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Abstract In this paper, we introduce a method that

synergistically combines an analytical pattern genera-

tor and a feedback controller frame, which are devel-

oped for the purpose of synthesizing dynamic quadru-

pedal trot-walking locomotion on flat and uneven sur-

faces. To begin with, the pattern generator analyti-

cally produces feasible and dynamically balanced joint

motions in accordance with the desired trot-walking

characteristics, with no empirical parameter tuning re-

quirements. In concurrence with the pattern genera-

tion, a two-phased controller frame is constructed for

closed-loop sensory feedback: i) virtual admittance con-

troller via force sensing, ii) upper torso angular mo-

mentum regulation via gyro sensing. The former con-

troller evaluates joint force errors and generates the

corresponding joint displacement for a given set of vir-

tual spring-damper couples. Together with the posi-

tion constraints, these displacements are additionally

fed-back to local servos achieving compliant quadru-

pedal locomotion with which the position/force trade-

off is addressed. The second controller, that is simul-

taneously used, evaluates the upper torso angular mo-

mentum rate change error using measured and refer-
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ence orientation information. It then regulates the torso

orientation in a dynamically consistent way as the ro-

tational inertia is characterized. In order to validate

the proposed methodology several experiments are con-

ducted on both flat and uneven surfaces, using two

robots with distinct properties; a ∼7 kg cat-sized elec-

trically actuated quadruped (RoboCat-1), and a ∼80

kg Alpine Ibex-sized hydraulically actuated quadruped

(HyQ). As a result we demonstrate continuous, repeti-

tive, compliant and dynamically balanced trot-walking

cycles in real-robot experiments, adequately confirming

the effectiveness of the proposed approach.

Keywords Quadrupedal locomotion · dynamic

trot-walking · active compliance · pattern generation

1 Introduction

Recent advances in mechatronics technology allowed

the creation of robotic systems with versatile and dex-

terous locomotion characteristics. Similarly, consider-

able effort has been devoted to the development of con-

temporary quadrupedal robotic platforms; several re-

search groups and companies introduced systems that

are capable of performing dynamic locomotion in chal-

lenging environments [1], imitating their biological coun-

terparts in terms of transportation cost [2], and consti-

tuting a testbed for neuroscience studies [3].

The so-called decentralized legged locomotion con-

trol problem can be tackled in two distinct phases: i)

online pattern generation, b) real-time sensory feedback

control. This approach is proved to be experimentally

efficient for various legged systems [4]. Keeping this in

mind, we follow a similar strategy and propose an ap-

proach that consists of an analytical pattern generator
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coupled with a feedback controller framework, simulta-

neously operating in real-time for synthesizing quadru-

pedal dynamic trot-walking motions.

In light of the above-stated fact, the whole paper is

structured on this dual basis. The current section con-

tinues with an overview of the related literature and our

main contributions. The robots that are used in our ex-

periments are introduced in section 2. The overall loco-

motion control framework, the analytical pattern gen-

erator, the kinematics scheme and feedback controller

units are explained in great detail in Section 3, Section

4, Section 5 and Section 6, respectively. Experimental

results are presented and thoroughly discussed in sec-

tion 7. The paper is concluded in section 8, presenting

our concluding remarks and future research goals.

1.1 Related Works: Pattern Generation

Research on many biological creatures, especially verte-

brates, suggested that Central Pattern Generators (CPGs)

play a key role in generating locomotory behavior. This

fact motivated several roboticists, e.g. Rutishauser et

al. [5], exploited CPG models to synthesize quadru-

pedal gaits for a passively compliant robot. In a dif-

ferent example, Maufroy et al., utilized CPGs to modu-

late walking phases via leg loading/unloading sequences

[6]. Barasuol and his associates made use of ellipsoidal

CPGs to achieve reactive locomotion behavior on a

quadruped robot [7], an approach that has proven very

successful and serves as the primary trot-controller of

IIT’s HyQ. Morimoto et al. implemented CPGs for bi-

pedal walking and proved that their usage is not limited

to multi-legged locomotion [8].

On one hand, CPGs are successfully applied in many

different stages of the legged locomotion problem. On

the other hand, CPG-based approaches are often criti-

cized due to their inherent limitations. One of the major

issues is the requirement of unintuitive empirical tuning

that is often necessary for a successful implementation.

This drawback not also introduces time-consuming trial

and error sessions, but also prevents the comprehension

of the underlying principles of legged locomotion. In ad-

dition, it is still considered challenging to incorporate

real-time sensory feedback despite impressive efforts [9].

Based on these factors, a certain fraction of research-

ers investigated alternative options for the locomotion

synthesis task. Moro et al. set an example toward this

direction; they collected motion capture data from a

horse and used it to generate a motion pattern for a

passive compliant robot, in virtue of kinematic motion

primitives [10]. Koolen et al. proposed a legged loco-

motion technique based on capturability analysis [11].

Center of Pressure (CoP), a dynamic balance indicator,

is used for quadrupedal trajectory generation, in which

the governing CoP equation, a second order differen-

tial equation, is exploited either via polynomials [12],

pre-defined sinusoidal trajectories [13] or numerical in-

tegration [14]. Analytical solutions are also utilized [15];

however, the Center of Mass (CoM) acceleration conti-

nuity is not yet investigated.

