-equivariance
of the true operator&,;) , and therefore th&-equivariance o€,;x (eq.9.7). Furthermore, theMDs
constraints in eq®.14cand9.14densure that is a valid Radon-Nikodym derivative, directly
mirroring the constraints in e@.10 Since the rst singular triplet oEx, ( 0 = 1;uUg = 1p,;
Vo = 1p, ), is by construction a singular triplet &fj}‘;—because constant functions &envariant
and therefore belong toZ™ andL?™—the constraints differ for thie = inv andk 6 inv cases
( kinv = 1 if k = inv, and0 otherwise).

Importantly, to satisfy th&-invariance constraint on , the truncated operaté : F,! F, must act

on symmetric nite-dimensional Hilbert spaces that are stable uédee.,g. . f 2 F, andg.; h 2

F, forallf 2 F, andh 2 F , and have &-equivariant matrix representatié . Thus, as in the

in nite-dimensional case, these nite-dimensional spaces decomposaiigtsotypic subspaces
Fo= ks F@andr = = F M. Accordingly, the truncated operator matrix decomposes block-

X
diagonally intonjso blocks, i.e.E = 753 E®, where eack-th block needs to be@®-equivariant
matrix approximating the restriction of the conditional expectation operator on its corresponding
isotypic subspaceS@lova et al.2019 Ordofiez-Apraeet al, 2024), seeg. 9.3-right.

Structure of the spectral decomposition ofG-equivariant operators To further motivate the
constraints in eg9.14band derive constraints on the truncation dimensign&r each isotypic
component, we analyze the structure of the spectral decompositiGrenfuivariant operators.
Analogous to eq9.11], the optimal truncation of &-equivariantEj is given by its truncated
SVD (Weidmann 2012. However, the spectral decomposition of the operator is constrained by the
symmetry groups.

Consider that if i;uj; Vi) is a singular triplet ok, x, then foranyg 2 G, ( i;9..; Ui;g..; Vi) Is
also a singular triplet o« with the same singular valu®©(dofiez-Apraeet al, 2024, given that

[Eij[g L2 Vi]]( ) =g “L2 [EijVi]( ) 8 g 2G

it [Exvil()= iui() then = 9. wl):

(9.16)
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This constrains the dimensionality of individual singular spaces, depending on the number of distinct
functions inGv; := fg..;vi j g 2 Gg. To better understand these constraints, le_ge leverage the

known decomposition of the operator into suboperators per isotypic subgface, =5 E

(eq.9.9), which decouples the spectral decomposition of each subopﬁ%@d’wom the others.
Moreover, each isotypic subspac§’ features only the quotient symmetry subgrds{?, so its
spectral decomposition inherits constraints inducedsly. In particular, if( *; u;v¥) is a
singular triplet onykj;, all G®-related triplets are also singular triplets, namely.

” ” ”

» (k) © ()= (k) v
¢ g-LZV' ()—g.Lz Ey () 8926
. B jx y ol ' ix i
o ERY 0= Puf() then - g ()
= LY ’

x Vi

(9.17)
This is a crucial inductive bias for tHeCP architecture, because it changes the learning objective
from nding the topr left/right singular functions oEjx to nding the top symmetry-structured
singular spaces composed of group-related left/right singular functions. Accordingly, the spectral
decomposition of the true operator is constrained to be of the form:

(k) h(k) Reo X X K) (k) (k)3 (k)
[Eijh]()— [ p10) = i gL Vit [9. 1 u]0); (9.18)
k=1 k=1 i=1 g2k

where i(") denotes the singular value of ti singular space JX, spanned by the symmetry-

related singular function&®v( := fg.. v j g 2 GWgandGWu := fg.,u" j g2 GWg,
respectively. Crucially, byrop. 2.1 these spaces have a minimum dimensiod,gfde ned by
the dimensionality of the irreducible representation of tpee.,dx = | «j (see g. 9.3-right).
Therefore, when approximating these operators in nite dimensions, the truncation dimgngsioist
be a multiple ofd, to ensure botlc-equivariance and the full approximation of singular spaces.

G-equivariant bilinear NN JEPA architecture To tackle the symmetry-constrained low-rank
truncation problem in e@.14 in Ordofiez-Apraeet al.(2026, we proposed an equivariant contrastive
representation method termebtlCP(see g. 9.3-right). The approach combinesGequivariant
bilinear JEPANN architecture with a disentangled training loss that directly leverages the isotypic
decomposition oE,jx and the associated constraints on the spectral decompositiereqtiivariant
operators.

To parameterize th&-equivariant truncated operatr, we use twds-equivariantNN encoders,
X! Rand :Y! R',designed to expose the isotypic subspate.,

(): inV()>;:::; (niso)()>_s and (): inv()>;:::; (niso)()>_$: (919)

where each componenf® : X I R'«and ®:Y ! R spansthe approximated isotypic subspace
of GW-equivariant functions, i.e,® := span( )  LZ¥ andF,® :=span( “) L{®, with

r« = mydg being the dimensionality of the space, governed by the chosen multiphigityf the
irreducible representation of tyjxein the learned representation spaces. Furthermore, the truncated

The parameterization of a NN in the isotypic basis can be achieved in symm_learning  (section 1.5.1)
using symm_learning.nn.Change2DisentangledBasis
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Task f(x) = Eylyjx=x]  (x) 3 ‘ Ply2Bjx 2 A] p [y2Bjx2A]
€ S. >
Estimate Byyls  ()E B[ (n)y7] | By [Lg) Bllad (IE Billstr) )
hd Y q hd <
N P In( " =) . . Ply 2 B] In( o= )
Guarantees kf f kL)2< . Var[kyk] Er + m JP b J m Er + W

Table 9.2 Statistical learning guarantees for eNCP with bounds that hold with probability at least 1 with
respect to an i.i.d. draw of Dy = f(Xn;Yn) Pxy gh=: . In the estimators, Ey[ )y~ 1, B, [1a(x) (x)],and

Ey [1s(y) (y)] are basis-expansion coef cient moments in the learned equivariant bases ( ; ) for vector-
valued and scalar targets. The error bounds are shaped by (i) the structure of the symmetry,group G—the number
of isotypic subspaces niso  diso and their minimum singular space dimensions diso = % d« (See g. 9.3),

B/hich enlarge the effective sample size—, (ii) the quality of the learned representations E' = kE,jx E Kop
L () L (?),and (ii) the operator's singular-value decay rate > 0. Notethat G.x A := [ g26 §.x A
denotes the group orbit of A. For details and derivation refer to Ordofiez-Apraez et al. (2026).

operator matrix is parameterized in block-diagonal f&m= EE; E ), with each block being a
re r G®-equivariant matrix, such that eg9.14bis satis ed by constructioh

The corresponding approximat&d1D kernel is then given by:
(GY) = 1o, 001e, ()4 | 15 O0ay) with Oy = Ox)7E® O (.20)

wherelp, (x)1p, (y) are the rstleft and right singular constant functions®f, (see eq9.11).

Crucially, this parameterization inherently satis es the symmetry constraints of the spectral decompo-
sition of the operator (see €9.19, since anyG-equivariant truncated operatr must satisfy:

Reo (K) 1 (K) Reo R X (K) pq (k) (k)5 (k)
[Ehl()=[E¥h™]() = Mgy Tip [9.eu TI0) (9.21)
k=1 k=1 i=1 gZG(k)

with ® denoting the™ singular value of the singular space spanned by the symmetry-related

singular function&s®yv, “ = fg..v; ¥ jg2 GWgandG®u, “ = fg.,u, ¥ jg2 GWg.