The operation of solving CoP differential equations

to obtain the corresponding CoM trajectories are de-

fined as an inverse problem by Byl et al. [16]. In solving

this second order differential equation, one has to de-

fine initial CoM position and velocity values. As noted

in [16], selection of initial conditions poses a challenging

problem; the generated CoM trajectory highly depends

on initial conditions. An arbitrary selection for initial

conditions, e.g., zero initial CoM velocity, would result

with infeasible or physically unrealizable trajectories.

This problem is thoroughly addressed in section 2.

In an alternative solution, Kajita et al. tackled this

issue by employing the optimal preview Zero Moment

Point (ZMP) servo control principle [17]. Utilizing the

future references, it is possible to obtain feasible CoM

patterns while minimizing the ZMP error. This method

is nowadays widely used in the humanoid research com-

munity and also reliably implemented for quadrupedal

trajectory generation in [16].

While the preview control appears to be quite effi-

cient and functional, it has a couple of drawbacks on its

own. As the ZMP-based pattern generation problem is

treated as ZMP servo control, one needs to substitute

optimal control gains, a performance index and future

reference previewing period. As an alternative to Ka-

jita’s approach, we strongly defend that pattern gen-

eration task could be handled computationally rather

than interpreting it as a ZMP servo tracking problem.

It should be possible to generate ZMP-based CoM pat-

terns in an open-loop strategy, in which the choice of

feedback control can be freely designated, instead of

interpreting the task as a requisite ZMP servo control.

1.2 Related Works: Control Strategies

Regardless of terrain type, a legged robotic system needs

to exhibit compliant locomotion behavior while inter-

acting with the environment [18]. A straightforward im-

plementation in this direction is the use of physically

flexible elements to obtain passively compliant loco-

motion cycles [5, 10, 19–22]. This approach is founded

on observations from biological structures; it poten-

tially increases the energy efficiency and the environ-

mental adaptability. In contrast, most passively compli-

ant robots cannot modulate passive compliance in real-

time, unlike their biological counterparts [23]. In partic-
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ular, Galloway et al. experimentally documented that

tunable passive compliance is of importance to succeed

in synthesizing legged locomotion for their 1-DoF-per-

leg salamander-like robot [24]. Nevertheless, utilization

of flexible elements in a multi-DoF legged robot com-

plicates the design and the control of the system.

As a different strategy, roboticists implement active

compliance schemes where the virtual impedance prop-

erties are software-controlled, often based on sensory

feedback. In this view, it is possible to enhance environ-

mental interaction capabilities [25–27], with enhanced

locomotion robustness [7, 12, 27–30]. In implementing

active compliance control for legged locomotion and

balancing, Hyon proposed a useful technique to opti-

mally distribute the forces applied to the ground via

predetermined contact points, in an attempt to achieve

terrain adaptation [28]. Aiming at a similar research

objective, Ott and his colleagues make use of grasping

formulations to optimize contact forces [29]. The com-

mon ground in these works is to compute the desired

wrench that is required for the compensation action,

and then, to distribute it to the predetermined contact

points which are assumed to be in contact with the ter-

rain.

Inserting floating-base inverse dynamics feed-forward

terms, Buchli and his collaborators succeed in loco-

motion control with relatively low servo control gains

[7, 12, 30, 38]. In doing so, they are able to introduce

virtual impedance in the joint space, without any re-

quirement of predetermined contact points. What is

more, the overall robot configuration may be covered

in terms of compliant behavior when using this strat-

egy. While impressively efficient in its own right, this

method may not characterize the induced force error

within the active compliance strategy. In other words,

the compliant behavior of the joint does not change due

to the force error. For instance, if servo gains are chosen

relatively low, the joint is soft regardless of the force er-

ror. In response to this matter, this paper investigates

that whether an admittance control approach may pro-

vide more favorable characteristics in managing the po-

sition/force trade-off, since it adapts the compliant be-

havior in relation to the force error.

1.3 Contributions

The contributions of this paper can be listed in the

following three categories.

i) We propose a CoP-based analytical pattern gen-

erator that is capable of producing smooth, purely com-

putational, and dynamically equilibrated CoM trajecto-

ries. It guarantees the continuity of the reference trajec-

tories in position, velocity and acceleration, regardless

of the walking phase. Despite existing attempts, the an-

alytical trajectory generators in the literature may not

be capable of possessing such properties. The proposed

pattern generator imposes no requirement of any requi-

site feedback loop, nor a large set of empirically tuned

free parameters. These features allow us to solve the

trajectory generation problem without any time con-

suming trial-and-error parameter tuning. Moreover, the

choice of online feedback can be freely designated.

ii) We present a control framework that includes a

virtual admittance controller and an orientation con-

troller.

ii-a)The virtual admittance controller introduces

software controlled spring-damper couples in each joint

to address the position/force trade-off within the entire

robot configuration. In normal operation, robot joints

are stiff to prioritize position tracking. Within the pres-

ence of external disturbances, due to environmental in-

teractions, the force error may increase. In that instant

the robot joint stiffness automatically decreases in a

way to comply with the force constraints. This trade-off

is managed by means of virtual spring-damper couples;

depending on the selection of admittance coefficients,

the joints react more or less to minimize the force er-

ror. The virtual admittance controller does not require

any predetermined contact points and it is more reac-

tive compared to impedance-based controllers in which

joint stiffness does not change depending on the exter-

nal impacts. To the best of our knowledge such features

cannot be found in the existing active-compliance con-

trol techniques.

ii-b) In addition to this controller, an angular

momentum based upper torso orientation control is im-

plemented in which rotational inertia, a crucial element

of the rotational dynamics, is characterized possibly for

the first time. Friction and inverse dynamics compensa-

tion schemes are additionally implemented to enhance

controller performance.

iii) We present substantial experimental evidence to

support the proposed quadrupedal locomotion control

framework. This way we verify that the combination

of the above-mentioned contributions results in robust

quadrupedal trot walking on level and uneven surfaces.

We prove the feasibility of our approach by presenting

results on two robots with completely different charac-

teristics in terms of mass, size, and actuation.

An initial version of this work including preliminary

evaluations has been presented in [31]. The current pa-

per is a significantly expanded and improved version

to provide a thorough and complementary archival re-

port. Enhancements over [31] include the following: i)

exhaustive review of the related works, ii) enriched and

clearer mathematical analysis for the pattern generator
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Fig. 1 Quadruped robot prototype RoboCat-1.

Table 1 RoboCat-1 Specifications

Size (L×H×W): 0.34×0.23×0.3 m
Total Weight: 6.9 kg
Thigh-Knee: 0.1 m
Knee-Foot: 0.13 m
Total DoF: 2 in each leg; 2×4 = 8 DoF

Encoder Resolution: 0.0045o/count
Rated Output Torque: 9 Nm (hipfe, kneefe)

Gear Ratio: 100
Sampling Frequency: 1 kHz

and controllers, iii) newly-conducted experiments, iv)

detailed analysis and discussion of experiment results.

2 Quadruped Robots: RoboCat-1 and HyQ

2.1 RoboCat-1

In order to explore the dynamics of legged locomo-

tion on uneven terrain, the quadruped robot RoboCat-

1 was developed in the Toyota Technological Institute

in Japan. The main goal in designing RoboCat-1 is to

create a robotic platform to emulate various terrain lo-

comotion scenarios on a durable and low-cost system.

Fig. 1 depicts the actual system.

The main specifications of RoboCat-1 are summa-

rized in Table 1. RoboCat-1 has four 2-DoF (Degrees

of Freedom) planar legs, powered via AC servo mo-

tors. Each leg has a hip (hipfe) and and a knee joint

(kneefe), rotating through pitch axis. An IMU sensor is

located on the robot torso (Microstrain 3DM-GX3-25),

which provide triaxial orientation and acceleration mea-

surement. Moreover, 4 single axis force sensing units

(0-500 N) are deployed in each foot to measure ground

reaction forces.

Fig. 2 The hydraulically actuated quadruped robot HyQ.

Table 2 HyQ Specifications

Size (L×H×W): 1.0×1.0×0.5 m
Total Weight: 80 kg
Thigh-Knee: 0.35 m
Knee-Foot: 0.33 m
Total DoF: 3 in each leg; 3×4 = 12 DoF

Encoder Resolution: 0.0045o/count
Rated Output Torque: 145 Nm (hipfe, kneefe)
Sampling Frequency: 1 kHz

2.2 HyQ: Hydraulic Quadruped

The quadruped robot platform HyQ (see Fig. 2) is a

fully torque-controlled hydraulically actuated quadru-

ped robot, comparable in size to a mountain goat (∼80

kg), e.g. an Alpine Ibex. It has been designed and built

in-house in the Istituto Italiano di Tecnologia [32]. It

uses a combination of hydraulic cylinders and rotary

motors for the actuation of its 12 joints. HyQ is ca-

pable of highly dynamic locomotion as hydraulic actu-

ation allows the handling of large impact forces, high

bandwidth control, high power-to-weight ratio and su-

perior robustness.

Each leg has three DoFs, two in the hip (roll and

pitch axes, namely, hipaa and hipfe) and one in the

knee (pitch axis, kneefe). The hipaa joints are actu-

ated by rotary hydraulic motors while all the hipfe and

the kneefe joints are actuated by hydraulic cylinders.

HyQ’s joints are equipped with high resolution encoders

and load cells, which allows the smooth control of both

position and torque. An IMU sensor (Microstrain 3DM-

GX3-25) is also deployed on its torso to provide triaxial

orientation and acceleration measurements. In each leg,

single axis load cell units (0-5000 N) output reaction
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Fig. 3 Overview of locomotion control framework. It consists of three blocks: 1) the Trot-Walking Pattern Generation (see
Section 4); 2) the Leg Kinematics Scheme for Trot-Walking (see Section 5); 3) the Feedback Controller Frame (see Section 6).

force measurements. A brief overview of HyQ’s charac-

teristics is given in Table 2. The system is controlled

by an on-board Pentium PC104 running a real-time

patched Linux (Xenomai) operating system at a 1 kHz

control frequency. For further details regarding the de-

tails of its mechatronic hardware, the interested reader

can refer to [32].