Disentangled training loss To train this architecture, we decompose the contrastive l0sS (E§) to
re ect the separability of the optimization induced by the operator's isotypic decompositio9. (.

Riso € S
Letord 5 ) = 2Eyy (k)(X;Y)"' ExEy (k)(X;Y)Z +
k=1
) ) Riso
KEx ™(x)kE+KE, ™(y)ki +  kCov( ®) Id, k&+kCov( ®) Id,, k&
k=1

(9.22)

This decomposes learnirtg-equivariant representationsxfandy into learningniso less constrained
G®-equivariant representations for distinct quotient groupd oBuch representations are known in
the literature aslisentangledepresentationgHiggins et al, 2018 (seede nition 2.13).

?We use square matrices for notational convenience. Dimensions for F, and F, need not match.
5A linear layer can be instantiated in symm_learning in the isotypic basis via
symm_learning.nn.eLinear and symm_learning.isotypic_decomp_rep
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Moreover, we improve estimates of the regularization terms in9€cp) by leveraging our symmetry
priors to: (i) tighten the centering regularization (822, since functions i {* andr {9 are centered

by construction fok & inv (seeOrdofez-Apraeet al.(2026); and (ii) exploit orthogonality between
isotypic subspaces (ef.6) to regularize orthonormality independently within each isotypic subspace
(see g. 9.2), leading to better covariance estimat&sdh and Chandrasekay2012):

P .
W( )= TsokCov( ®) Id, k2 +kCov( ) Id; K2: (9.23)

After learning theG-equivariant representations, , and the operatde by minimizing (eq9.22),

the architecture provides estimators requivariant regression ari@Hinvariant conditional proba-

bility estimation tasks, as detailedtiable 9.2 While these estimators retain the same structural form
asNCP, their non-asymptotic statisticgl learning guarantees are tighter: symmetry priors enlarge the
effective sample size by a factdg, = EE; dx and mitigate rare-event estimation bottlenecks (see
Ordofiez-Apraeet al.(2026 for details and derivations).

Experimental validation

We present two experiments evaluating the impact of symmetry exploitation in operator-theoretic
approximation of conditional probabilities. In the rst experiment, presented next, we evahate

on approximation of a known conditional expectation operator for which approximation error can
be computed directly. The second experiment, presenteddtion 7.3.levaluateeNCPon the
downstream task of symmetry-aware uncertainty quanti cation of relevant unobservable quantities in
legged locomotion, where reliable conditional probability estimation is critical for well-calibrated
uncertainty estimates.

Conditional expectation operator learning This synthetic experiment directly compares the
performance oENCPwhen approximating a diverse range of conditional expectation operators with
different nite symmetry group$. To the best of our knowledge, this is the rst synthetic experiment
that directly estimates truncation error of the conditional expectation operator in an inference-task-
agnostic setting, serving as a benchmark for future work in symmetry-aware and symmetry-agnostic
operator-theoretic modelling of conditional probabilities.

Speci cally, we extend theonditional Gaussian Mixture Model (cGMM Gilardi et al.(2002 to
parametrically construes-invariant vector-valued random variabbe®? X andy 2 Y that satisfy
the symmetry priors assumed $iection 9.1.1for arbitrary nite symmetry group$ (see a2D
example ing. 2.3). EachcGMM is de ned by

X N L
z:=[y] N(Q.z zc:i 9.z zc2/97);
926G c=1

wherez is a random variable of arbitrary dimension that stacks targetd conditioning, G is a
nite symmetry group, and, : G Z 7! Z is an arbitrary group action de ned by symmetries
of the target and conditioning variables. Furthermaigis the number of unique Gaussians with
randomly sampled means = y and block-diagonal covariances = y. Itis
straightforward to verify that the marginal distributionsxodndy areG-invariant, and so is their
joint distributionPyy (see g. 2.3). Moreover, since both the joint distribution and the product of
marginals are GMMs, eaaGMM has an analytically well-de ne@®MD ratio , enabling direct
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Figure 9.4 Top row: Sample-ef ciency plots comparing the test-set PMD MSE  mse 1= ExEy ( (X;Y) (x;
y))2 versus the number of training samples, in log scales. Each column corresponds to a symmetric cGMM
with distinct symmetry groups and (x;y) dimensionality. The tested groups are the cyclic groups C, and Cg, the
Dihedral group De, and the Icosahedral group I, (order 60). Bottom rOW'PSampIe-ef ciency plots comparing
test-set PMD G-invariance-constraint violation (eq. 9.14) inver := ExEy  ;,6( (X;Y) (9.xX;9.vY))?
versus the number of training samples, in log scales. Each column corresponds to a symmetric cGMM with
distinct symmetry groups and (x;y) dimensionality. The tested groups are the cyclic groups C, and Cs, the
Dihedral group Ds (order 12), and the Icosahedral group I, (order 60).

estimation of conditional expectation operator approximation error (se® dand9.14—usually
impossible for real-world datasets—via

mse:= Lolord 5 )= ExEyk (x;y)  (X;y)K%:

The results, depicted imy. 9.4, compare approximation quality of oaNCPmodel againshNCP
(Kostic et al, 2024, the baselin®ensity Ratio Fitting (DRF]Tsai et al, 2020, and ournvariant
Density Ratio Fitting (iDRF)adaptation. The baseline models approximatas a singleNN,

df: X Y I R*, trained via the contrastive loss in €13 Since they do not enforce the
separable structure ig. 9.3, neitherDRF nor iDRF can be used for downstream regression or
conditional probability estimation tasks. Therefore, comparison to these methods isolates the impact
of the bilinearNN architecture used iaBNCPandNCP.

We evaluate performance acrassMMs with diverse symmetry groups with order ranging from
jGj = 2 t0jGj = 60 and varying(x;y) dimensionalities. Across all settingsNCPconsistently
demonstrates superior performance and sample ef ciency compaiiRioand the symmetry-
agnostic model®NCP and DRF (see g. 9.4-top). Furthermore,g. 9.4-bottom shows that the
symmetry-agnostic modelsiCP andDRF) struggle to satisfy th&-invariance constraint of the true
PMD from data alone, yielding nat-invariance violations that are an order of magnitude larger
than those oENCPandiDRF, which enforce the invariance constraint in 8dL4globally.

These results highlight two main conclusions: (i) the separable biliiaarchitecture of theNCP
andNCPmodels—namely :X! R"and :Y! R'—is more capable of approximating the
conditional expectation operator than the single—and more expreskidearchitecture of th©ORF
andiDRF models, 9f: X Y I R*, when both architectures share a similar number of parameters;
and (ii) leveraging the symmetry priors of teequivariance of the conditional expectation operator
results in signi cantly improved approximation quality and sample ef ciency.
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Summary 9.2

Approximating a conditional expectation operator E,jx : L ! L% with a nite-rank operator is a low-rank
approximation learning problem (eq. 9.10). We tackle it via contrastive spectral representation learning:
a bilinear JEPA NN architecture ( g. 9.3 -left) learns representations X! R and Y! R
that approximate the leading singular subspaces of Ejx through the cLoRa loss (eq. 9.13).