3 Overall Locomotion Control Framework

Fig. 3 provides an overview of the locomotion control

framework. In this figure, leg numbers are denoted with

the underscript j (j = 1, 2, 3, 4), while the respective

joints are numbered with the underscript i (i = 0: Hip

Roll (hipaa, only for HyQ), i = 1: Hip Pitch (hipfe),

i = 2: Knee Pitch (kneefe)). Xcop refers to x-axis CoP

(Center of Pressure), while rc = (cx, cy, cz) symbol-

izes CoM (Center of Mass) position with respect to the

world frame (see Fig. 8). θ, ψ and φ point out upper

torso roll, pitch and yaw orientation parameters. Posi-

tion vectors rfj, rcfj, rhfj indicate the jth foot position

with respect to the world frame, CoM position with re-

spect to the jth foot, the jth hip position with respect

to the jth foot, respectively (see Fig. 8). F and q de-

note force sensor outputs and joint angle measurements.

τfrji, τcgji, τpdji, and τcmdji respectively denote fric-

tion compensation torque, inverse dynamics compensa-

tion torque, servo (PD) controller output and command

torque for the jth leg, ith joint. Reference quantities

are denoted with the ref underscript, whereas actual

(measured) quantities have no underscript. Underscript

c stands for the output signal of a controller.

The overall framework can be grouped in three cat-

egories which are explained in the following sections:

1) Trot-Walking Pattern Generation (see Section 4); 2)

Leg Kinematics Scheme for Trot-Walking (see Section

5); 3) Feedback Controller Frame (see Section 6).

4 Dynamic Trot-Walking Pattern Generator

In quadrupedal trotting, the robot’s feet are moved in

such a way that diagonal legs perform simultaneously

the same motion. Hence, quadrupedal trot-walking is

induced via three subsequent phases: a) Left front and

right hind 2-legged support phase; b) 4-legged support

phase; c) right front and left hind 2-legged support

phase. As this does not include any 3-legged triangu-

lar support phase, we may assume that quadrupedal

trot-walking is analogous to planar bipedal walking.

Using this analogy, an equivalent planar biped model

is constructed to simplify the pattern generation task.

In other words, the equivalent planar biped model is a

tool that allows the interpretation of quadrupedal trot-

walking by means of bipedal walking, so as to facilitate

the pattern generation task.

As illustrated in Fig. 4, the left foot of the equivalent

biped corresponds to the middle of left front and right

hind pair. Identically, the right equivalent biped foot

corresponds to the middle of the right front and left

hind pair. Using the equivalent planar biped model, the

aforementioned phases can be interpreted as follows: a)

left foot single support phase; b) double support phase;

c) right foot single support phase. Note that a similar

approach was previously proposed as virtual legs in [15].

4.1 CoM Trajectory Generation

In order to obtain a dynamically equilibrated CoM tra-

jectory, we make use of the ZMP concept. Consider-
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Fig. 4 Corresponding feet position during quadrupedal trot-
walking, in the equivalent planar biped model. The rectan-
gular shapes are used to indicate the equivalent planar biped
feet, solely for illustration purposes. These do not indicate
any support region.

ing the classical point mass approach, the Center of

Pressure (CoP) and ZMP are mathematically identical;

therefore, we choose to use the term CoP. With this in

mind, let us express the x-axis CoP formula when z-axis

CoM position is constant [12,14,16,17] as:

Xcop = cx − cz
c̈x
g

(1)

In the above equation, Xcop is the x-axis CoP, g is

gravitational acceleration, (cx, cz) are horizontal and

vertical CoM positions. Equation (1) appears to be a

2nd order differential equation which can be analytically

solved depending on the Xcop input. In our trajectory

generation algorithm, Xcop is a constant input during

single support phases (Xcop = px), and a ramp input

during double support phases (Xcop = px + Kxt). px
and Kx are positive constants. Therefore, single and

double support phases are separately analyzed.

4.1.1 Single Support Phase

When the robot is in a single support phase, Xcop input

is chosen as constant; (Xcop = px). Fig. 5 illustrates

the corresponding CoP, CoM and feet positions in the

equivalent planar biped model. Considering this case,

we can analytically solve (1) as below:

cx = (cx0 − px) coshωτ +
ċx0
ω

sinhωτ + px, (2)

ω =

√
g

cz
, τ = t− t0, (3)

where cx0, ċx0, ω, t, t0 are initial x-axis CoM posi-

tion, initial x-axis CoM velocity, natural frequency of

: CoM

: CoP Le! Leg Right Leg

Fig. 5 Corresponding feet position during quadrupedal trot-
walking, in the equivalent planar biped model. Rectangular
shapes are used to indicate the equivalent planar biped feet,
solely for the purpose of illustration. These do not indicate
any support region.

the equivalent pendulum, time variable and initial time,

respectively. The x-axis CoM velocity and acceleration

functions can also be obtained via differentiation, as in

the following:

ċx = ω (cx0 − px) sinhωτ + ċx0 coshωτ (4)

c̈x = ω2 (cx0 − px) coshωτ + ωċx0 sinhωτ. (5)

For the purpose of synthesizing physically viable

CoP-based CoM trajectories, a single support phase

should be composed of two equal deceleration and ac-

celeration phases. Fig. 6 illustrates a numeric example

from 0.0 to 0.88 period, both for x-axis CoM position,

velocity and acceleration. As observed in this figure, ini-

tial and terminal CoM velocities should be equal. Initial

and terminal acceleration values are equal in amplitude

with opposite signs. These properties could be guaran-

teed by tuning initial conditions in accordance with the

desired walking parameters. Since the nature of CoP

equations are hyperbolic, a single support phase with

unequal deceleration/acceleration periods would result

in exponentially accumulated increases in CoM position

and produce physically unrealizable trajectories.

Utilizing the symmetry feature discussed above, we

may see that the velocity function has a minimum at

the middle point of a single support period, i.e., when

t = tm = t0 + Ts/2. Here, Ts refers to a single support

time period.
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c̈x|t=tm = ω2(cx0 − px) cosh(
wTs

2
)

+ ωċx0 sinh(
wTs

2
) = 0 (6)

Using (6), one can obtain ċx0 as below.

ċx0 = ω(px − cx0) coth(
wTs

2
) (7)

During a single support phase, we may substitute a

mean forward velocity, υmean. Considering this param-

eter, the terminal position, cxd, can be computed (see

Fig. 5).

cxd = υmeanTs + cx0. (8)

The terminal position cxd can also be computed us-

ing (2), when t= te = t0 + Ts as:

cx|t=te = cxd = (cx0 − px) cosh(ωTs)

+
ċx0
ω

sinh(ωTs) + px. (9)

Plugging (7) into (9), the hyperbolic terms vanishes

(coshωTs − sinhωTs coth 0.5ωTs = −1), and therefore,

we arrive at the following equation:

Le� Leg Right Leg

: CoM

: CoP

Fig. 7 The equivalent planar biped model during a double
support phase. The rectangular shapes are used to indicate
the equivalent planar biped feet, solely for illustration pur-
poses. These do not indicate the support region.

cxd + cx0 = 2px (10)

The combination of (8) and (10) allows us to calcu-

late the cx0 and cxd terms in the following manner:

cx0 = px −
υmeanTs

2
; cxd = 2px − cx0 (11)

For a given set of single support period (Ts), target

mean velocity (υmean), and constant Xcop input (px),

we may sequentially calculate initial conditions, (cx0,

ċx0), via (11) and (7). cxd can also be calculated be-

forehand for prior verification. Finally, using (cx0, ċx0),

CoM trajectory can be generated with (2). A sequen-

tial algorithm for the above-described computations is

given in subsection 4.3.

4.1.2 Double Support Phase

During a double support phase, the main objective is

to make sure that CoP travels from the preceding sup-

port foot to the proceeding support foot continuously,

as illustrated in Fig. 7. What is more, at the end of a

double support phase, the x-axis CoM position, veloc-

ity and acceleration values must be equal to the initial

x-axis CoM position, velocity and acceleration values of

the next single support phase; allowing us to link the se-

quential phases in a seamless fashion. Referring to Fig.

7, we can solve the 2nd order differential equation (1)

for a linearly increasing Xcop input (Xcop = Kxt+ px).

Differentiating it with respect to time also returns its

velocity function as well.
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cx = (c′x0−px) coshωτ ′+
ċ′x0−Kx

ω
sinhωτ ′

+ Kxτ
′+px (12)

ċx = ω(c′x0−px) sinhωτ ′+(ċ′x0−Kx) coshωτ ′+Kx (13)

In (12) and (13), the initial position and velocity

terms for a double support phase are represented with

(c′x0, ċ′x0). As pointed out in (14), these terms are equal

to the terminal position and velocity of the preceding

single support phase. Kx is the inclination value for

Xcop function. τ ′ = t′0 + t stands for the shifted time

variable with the initial time for double support period,

namely t′0. In order to yield a seamless connection, the

terminal velocity of a double support phase should be

equal to the initial velocity of the following single sup-

port phase when t = ted = t′0 + Td.

c′x0 = cxd; ċ′x0 = ċx0; (14)

ċx|t=ted = ċx0 = ω(cxd − px) sinhωTd

+(ċx0 −Kx) coshωTd +Kx. (15)

Evaluating (15), Kx and stride length, Str, may be

obtained as follows:

Kx = ċx0 + ω(cxd − px) coth
ωTd

2
; (16)

Str = 2TdKx. (17)

Note that px constant was previously assigned and

ċx0, cxd were previously computed in the single support

phase. Hence, for a given double support time period

(Td), Kx and stride length Str can be calculated us-

ing (16) and (17). Finally, using the initial conditions

computed via (14) together with Kx, the CoM trajec-

tory may be generated with (12). The stride length,

Str, will be used for swing leg trajectory generation as

described in the next subsection. An algorithm for the

above procedure is given in subsection 4.3.