The approximated operator can estimate both conditional expectations, E[h(y)jx], and conditional event
probabilities, P(y 2 Yjx = x),foranyh2 L2 andY Y (table 9.1).

Whenever G is compact and Eyj« is G-equivariant, approximating Eyjx with a nite-rank G-equivariant
operator E becomes a symmetry-constrained low-rank approximation problem (eq. 9.14). We address
it via equivariant contrastive spectral representation learning, where a G-equivariant bilinear JEPA
NN architecture (g. 9.3 -right) learns G-equivariant representations X! R and Y! R
that approximate the leading symmetry-constrained singular spaces of Ejx through a disentangled
contrastive loss (eq. 9.22).

Extensive synthetic experiments demonstrate that leveraging symmetry priors is crucial for approxi-
mating G-equivariant conditional expectation operators, and for improving the quality of the resulting
G-equivariant regression estimates and G-invariant conditional probability estimates ( g. 9.4 and sec-
tion 7.3.1).

9.3 Koopman/Transfer dynamics operators

In dynamical and robotic systems, a conditional expectation operator of central interest is the one
associated with stochastic transition dynamics. This operator is referred totesibfer operator

in stochastic Markovian dynamic&dgstic et al, 2023 Novelli et al, 2024 and as th&koopman
operatorin deterministic autonomous dynamiddguroy et al, 2020. In this section, we study how

the formalism ofsection 9.lapplies to operator-theoretic modelling of robot dynamics, and how the
symmetry priors of the dynamics, discussed in detailiapter §relate to the symmetry priors of
conditional expectation operators, discusseskiotion 9.1.1

Recall that the world dynamics of a robot control task in a contact-rich environment are modelled by
the conditional probability of the next world statg v given the current statg and actiora, which,
for a suf ciently small discretization time stedyt, can be approximated by a Gaussian distribution:

€ S
Ste Mt Pg?tas(jat;st) N Fw(si;ar); D(s)D(st)”M ; 8s:2S:ai2A;t2R:

Here,Pg'taS denotes thd/t-transition dynamics, de ned as a controlled diffusion process with deter-

ministic drift termFy; and diffusion ternrD (see eq2.13andsection 2.2.
This conditional distributiorPg?"as can be modelled via a conditional expectation operatem(-
tion 9.1), referred to as the controlled transfer oper&ffy, : L2! L2, (Novelli et al, 2024. This
in nite-dimensional linear world-dynamics model evolves any state observaBle 2 in time, given
(a;s) 2A S ,via conditional expectation:

z

[EM.hl(a;s) = B(st+m) = E[h(st+m)ja= a;s= s] = Sh(S‘ﬁ m(s® (a;s))Ps(dsY; (9.24)
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Here,L? := L3 (S) andLZ, := LZ_(A S ) are the Hilbert spaces of square-integrable functions
over the state space and the action-state space, respectivelps\aitll Ps; denoting the marginal
distributions of states and state-action pairs. Furthermgke; S (A S )! R" isthePMD
between the joint distribution of next-states-present-state-action triplgtsand the product of
marginalsPs  Psa, i.e., m(s®(a;s)) = d(gspsi";z”(so, (a;s)), which is well de ned whenever the
diffusion termD is non-degenerate (seection 9.). As we discuss next, the controlled transfer
operato '\j";a is anin nite-dimensional bilinear model of the dynamjaghich we approximate with a
nite-dimensional bilinear model.

To approximate this operator from data using M@P formalism (seesection 9.2, we must nd
suitable representation functions : S ! R's and A S| R'sa spanning the nite-
dimensional representation spa€ges L2, andFs LZthat approximate the span of the leading
singular subspaces Etf';a, withFs=span( [f 1p,0) LZandFg,=span( [f 1p,Q) LZ,.
Under this construction, the dynamies/D \; can be approximated by the bilinear model:

(s (a;s)) = 1p,(sYlp,(@;s)+  (a;8)”E (59

Here,E 2 R"sa 's jsthe matrix representation of the truncated oper&tdan the chosen basis sets
of Fsq andF (see eg9.10. Then, the conditional expectation of any state observalfleL 2 is
estimated vidable 9.1as:

[EM.hl(ai;s) == R(seem)  Eslh(9)]+( (as)”E Es[  (9)h(s): (9.25)

The resulting approximate dynamics can be expressed in a control-theoretic familiar form as a latent
bilinear dynamics modelJolonius et al.200Q Sec. 2.7):

Proposition 9.1(Bilinear dynamics of controlled transfer operatoAssume that (s) denotes a
latent state representation efand impose the structural factorization

(a;s)=  (a) (s) 2 R™";

where : A! R" is anon-linear representation of the action space, so that2 R'a's 's,
Under these assumptions, applying @@5to the latent state observable, : S! R's, yields the
following approximate bilinear latent dynamics model:

. €
B 1@ss) = O (sum) El (91+ ( (av) (s)”E Es[ (9) (9)7]

Xa
b + i@)A i (s) 2R’
i=1
_ ™
A
withb = E[ (S)]2 R's,A =Es[ (s) (s)°’TE~ = g 2 Ra's s;andA i 2
A

ra

R's 's,

Remark: Section 9.3

Several works assume a linear control-af ne approximation of the controlled transfer operator:

(stem) A (st)+ B (av); A 2R "s;B2R's 2
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While this greatly facilitates the use of linear control methods (Bevanda et al., 2022), it introduces a
strong and unjusti ed bias: it assumes the state-action observable space can be approximated as
L2, (S A ) LE&(S) L3 (A). This structural constraint is unlikely to approximate the true right
singular functions of the transfer operator and therefore leads to a biased estimate in eq. 9.10, which
should be avoided when the goal is to learn an accurate dynamics model for downstream control tasks.
Note that the tensor-product structure in prop. 9.1 does not introduce this bias: given orthonormal bases
of L3 (S) and L3, (A), their tensor product is an orthonormal basis of L2, (S A ) (Reed, 2012).

Psa

G-equivariant controlled transfer operators

The symmetry priors discussedsaction 9.1.Japply directly to the controlled transfer operaﬁﬁﬁa
associated with the world dynamics of contact-rich control tasks for robots featuring an environmental
or morphological symmetry group (seechapters 34 and6). In such settings, thet-transition
dynamicng'tas is aG-invariant conditional distribution (see e§4). Consequently, the controlled
transfer operator i&-equivariant §ection 9.1.), satisfying:

) - Lz 2

g.. [Esjsa 1C:) =1 ESisa[g ELI(G 0 EMt EMt (9.26)
8 9 2 G;h 2 L§: sjsa - sjsa

Lga i/‘-ga

Here,. . and. . are the group actions @ on the function spacas, andL 2, respectively, induced
by the group actions d& on the state and action spaces (se&¢i).