4.2 Swing Leg Trajectories and Torso Orientation

The swing leg trajectories are calculated via polyno-

mial functions with the stride length (Str) and maxi-

mum vertical swing foot clearance (Fh) in mind. Note

that Str is previously computed in the CoM trajectory

phase, while maximum vertical swing foot is freely as-

signed. In generating swing leg trajectories, both initial

and terminal velocity and acceleration terms are set to

zero to make sure that the swing foot tip arrives to the

support surface in a hypothetically motionless state,

so as to reduce the impact forces as much as possible,

during the pattern generation phase. This issue will be

further addressed in terms of force feedback in Section

5.

As described in Section 5, our leg kinematics scheme

allows us to independently assign the upper torso orien-

tation trajectories, without any concern of interference

with the target CoM trajectory. In other words, regard-

less of the specified upper torso orientation, the desired

CoM is always achieved provided that the actuator lim-

its are not exceeded. In this paper, we choose to keep

the upper torso orientation parallel to the support sur-

face.

4.3 Summary: The CoM Generation Algorithm

In order to generate CoM patterns in accordance with

the proposed method, the following algorithm is exe-

cuted.

1. Determine the single and double support periods

(Ts, Td), constant CoM height (z), mean target for-

ward velocity (υmean) and constant ZMP reference

input for single support phases (px).

2. Compute ω, (cx0, cxd), ċx0, Kx and Str via (3), (11),

(7), (16), and (17), in a strictly sequential manner.

3. Once the aforementioned parameters are assigned,

either use (2) (single support) or (12) (double sup-

port) to generate the CoM trajectory, depending on

the phase information.

We would like to highlight the fact that the pro-

posed CoM pattern generation algorithm exploits the

symmetry properties explained above. This guarantees

that reference cx, ċx, c̈x trajectories are seamlessly con-

nected throughout the whole period, including phase

transitions, such as from single to double support phase

and vice versa. In other words, the pattern generator

makes sure that there is no discontinuity through the

generated reference CoM trajectories in position, ve-

locity and acceleration levels, so that unexpected mo-

tions or undesired command torque jumps do not occur.

The referential trajectory continuity guarantee may not

necessarily mean that the actual robot motion will be

seamless; it is the controller frame’s (see section 6) re-

sponsibility to track the reference trajectory even within

the presence of disturbances or ground impacts.

5 Leg Kinematics Scheme for Trot-Walking

Having generated the necessary trajectories for CoM,

swing legs and upper torso orientation, the next task

is to obtain the corresponding joint angle references.

In response to that matter, we make use of a vectorial
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θ,Ψ,Φ

Fig. 8 Related parameters on RoboCat-1 model for the leg
kinematics scheme. Vectors are shown only for a single leg.

calculation in which inputs (see Table 3) are processed

to compute each joint angle. Referring to Fig. 8, the

following expression can be obtained:

rc +Rtrch +Rtrhf − rf = 0 (18)

In (18), rc is the CoM position vector with respect

to the world frame, rc = (cx, cy, cz). rch and rhf are

position vectors; the former is defined between the CoM

and the respective hip, the latter is defined between

the respective hip and the foot. Rt is the upper torso

orientation that is constructed using 3 Euler angles,

namely, θ, φ and ψ. As previously stated, Rt, rc and

rf are inputs and they are defined by the trajectory

generator which was described in Section 4. Moreover,

rch has a fixed value which can be obtained using CAD
data. Keeping these in mind, rhf is computed as follows:

rhf = RTt (rf − rc)− rch (19)

Once rhf is obtained for a given leg, the associated

joint angles are computed using an analytical inverse

kinematics solution. In the case of RoboCat-1, there

are no hip roll joints, so that all y-axis components are

not needed. Moreover, in the case or RoboCat-1, yawing

motion for the upper torso is not possible.

The main advantage of this scheme is that the up-

per torso orientation is kinematically decoupled. One

may produce a trot-walking motion for a given CoM

and feet positions, while the upper torso orientation

can be freely designated. This allows us to introduce a

separate orientation controller without interfering with

the trot-walking motion. Any combination of rotations

is applicable provided that the kinematic limits are not

exceeded.

Table 3 Inputs of the Leg Kinematics Scheme

rc CoM position with respect to the world frame
rfj jth foot position with respect to the world frame

θ, ψ, φ 3 Euler angles that represent torso orientation

6 Feedback Controller Units

6.1 Compensation Schemes: Friction and Dynamics

Prior to the synthesis of feedback controllers, it is ad-

vantageous to identify and compensate joint friction

hysteresis, namely Coulomb and viscous friction. For

this purpose, we make use of the technique proposed

in [33] to experimentally determine joint Coulomb and

viscous friction parameters. After the identification pro-

cess, a friction compensation torque, τfr is computed

and imposed to the system, as depicted in Fig. 3. Fur-

thermore, the full dynamics compensation (inertia, cori-

olis&centrifugal and gravity) is added via a floating-

base inverse dynamics computation scheme. In doing

so, the PD servo controller gains can be set to low val-

ues, as the compensation schemes detailed above serve

as feed-forward control inputs.

Moreover, inertia terms require the measurement of

joint accelerations, i.e., the second derivative of encoder

readings. Direct differentiation produces a considerably

high amount of noise. In order to compute feasible joint

acceleration data we utilized an approximate differenti-

ation method that is proposed in [33], which performs

well for practical applications.