Then, under the assumption that the joint distribution of state-action p&rsigariant (see discussion
in assumption 6. approximation of the controlled transfer operator should be formulated as a
symmetry-constrained learning problem (see discussichapter ), as described in e§.14

In this context, the bilinear approximation of the controlled transfer operajmoin. 9.1becomes a
G-equivariant bilinear model of the dynamics, as stated in the following proposition:

Proposition 9.2(G-equivariant bilinear dynamics of controlled transfer operatéor a G-equivariant
controlled transfer operatoEs'\f';a, the bilinear dynamics model iprop. 9.1is G-equivariant. In
particular, foreveryg 2 G and(a¢;st) 2A S ,

. Xa
[EM. 1(g.na;0.s5)= O (g.sSem) b + i(g.aa)A i (9.sS1)
i=1

Proof. Let (s)2Zs R'sand (a)2Z, R denote the&s-equivariant latent state and

action representations efanda, respectively (sesection 9.2.). Let the latent spaces carry group

actions.z, and .z, . Then the state-action tensor-product representatiq@; s) := (a)
(s)2Z,4 Z sisG-equivariant,

9.z,z, (&;8)= (9.48;9:59); 892 G;(a;s)2A S

where.,, ; . denotes the group action on the tensor product of@~symmetric spacesS{einberg
2012.
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When approximating thG—equivariantES'\j";a with and via eq.9.14 the truncated matrix
approximation satise€ 2 Homg(Zs;Za Z ) R''s s thatis,g.,, - .E =E (9.2, );
forall g 2 G. Therefore, the bilinear latent dynamics modepinp. 9.1is G-equivariant:

[ES'\J/';a I(g.aa:;9-sst) b +€ (9.Aat;9.5St),

.S
=b + EE[ () (97] 9.z.z, (atst)
€ S
=b +g.,, EEJ[ () (97] _ (au:st)
€ S
g.z. b+ EE[ (s) (s)7] (at;st) ;

= g-zso (St+m) = 0 (9.sSt+m):

R
Here, we use that = (s) Ps(ds) is G-invariant becaus®s is G-invariant, and that the

s
uncentred covariance commutes with the group action,&Eg., (s) (S)”] 2 Homg(Zs;Zs)
(de nition 2.7). This concludes the proof. O]

9.3.1 Closed-loop transfer/Koopman operators

A widely studied special case of the controlled transfer/Koopman operator is the closed-loop transfer
operator, which arises when a stochastic control policy o S! [0;1]is xed. In this setting,

the controlled system can be modeled as a closed-loop, autonomous, time-invariant dynamical system
with dynamics: 7

stem PYs(jst) = APZ"aS(ja;st) (dajsy): (9.27)

This conditional probability distribution is modeled by a (potentially time-dependent) transfer operator
E;'SV" :L2! L2, acting on any state observalhle L? as:

Z
[E5e"h](s) := R(stem) = E[N(Stem)is = st] = . h(s9 tm (s st)Py(ds9; (9.28)
t; Mt
where ¢ wm(St+m; St) = (&ﬁ(sH Mt; St) IS thePMD between the joint distribution of states at

t andt + M, P‘S‘o'\s"t, and the product of marginal®*™M  PL. The explicit ti_me dependence highlights
that, in general, the transfer operator varies with the evolutid?, aindPlq".

In most applications of transfer/Koopman operator theory in physics, it is assumed that there exists
atime-invariantmarginal state distributioRs and aMt-joint distribution Pg’('}s, so that the dynamics
become a time-invariant linear system in in nite-dimensional space, de ned by a single opégfbtor

and its associated semigrofl ‘j’;"tgkz,\,, which characterizes multi-step evolution.

From a control-theoretic perspective, the existence of such a time-invariant measure has a funda-
mental practical interpretation: the autonomous transfer/Koopman opE@ﬁtoan be meaningfully
approximated only fostablecontrolled dynamics. Recall that the world statg S includes the

robot state and all relevant variables needed to determine the robot's temporal evolution, including
the control-task objective (sesection 2.2. Thus, for any control task, a stochastic control policy
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induces one or more closed-loop invariant sets of the state space, analogous to robust control sets in
the sense ofolonius et al(2000.

De nition 9.2 (Closed-loop invariant set)LetPg’j'tas s AS! [0; 1] be a controlled stochastic
dynamical system (eg.13, : a S! [0;1]astochastic control policy, ariéls"’j'ts s S! [0
1] the stochastic closed-loop dynamics induced l§gq.9.27). A measurable s&/ S is called a
closed-loop invariant setf if

Py(Wjs)=1; 8s2Ww:
Themaximal closed-loop invariant sigtduced by , denotedV , is de ned as the union of all disjoint
closed-loop invariant sets of:

[
W = fw S :P(Wjs)=1;8s2Wg:

In practice, W represents the subset of world (}O
states, under nominal or disturbed conditions, Wi W

for which the control policy can recover from

perturbations and maintain the control-task ob-

jective. As discussed i@olonius et al(2000, a

closed-loop invariant set need not coincide with W3

the basin of attraction of a stable limit cycle or

xed point; since under a given perturbation dis-7

tribution, one invariant set may cover several,M s
basins of attraction of stable attractors. More- W = Wi[ Wal Wa
over, the maximal invariant set need not be con-

nected; it can consist of several disjoint inV""ri‘rjlrlj—'&}jure 9.5 lllustration of a maximal closed-loop invariant

subsets, as illustrated ig. 9.5. set W composed of three disjoint invariant subsets W1,

[ ici W Ws.
Since the stochasticity d®™ _ models uncer- 2, and W3

tainty in the forcing termssgéting on the robot (se=stion 2.2, i.e., disturbances in contact-rich
environments, it is natural to assume that, under nominal operation of the control péticguf -

ciently long time horizons and control episodes, the closed-loop dynamics exhibit ergodic exploration
of a time-invariant marginal state distributi®3 supported on the maximal closed-loop invariant set

W ,i.e.,supp(Ps) W . This analysis enables us to formally de ne the transfer operator modelling

closed-loop dynamics of robot control tasks in contact-rich environments:

De nition 9.3 (Closed-loop transfer operator) et Pg'ts : s S [0;1] be the stochastic closed-
loop world dynamics induced by a control policy(eq.9.27), andW its maximal closed-loop
invariant set ¢le nition 9.2). Theclosed-loop transfer operatﬁgf'g ;L2 LZis alinear integral
operator (seale nition 9.1) that is well-de ned whenever the marginal distribution of state-next-state
pairs PN is absolutely continuous with respect to a time-invariant marginal state distrib&on
supported on a subset @ , i.e., Pg@,ts Ps Ps. Here,Ps denotes a state distribution during
nominal operation of in the presence of disturbances.

Thus, in the presence of severe disturbances that push the system @dtsittee unstable state-next-
state transition dynamid?')s’f'}S may assign non-zero probability mass to states with zero probability
underPs, yieldingP}, 6 Ps Psand makingel! ill-de ned for unstable dynamics outsidd/ .

This formalism is the stochastic analog of the practical interpretation of the Koopman operator as a
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linearization of the dynamics within the basin of attraction of a stable attragtan{on et al. 2021;
Mauroy et al, 2020).

Remark: Section 9.3.1

In practice, as discussed in sections 8.3.1 and 9.3.2, the marginal distribution of states supported on
the policy's maximal closed-loop invariant set W can be empirically approximated by a dataset of
stable and recoverable trajectories collected during closed-loop, stable/successful operation of a robotic
control task.

In nite-dimensional closed-loop linear dynamics models In general, the closed-loop dynamics
PZ“S may be multimodal, since the control policycan be arbitrary and stochastic. In such cases,
conditional expectations are uninformative for multimodal distributions (s€€4); thus, the learned
operato “f; should not be used for deterministic prediction, but rather to predict statistics such as
probabilities of sets and quantiles of the next-state distribution, as describedtion 7.3.1

In practice, for suf ciently small time stepktt, P¥. can often be assumed unimodal and well
approximated by a Gaussian for most stated\in (Pan et al. 2025. Under this assumption,
conditional expectations of the next state represent the most likely next-state prediction. Thus, in the
spirit of prop. 9.1 the closed-loop transfer operaﬁm de nes the following in nite-dimensional

linear model of the closed-loop dynamics:

Proposition 9.3(Linear dynamics of the closed-loop transfer operattgt :S! R's be alatent
state representation. Applyirigble 9.1(with = , since “f; :L2! L2)tothe observable
yields the following approximate linear latent dynamics model:

E% Is):= O (sum) A  (s)+b

whereb = Es[ (s)]2 R's;andA =(E Es[ (s) (8)7])” 2 R's 's;withE 2 R's 's
the matrix representation of the truncated operaorwith = ,andEs[ (s) (s)”]2
R's s the uncentered covariance, which equials, if  forms an orthonormal basis.

G-equivariant closed-loop transfer operators

The symmetry priors discusseddaction 9.1.1ransfer directly to the closed-loop transfer operator
“jﬂ; of the world dynamics of a contact-rich control task for a robot featuring an environmental or

morphological symmetry grou@ (seechapters 34 and6), whenever the stochastic control policy

is G-invariant. Note that, for these control tasks, any optimal stochastic control poli&yrigariant

(seecorollary 8.2, and any (potentially suboptimal) stochastic control policy can be rGadwariant

via group averaging (see efj11andassumption 8)J1

In such scenarios, we have that the maximal closed-loop invariaWV/ ses by constructiorG-
invariant (seeg. 9.6), that is
W =g9g.5W ; 8g2G:

Then, under the assumption that the initial state distribution of the control teSkirsariant,
PY(S) = PY(g.sS) forallg 2 G (seede nition 8.1 and eq8.49, by prop. 8.1we get that the time-
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O -s Wi W = GW;i[ GW; g .sWi1 S

Figure 9.6 A K4-symmetric closed-loop invariant geometry. The upper-left seed con guration (top and lower
invariant subsets from g. 9.5) is re ected across the horizontal and vertical axes to generate the remaining
quarters. Deterministic trajectory backbones are re ected by the group action, while stochastic perturbations are
sampled independently per trajectory. Using the mini-cheetah notation, G = K, = fe; ;0 ;ajo = ¢ = ¢ = e;
Os 0 = g g, and each invariant set orbit is given by GW,; = fg. s Wijg2 Ggfori 2f 1;2g.

invariant marginal state distribution and the state-next-state distribution inducedt®G-invariant:

PM(S29) = PA(9.sS%0.5S); Ps(S)= Ps(g.sS); 8092G;SS° S : (9.29)

Consequently, as discussedsiaction 9.1.1the closed-loop transfer opera@j"; becomes -
equivariant operator, well de ned onG-invariant subset o#V , satisfying:

Mt Mt Lgi/{_g
9.z [Egshl() = [ E§e(9-: MIC)
8g2G;h2L% 0 Egs Eds (9.30)
o Lz 2

Similar toprop. 9.3 for suf ciently small time step$/t the closed-loop transition dynamiE‘g’j"s can

be assumed unimodal and well approximated by a Gaussian. Under this assumption, the closed-loop
transfer operatoIES"f'; de nes an in nite-dimensionals-equivariant linear model of the closed-loop
dynamics. Crucially, thé&-equivariance of the operator and of its low-rank approximation (see
section 9.2.}1yields a disentangled time-invariant approximate linear dynamics model on each isotypic
subspace of 2 (see discussion igection 9.1.J]andOrdofiez-Apraeet al.(2024), summarized in the
following proposition:
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Proposition 9.4(Disentangled closed-lodp-equivariant linear dynamics modeld)et :S'!
R's be a latent state representation exposing the isotypic basis (s€elé).

] Kiso
O=[ ™) M2 2R with ®W()2R™s; rg=  re
k=1

Then, the closed-loop approximate linear dynamics modeiap. 9.3becomes disentangled over
isotypic subspaces, yielding independent linear dynamics models on each isotypic subspace:

[E® I(st) = O (stem) A ()b
no AW ®(g) + b

2 AW 0 0 32 ™(st) 3 2 inv3
ﬁ 0 A® = o gﬁ @ (s) g +405
0 o :::. A Niso niSE’(St) 0

whereb™ := Eg[ ™(s)] 2 R'ts, the matrix representgtion of the truncated o%iarator decomposes
block-diagonally aE = [ E® andeacA® := EWE] “(s) “(s)>] =~ 2 R™&s Tks;
is aG®-equivariant matrix.

Proof. The result follows from the nite-rank approximation of ti@&-equivariant operatoIE'S‘f“S :

LZ! L2Zwith nite-dimensional representations := (see eqs9.14and9.20). In the isotypic
basis of the latent representation space, the matrix represeratiohthe truncated operator is
block diagonal and decomposes into blogk¥’ 2 R'«s s, each representing the truncated
G®-equivariant operatdEy:  (€d.9.20).

By Schur's orthogonality relationsgmma 2.), the uncentered covariance term is also block diagonal,
decomposing into the uncentered covariance of the features in each isotypic subspace:

EsL (5 (971= (®E “(s) “(91
With eachEs[ “(s) ®(s)>] commuting with the group action G® on the corresponding isotypic

subspace of the latent representation space. Ther&ordecomposes block-diagonally.

Furthermore, the bias terln = Eg[ (8)] is G-invariant, owing to thé&-invariance ofPs. Conse-
guently, the expectation resides in fBeinvariant subspace of the latent representation space (see
theorem 2.), implying thatEs[ “(s)] = O for all k 6 1. This concludes the proof. O

Summary 9.3

Modelling the stochastic world dynamics of a robot control task in a contact-rich environ-
ment—represented by PQ’J-"as and its associated controlled transfer operator Eg';a—leads to an in nite-
dimensional bilinear dynamics model. This model can be approximated in nite dimensions, via eq. 9.10,
as a latent bilinear system (see prop. 9.1):

[ngtsa ](at;St):: o (St+Mt) b + ;i(at)A i (St) 2 R's:
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where .i:A! R"@ and : S| R's denote the latent action and state representations, respectively.

If we are interested in modelling the world's closed-loop dynamics under a xed control policy , the
closed-loop transfer operator ng; de nes an in nite-dimensional linear dynamics model that can be

approximated in nite dimensions as (see prop. 9.3):
EY Js):= O (sem) A (s)+ b 2R

This time-invariant linear dynamics model is well de ned for stable closed-loop dynamics, i.e., on the
support of a marginal state distribution Ps supported on the policy's maximal closed-loop invariant (see
de nitions 9.2 and 9.3).

For robotic systems with a symmetry group G, the controlled transfer operator E’s‘f‘sa is G-equivariant,

resulting in the bilinear nite-dimensional approximation also being G-equivariant (see prop. 9.2).

When modelling closed-loop dynamics, if the control policy is G-invariant, the closed-loop transfer

operator EQ{'; is also G-equivariant (see eq. 9.30), and its nite-dimensional approximation yields a

block-diagonal linear dynamics model:

2 A inv 0 0 32 mV(S[) 3 .

o 2 0 A® = o @ (sy) bo
E% Js)=0(sum) §°7° 7 783 "WLiavs

6 0 :::.AriISD rI'5;’(51) 0

9.3.2 Modelling robot dynamics via closed-loop Koopman/Transfer operators

This section demonstrates how a closed-loop transfer operator can be employed to model the controlled
dynamics of robotic systems in contact-rich environments, andgiow. 9.4enables the learning of
disentangled linear dynamics models for robots with a compact symmetry Grésige g. 9.7).