6.2 Virtual Admittance Control

6.2.1 Computation of Joint Force References

In Virtual Admittance Control, position and force ref-

erences are processed in a simultaneous fashion. Thus,

we need to define joint force references in accordance

with the given target trajectory. To achieve this, we

compute the vertical foot force references in each foot,

namely Fzrefj , as follows:
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Mg =

4∑
j=1

Fzrefj ; (20)

Xcopref =

4∑
j=1

(Fzrefj rcfxrefj)

4∑
j=1

Fzrefj

; (21)

Ycopref =

4∑
j=1

(Fzrefj rcfyrefj)

4∑
j=1

Fzrefj

. (22)

In (20)-(22), M is the total mass, g is the gravita-

tional acceleration, Fzrefj is the jth foot vertical force

reference, Xcopref and Ycopref are assigned CoP refer-

ences, rcfxrefj and rcfyrefj refer to the reference dis-

placement between the CoM and the jth foot, through

x-axis and y-axis respectively (see Fig. 9). In (20), the

total vertical force is equalized to the robot weight,

since there is no vertical acceleration during trot-walking.

Eqs. (21) and (22) allow for a choice of force distribu-

tion; usually both CoP references are kept at zero.

Since we have 4 variables (Fzref1, Fzref2, Fzref3,

Fzref4), we need to define one more equation, in ad-

dition to (20)-(22). This can be obtained from a zero-

yawing moment (τz) which can be expressed as follows:

τz = Fyref1rcfxref1 − Fxref1rcfyref1 + Fyref2rcfxref2

− Fxref2rcfyref2 + Fyref3rcfxref3 − Fxref3rcfyref3
+ Fyref4rcfxref4 − Fxref4rcfyref4 = 0. (23)

In (23), rcfxrefj and rcfyrefj are the x-axis and the

y-axis referential position values, defined between the

CoM and the jth foot position. These parameters can

be viewed in Fig. 9, and are obtained from the target

trajectory generator (see Fig. 3). In contrast to (20)-

(22), eq. (23) is related to the x-axis (Fxrefi) and y-axis

(Fyrefi) forces. Since the robot has point contact feet,

the resultant ground reaction force is decomposed as

illustrated in Fig. 10. Thus, (Fxrefi) and (Fyrefi) can

be expressed in terms of Fzrefi, so as to yield the 4th

equation:

Fxrefj = Fzrefj tan(q1refj + q2refj) sec q0refj ; (24)

Fyrefj = −Fzrefj tan q0refj ; (25)

As shown in Fig. 10, q0refj , q1refj , and q2refj sub-

sequently symbolize hipaa, hipfe, and kneefe joints.

These joint values are obtained from the leg kinemat-

ics model (see Fig. 3) prior to the joint force reference

calculation task. Plugging (24) and (25) into (23), we

finally acquire the 4th equation which, together with

(20), (21), (22), allows us to calculate the vertical foot

references for each foot, namely Fzrefj .

Pf︷ ︸︸ ︷
1 1 1 1

rcfxref1 rcfxref2 rcfxref3 rcfxref4
rcfyref1 rcfyref2 rcfyref3 rcfyref4
µ1 µ2 µ3 µ4


Fzref︷ ︸︸ ︷
Fzref1
Fzref2
Fzref3
Fzref4



=

Bf︷ ︸︸ ︷
Mg

MgXcopref

MgYcopref
0

 (26)

Fzref = P−1f Bf (27)

In (26), the following sub-expressions are used to

ease the calculations.

µj = sec q0refj(rcfxrefj sin q0refj

+ rcfyrefj tan(q1refj + q2refj)) (j = 1, 2, 3, 4) (28)

Equation (27) enables us to compute the vertical

force references for each foot, during the double sup-

port phase where all 4 feet are on the ground. During

the single support phases, we have only 2 feet on the

ground; thus, we only utilize (21) and (22) to compute

the vertical force references. In this case, the swing foot

force references are naturally set to zero. Once we calcu-

late the vertical force reference for the jth foot (Fzrefj),

we can compute the horizontal and lateral components

(Fxrefj ,Fyrefj) using (24) and (25). Having computed

all the 3-D referential force vectors for the ith leg, we

make use of Jacobian transpose to obtain the referential

joint forces.

Note that the above computation is explained for

the case of HyQ, since it is a more generalized case due

to the additional hip roll joint. For the case of RoboCat-

1, there is no roll joint; therefore, its feet cannot move in

the y-axis. Keeping this in mind, rcfyrefj are constant

and q0refj are set to zero for the case of RoboCat-1.

6.2.2 Hybrid Joint Position/Force Feedback : An

Antagonistic Feedback Method

The proposed controller diagram is depicted in Fig.