Figure 9.7 Diagram of the Equivariant Dynamics Autoencoder (eDAE) architecture (Ordofiez-Apraez et al.,
2024), which leverages the prior knowledge of the G-equivariance of the closed-loop transfer operator E{Zj'; to
learn a nite-dimensional G-equivariant approximation of the operator E (see prop. 9.4). Where in the isotypic
basis, the G-equivariance of the truncated operator leads to its block-diagonal decomposition into blocks E *,
each representing a G®-equivariant approximation of the operator E’S‘;’;(k’ where G® < G is a quotient group of
G (see g.9.8). To use the model for multi-step prediction, one can simply power the approximated operator,
enabling multi-step predictions in linear time with respect to the prediction horizon.
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Koopman/Transfer operators under partial observability Note that the controlled and closed-

loop transfer operatoEQf';a andES"f'tS de ned in section 9.3are conditioned on the current state and
action. When states are only partially observable, as is typical in robotics, analogous operators can be
derived by following the same analysis assiction 9.3but for the conditional distribution modelling

the state observation dynamilé‘gfae o A O M1 [0;1] (see eq2.15 as a function of the

current action and past observation histerg O™ .

For any (belief) control policy : A O P ! [0;1] (see eq8.10), the closed-loop observation
dynamics and the observation history dynamics are given by:
z
om  PY(je):= P (jaie) (daje) =) ewm PM.(is) (9.31)
A

Here,P(';’!te denotes the dynamics of observation trajectories inducé?%’}lg)and the shift operator,

which discards the oldest observation and appends the new observation to the history.

Analogous to the closed-loop state dynamics €87), Pg’}te can be modeled by a closed-loop transfer
operatoreEM

MLz 12, whereL? ;= L2 (O") is the space of square-integrable functions over
observation trajectories, aiy is a time-invariant marginal distribution of observation trajectories,
induced by the time-invariant marginal distributiBg supported on a subset of the policy's maximal
closed-loop invariant s&/ (seede nitions 9.2and9.3).

Approximating this operator in nite dimensions, using a latent state representatio®© | R's,
yields the followinglatentlinear dynamics model, analogous to the ongriop. 9.3 but de ned over
the observation history space:

EX Je)= O (eum) A ()+b 2R'™: (9.32)

To recover predictions adi+ v, a linear or non-linear decoddr : R"s ! O can be trained to map
latent state representatio@s(eH mt) to the next observatioby. \, as depicted ing. 9.7.

For eq.9.32to provide meaningful predictions, the observation history horidoand the time-
discretization stept should be selected so tfﬁj}‘e is well approximated by a unimodal Gaussian
distribution. In this regime, the conditional expectation in @32 serves as a reliable predictor
(seesection 9.3 If Mt is too large, multimodality may arise due to the underlying nature of

the dynamics and control policy; H is too short, the observation history may be insuf cient

to disambiguate between multiple possible contact modes of the robot. Hence, these represent
fundamental hyperparameters of the linear dynamics approximation that depend entirely on the
complexity of the closed-loop dynamics.

Disentangled linear dynamics models for symmetric robots For world dynamics of contact-
rich control tasks involving robots with an environmental or morphological symmetry géoup
(seechapters &and4), if the observation model i§-invariant (seeassumption 6.)] and the control
policy is G-invariant (seessumption 8.andcorollary 8.9, P(';’J!te becomes &-invariant conditional
distribution, and consequently the closed-loop transfer opelE@ﬁ)becomes &-equivariant operator.
Finite-dimensional approximations of this operator that preserye-ggjuivariance yield disentangled
linear dynamics models, analogous to the onerimp. 9.4 but de ned over the observation history

space:
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Figure 9.8 (a) Cayley diagram of the morphological symmetry group of the Mini-Cheetah quadruped robot,
G="fe g 000 ;0 O ;0 O O 0 Gjo2 = o2 = gf = eg, where gs represents a sagittal plane re ection,
o a transverse plane re ection, and ¢ a frontal plane re ection. (b) The isotypic decomposition of the
con guration manifold of the Mini-Cheetah, with each isotypic submanifold corresponding to the con guration
space of a distinct NCM (see section 4.3). (c) Excitation of individual NCMs during real-world jumping and
trotting gaits of the Mini-Cheetah, with the excitation being measured by the kinetic energy of the projection of
the robot's con guration trajectory onto each isotypic submanifold (see section 4.3 for details).

,o iZ\I(Gt+ Mt) 2 AIvo0 0 32 inv(el) 3 2 binv3
B Jo)= O (om=§ O e E g0 AT 0 g9 Teog ans
o) (niSO).(Gt+Mt) 0 0 :::-An.iso niS‘.’(et) 0
(9.33)

Here,A " is theG®-equivariant linear dynamics model acting on kxth isotypic subspace of the
latent representation space (ggep. 9.4andsection 9.1.1.

This global decomposition of the latent robot dynamics into independent linear models on each
isotypic subspace is a direct stochastic generalization afyhamics' harmonic analysisoncept

from section 4.3 There, the deterministic dynamics of robots with symmetry gi@ugre shown

to admit an orthogonal decomposition of the con guration space into isotypic subspac&s3Eq.
extends this to the stochastic setting, showing @amvariant stochastic world dynamics can be
globally decomposed into independent linear models on each isotypic subspace of the latent space.
If the decoded is linear, eactA ™ provides a linear dynamics model for the dynamics of each
isotypic subspace (i.e., eablCM; seesection 4.3

As an example, consider the Mini-Cheetah quadruped robot, which poss€asesz» C, C»

K4 C, symmetry group (sees. 2.1 and9.8-left). Its con guration manifold decomposes into four
orthogonal isotypic subspaces (or submanifolds), each corresponding to the con guration space of a
distinctNCM, as illustrated ing. 9.8-middle. Each subspace is associated with a speci ¢ quotient
groupf G® < Gg‘k‘=l (seesection 4.Jor details). For anys-equivariant linear decoder , each

latent linear subsyster * provides a high-dimensional linear approximation of the dynamics within

its corresponding isotypic subspace, and thus of é&chkl. Furthermore, the eigendecomposition of
eachA “ yields an independent dynamic mode decomposition of the dynamics within each isotypic
subspace, thus representing a symmetry-aware mode decomposition of the robot's dynamics.
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Figure 9.9 Test set prediction mean squared error (MSE) of DAE and eDAE for synthetic dynamical systems with
symmetry groups Cs and Cyo, varying state dimension jOj, latent model space dimension rs, and noise variance

. Solid lines and shaded areas represent the mean, maximum, and minimum prediction error among 4 training
seeds. (a) Sample ef ciency: test set MSE vs. training dataset size. (b) MSE as a function of observation space
dimensionality. (c) MSE as a function of latent state dimension rs. (d) MSE as a function of noise scale. Figure
adapted from Ordofiez-Apraez et al. (2024).

In the next section, we study the impact of leveraging@iequivariance of the closed-loop transfer
operatOIE(';’j'te when approximating it with a nite-dimensional linear model.

Experimental validation

We present two experiments designed to quantify the impact of leveraging symmetry priors when ap-
proximating aG-equivariant closed-loop transfer operaﬁgfﬁa in nite dimensions, using a nonlinear
latent state representation and a linear matriXA . In all experiments, the truncated operdforis

learned by minimizing the multi-step dynamics autoencoder logsoh et al. 2018 Ordofiez-Apraez

et al, 2024:

Pu .. . .
LaadA Hpred )= (2o d (A" (0)ii2+ i (ernm) A" (802

This loss, balanced by, penalizes both the prediction error of state observafbje.shMthj{,e“ and the

prediction error of latent state representatibns (6. hMt)g:jg*d over a prediction horizon dfl preq

steps. Multi-step predictions are obtained by powering the matrix representation of the truncated
operator, with a nonlinear decodzr.

Remark: Section 9.3.2

The experiments in this section are adapted from Ordofiez-Apraez et al. (2024), a publication that
preceded the development of the contrastive representation learning framework in Kostic et al. (2024);
Ordofiez-Apraez et al. (2026) (see section 9.2), which introduces a contrastive loss for operator
approximation in nite dimensions. A comparison between these approaches is left for future work, but
it is worth noting that the contrastive training framework provides statistical learning guarantees that the
dynamics autoencoder loss does not.

We compare three methodflynamics Autoencoder (DAEDynamics Autoencoder with data
augmentation (DAEaugandEquivariant Dynamics Autoencoder (eDAByhich differ in their use
of standard o5-equivariant latent state representation functions O" I R's, linear map#A ,
and decoderd : R's ! O . For all experiments, encoder and decodar architectures are matched
in size, and we report the mean, min and max over four random training seeds.
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Figure 9.10 Test set prediction MSE of DAE, DAEaug, and eDAE for closed-loop locomotion dynamics modelling
of the Mini-Cheetah robot, comparing symmetry groups G = K4 C; and G = K4, while varying training dataset
size, prediction horizon, and latent model space dimension rs. Solid lines and shaded areas represent the mean,
maximum, and minimum prediction error among 4 training seeds. (a) Sample ef ciency plot comparing test set
MSE vs. size of the training dataset. (b) Models MSE while varying prediction horizon. (c) Models' MSE while
varying dimensionality of the latent state representation rs. (d) MSE of measurable state observables in original
units. Figure adapted from Ordofiez-Apraez et al. (2024).

Synthetic symmetric dynamical systems with nite symmetry groups In this experiment, we
generate synthetic nonline@-symmetric dynamical systems with various nite symmetry gro@ps
Each system is de ned as a constrained stable linear system with stochastic perturbations:

Ot+ M = K MmOt + ¢ st. Cot ¢ 80:20;t2R;

whereo 2 O is a state observatiok, yx 2 RO s a linear dynamics matrix; 2 R is a white-
noise stochastic process with standard deviatioggndC 2 R"¢I9 | ¢ 2 R"c are the parameters of

Nn¢ inequality hyperplane constraints. A systenGGissymmetric ifA y; is aG-equivariant matrix, i.e.,
g.oAm = Am(g.o ) forallg2 G, and every hyperplane constraint is added in group orbits (see
Ordofiez-Apraeet al.(2024) for details).

For these system@g"jte is Gaussian, so we set the history horizomite= 1, i.e.,e¢ = 0¢, and choose
the discretization steplt to ensure a reasonable signal-to-noise ratio.

These synthetic systems enable a systematic comparison of the impact of symmetry exploitation
across different groups, observation space dimensigy, latent state dimensiomg, and noise

levels . The results show that the eDAE architecture consistently outperforms the symmetry-agnostic
model in terms of sample ef ciencyd. 9.9-a), compounding multi-step prediction erray.(9.9-b),
sensitivity to the choice of latent state dimensigrf g. 9.9-c), and robustness to variations in the
noise scale of the underlying dynamics.(©.9-d).

Modelling quadruped closed-loop dynamics In this experiment, we learn a nite-dimensional
approximation of the closed-loop transfer operzﬁ@(}fg for quadruped legged locomotion, induced
by a xed G-invariant stochastic control policy that tracks a desired base velocity with a xed
trotting gait (Amatucci et al. 2022. The robot traverses uneven terrain, resulting in a distribution
of disturbances that generate the policy's closed-loop invariantse¢seede nition 9.2). The
time-invariant marginal distribution of state observation histofigsepresents the distribution of
trajectories under nominal policy performance, empirically approximated®yravariant dataset of
successful episode recordins= fe;glL; composed of locomotion trajectories from @eifferent
symmetric modes of the robot; seeimation
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The Mini-Cheetah quadruped robot possesses a symmetry group oBofder C, C, C,
Ks C; (seeqg. 9.8). The state observation is de ned as

0t = (Gjs; Qs; Zt; Ot; Verrt; Werrt) 20 R3”:

wheregs 2M  R'2andgs 2 TqM  R!? are the joint-space generalized position and velocity
coordinatesz; 2 Rl is the oating-base heighiRz 2 SO; is the oating-base orientation, and
Vert 2 R3, werrt 2 R3 are the control errors in the desired linear and angular base velocities,
respectively. For this task, a history horizonkbf= 5 is suf cient to disambiguate between the
robot's different contact modes during normal locomotion.

The results show that theDAE model consistently outperforniAEaugandDAE in terms of sample

ef ciency ( g. 9.10-a), compounding multi-step prediction erray.(9.10-b), sensitivity to the choice

of latent state dimensian ( g. 9.10-c), and overall observation prediction errar.(9.10-d). Notably,

when comparingDAE andDAEaugmodels trained with either the full symmetry groip  C, or

the subgrougK 4 (see g. 7.1), we observe signi cant differences in sample ef ciency and optimality
gaps, highlighting the increasing bene ts of leveraging larger symmetry groups to improve learned
dynamics model performance.



Chapter 10

Discussion and Future Work

This thesis presents a theoretical and practical study of the symmetries of robot dynamics and their
implications for the core learning tasks in robotics: dynamics modelling, state estimation, and control.
In contrast to previous works on symmetries in robotBe®¢h et al, 1996 Murray et al, 2017

Wieber, 2006, which rely heavily on differential geometry and focus primarily on environmental/base
symmetries of mechanical systems (sgel.2), this thesis adopts a predominantly group-theoretic
analysis of Lagrangian mechanics.

This perspective enables us to extend the notion of symmetry to a broader class of transformations,
most notably morphological symmetries, which constitute the core focus of this thesis. It also reveals
a new and largely unexplored connection between robot dynamics and harmonic anédysisy

1980, a eld that provides a broad range of theoretical results and algorithms for the analysis of
symmetric dynamical systems. While harmonic analysis has played a central role in modern particle
physics and chemistrybfesselhaus et al2007), its implications for robot modelling and control
remain largely unexplored, opening a promising research direction for roboticsdsgen 4.3
andchapter 9.

Through substantial theoretical and empirical work, this thesis argues that environmental/base symme-
tries, and more importantly morphological symmetries, should be exploited as physics-informed priors
to improve the ef ciency and generalization of learning algorithms for modelling, state estimation,
and control in robotics. Experimental results across these three core learning tasks consistently demon-
strate that symmetry-aware learning algorithms signi cantly outperform their symmetry-agnostic
counterparts, while the open-access software stack accompanying this thesis provides a practical
toolkit for the adoption of these technigues in robotics research and applications.

Further work

Throughout this PhD project, we opened far more questions than the ones we closed. Below, | outline
some of the core research directions that | am most excited to pursue next.

Computational design of robot morphologies The interplay of learning and morphology is an
open eld for research in symmetry-aware computational design. Large-scale locomotion learning
experiments leveraging the bilateral re ection symmetry present in most animals in the phylogenetic
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tree were performed b$upta et al(2021), opening a research line that connects learning dif culty to

the morphology of the agent learning to solve the task. Throughout this thesis, we identi ed how the
presence of morphological symmetries plays a crucial role in mitigating the curse of dimensionality
(Higgins et al, 2022 and improving learning rateOfdofiez-Apraezt al, 2026 Wang et al,
2022h—that is, in reducing the learning dif culty. While the majority of the industry is focused

on producing robots with a humanoid form factor, | see no reason why we should not explore a
completely different space of robot morphologies than those seen in nature. Especially because
robot manufacturing possesses two key technologies that nature never had access to: (i) unbounded
revolute joints, enabling not only wheels but also body motions without position constraints, and (ii)
reproducibility and low cost of mass manufacturing. Unbounded revolute joints open a completely
different design space of morphologies than those seen in nature, and reproducibility removes the
key evolutionary pressure that guided morphology design in nature: resource ef ciency. To guide the
exploration of this new design space of arti cial embodied intelligence, morphological symmetries
provide the ideal mathematical language to connect morphology to learning and control tractability.

Transfer operator based control The original aim of this thesis's work on Koopman/transfer
operators was to address model-based predictive control in robotics. In practice, however, we were
only able to tackle closed-loop dynamics modeling, due to two main obstacles: (i) the theory for
approximating these operators from data was not mature enough when this project began, and (ii)
practical methods for learning these operators offered little to no learning guarantees and performed
poorly in high-dimensional, contact-rich settings. In recent years, substantial progress has been made
on both fronts, with Kostic et al, 2024 Ordofiez-Apraeet al, 2026 introducing learning algorithms

that are now ready to be tested in control contexts. Notably, interpreting the low-rank approximation
of the spectral decomposition of the transfer operator opens a promising avenue for future research,
bridging operator approximation with the statistical learning theory of control and explofiatiamis

et al.(2023. Furthermore, as discusseddnapter 9environmental and morphological symmetries

play a pivotal role in both the approximation of the transfer operator and the decomposition of control
problems into lower-dimensional subproblems, highlighting the substantial computational bene ts of
symmetry-aware control approaches.
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Glossary

cCDF conditional Cumulative Distribution Function.

cGMM Conditional Gaussian Mixture ModeG(lardi et al, 2002: A parametric model for bench-
mark conditional density estimation datasets. Generates random vaxadbely of arbitrary
dimensions with varying mutual information. Enables analytical computation dPthe
density ratio, unavailable in real-world datasets, allowing direct quanti cation of approximation
error for the conditional expectation operakgy, and itsPMD density ratio .

Cl Con dence Interval.

cLoRa Contrastive Low-Rank loss fronKpstic et al, 2024 Ryu et al, 2024) for operator and
representation learning. Used in density-ratio ttirfgugiyama et al2012), representation
learning HaoChen et al2021; Wang et al.20229, and mutual information estimatiofi ¢ai
etal, 2020 .

CNN ConvolutionalNN.

CNNaug CNN trained with data-augmentation.
CoM Center of Mass.

CoT cost-of-transport.

CQR Conditional Quantile RegressioRd€ldman et a).2023: A multivariate neural network ap-
proach for regressing upper and lower quantiles at a speci ed miscoverage lesilg pinball
loss. Con dence intervals are typically calibrated post-training via conformal prediction, but
calibration is omitted here for fair model comparison .

DAE Dynamics Autoencoder: Originally proposedlinsch et al(2018. .
DAEaug Dynamics Autoencoder with data augmentation.
DL Deep Learning.

DoF degree of freedom.
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DRF Density Ratio Fitting (sai et al, 2020 A density ratioNN architecture that parameterizes
the approximate®MD : X Y ! R; asasingléNN. Consequently, this model cannot
be used for downstream conditional probability estimation and regression—it is limited to
estimating the mutual information betweerandy (Tsai et al, 2020 .

eCNN equivariant CNN.

eCQR Version of eCQR where the upper and lower parametric quantile functions are parameterized
by G-equivariant NNs .

eDAE Equivariant Dynamics Autoencoder: @-equivariant adaptation of the DAE architecture
(Lusch et al, 2018, introduced inOrdofiez-Apraeet al.(2024. .

E-IPPO Equivariant Independent Proximal Policy Optimization: Trains a single policy for one arm
(22-DoF) and applies it to both arms. The symmetry effectively doubles the training data and
includes task encoding in the observation to facilitate learning.

eMLP Equivariant MLP.
eNCP Equivariant Neural Conditional Probability.

E-PPO Equivariant Proximal Policy Optimization: A single policy with an equivariant network con-
trolling the entire system jointly (44-DoF). Represents standard PPO with symmetry handling.

eTransformer equivariant transformer.

GDL Geometric Deep Learning: A eld of machine learning that incorporates geometric priors into
deep learning model8(onstein et al.2021).

GRF Ground Reaction Forces.

iDRF Invariant Density Ratio Fitting: This is @-invariant adaptation of the DRF modélgai et al,
2020 that parameterizes the approximated PMDas aG-invariantNN .

IPPO Independent Proximal Policy Optimization: Learns two xed policies, each assigned to
one arm. Due to scene randomization, each policy must learn both subtasks and select the
appropriate one.

MDP Markov Decision Process.

MLP Multi-Layer Perceptron.

MLPaug MLP trained with data augmentation.
MS Morphological Symmetries.

MSE mean squared error.

MTMA-POMDP Multi-Task Multi-Agent POMDP.
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NCM The term Normal Con guration Mode (NCM) of motion, introduced in this work, denotes a
unique mode of symmetry-constrained motion of a robot con guration. The quali er "Normal"
underscores the orthogonality between different NCMs, drawing parallels with the concept of
Normal Vibrational Modes in molecular dynamidsrésselhaus et aR007).

NCP Neural Conditional Probability: A deep representation learning framewikkt(c et al, 2024
for conditional probability estimation and regression with statistical guarantees via operator
theory Baker, 1973. This framework is symmetry-agnostic .

NN Neural Network.
ODE ordinary differential equation.

PMD Pointwise Mutual Dependendysai et al.(2020: A pointwise dependency measure between

random variablex andy, de ned as (x;y) = % =exp MI(x;y) .
x (X y (Y

POMDP Partially Observable Markov Decision Process.
PPO Proximal Policy Optimization.
PPOaug PPOwith data-augmentation.

PPOsym PPO with hard equivariance / invariance symmetry constraints.
RL Reinforcement Learning.

s.0.t.a. state-of-the-art.
SDE stochastic differential equation.

SM-aug SYMDEX-aug: Uses the same training scheme as our method but replaces the equivariant
network with on-policy data augmentation using group transformations, a common alternative
in symmetry learning.

SM-c SYMDEX-c: Matches our method's policy structure but uses a global value function instead
of separate ones, ablating the effect of global value functions commonly used in multi-agent
cooperative settings.

SVD singular value decomposition.

SymDex SYMDEX: An IPPOvariant with individualG-invariant control policies per arm and seprate
G-invariant value functions per arm, evaluating single arm task performance, and knowledge of
the permutation symmetry between the tasks. .

UniMal Universal Animal design space.
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