11 for a single leg. In this block diagram, Tref , Tsv,

Tfr, Tcg, Tcm, T , and Terr respectively indicate refer-

ential, PD output, friction compensation, full dynamics

compensation, command, actual (measured) and error
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rcfyef2

3 2

14

rcfyef3

rcfxef3

rcfxef2

rcfyef4
rcfyef1

rcfxef1rcfxef4

Fxref4

Fyref4
Fxref1

Fyref1Fyref1

Fyref2

Fxref2
Fxref3
Fyref3

τz

Fig. 9 CAD drawing of HyQ, top view (x-y plane). rcfxrefj

and rcfyrefj vectors are illustrated on the drawing, together
with x-axis and y-axis forces.

torques. qref , q and qc denote referential joint angles,

actual joint angles, and the output of Virtual Admit-

tance Controller. Kp and Kv are diagonal matrices that

store PD gains. Similarly, k and b are diagonal matrices

which include the virtual admittance block coefficients.

F is the measured force at the tip, Fref is the referen-

tial tip force whose computation is carried out in ac-

cordance with the target trajectory as explained in the

previous subsubsection.

To begin with, the trot-walking trajectory generator

and the leg kinematics scheme provide the joint angle

references which are passed to the PD servo controller.

On top of this scheme, we added a force control loop

in which the joint force errors are processed via an ad-

mittance block to compute the corresponding joint dis-

placements, namely qc vector. This vector is computed

for a single leg as follows:

q

q

q
0

1

2

F

F

F

F

x

y

z

Fig. 10 Ground reaction force at the tip of the foot. Since
the foot contact is considered as a point, only translational
forces are considered.

+

−

−

PD
(servo)q

q
c

q
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q
err

Ku K  sv+

Tsv
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+

Tcm

Tfr q

Trajectory
 Planner

T

1

Tref
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Admittance -Block

q
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F

q

Terr

+ −

Position

Control Loop

 Force

Control 

 Loop

q
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F

qJT
c

q
Tcg dynamics

compens.

(k b+ s)

1

Fig. 11 Virtual admittance control in the servo loop. The
red and green arrows respectively indicate the position and
force control loops. When there is force error, joint position
reference qref is updated (qref := qref − qc) to comply with
the force constraints, to the extent permitted by the virtual
admittance coefficients (the smaller the coefficients, the larger
qc is generated for a given force error). Once force error van-
ishes, qc converges to zero, and therefore, the system becomes
a purely position controlled.

Terr = JTc (qrefj)Frefj − JTc (qj)Fj (29)

qc =

 1
k0+b0s

0 0

0 1
k1+b1s

0

0 0 1
k2+b2s

Terr (30)

Since we compensate for the joint friction (both

Coulomb and viscous friction) and the full dynamics

load (inertia, coriolis&centrifugal, gravity) the Jacobian

transpose performs well for the torque computation. In
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(30), (k0, b0), (k1, b1), (k2, b2) couples refer to virtual

admittance coefficients for hip roll, hip pitch and hip

knee joints. s is the Laplace domain variable.

By perturbing the joint reference for about qc de-

grees, joint force feedback is provided in a parallel man-

ner to the PD control loop. In this scheme, the PD con-

troller is responsible to make sure that position tracking

is achieved. However, within the presence of force errors

(disturbances, ground impact, etc.), qref is updated via

the secondary feedback (qref := qref − qc) to comply

with force constraints, by decreasing the joint stiffness.

Once the external effect that causes the force error dis-

appears, qc term vanishes and the joint turns back to

its initial stiffness. The trade-off between position and

force tracking is adjusted via the admittance block pa-

rameters. In other words, the force control loop and the

position control loop work in an antagonistic configura-

tion; the joint becomes compliant only when necessary

to handle force errors. If there is no force error, e.g.,

the leg is in a swing phase, the controller automatically

prioritizes joint tracking as qc converges to zero.

6.2.3 On the Stability of Virtual Admittance Control

The necessary and sufficient condition to guarantee sta-

bility for a robotic system that is interacting with a

given passive environment is that the system is also

passive, e.g., injecting no energy, at the interaction port

[34–36]. Since most terrain types are passive, the robot

leg must exhibit a passive behavior, so that the stability

can be ensured.

Unlike passively compliant systems, active compli-

ance controllers, such as virtual admittance control, in-

ject energy into the system in a way so as to emulate

the compliant behavior. While this prevents them to

be intrinsically passive, they can still render a passive

behavior depending on the compliance control gain se-

lection. In order to see whether the system renders a

passive behavior, we may use the manipulator admit-

tance transfer function matrix (Yj(s)) for the jth leg,

which relates the output velocity (υj) and force (Fj) at

the jth interaction port (foot).

υj = Yj(s)Fj (31)

Yj(s) can be obtained using the block diagram in

Fig. 11. In order to demonstrate passivity for the sys-

tem, two following conditions must be met.

1. Yj(s) has no poles in the right hand plane; <(s) > 0.

2. Yj(s) + Y ∗j (s) is positive semi-definite in <(s) > 0,

where Y ∗j (s) is the conjugate transpose of Yj(s).

When Yj(s) has no poles in the right hand plane,

the second condition can be reduced to this condition:

Yj(גω) + Y ∗j (ωג) is positive semi-definite for all real ω.

If the minimum eigenvalue of Yj(גω) + Y ∗j (ωג) is

positive, the system is considered to exhibit passive be-

havior, therefore, its interaction with the passive envi-

ronment (terrain in our case) is stable.

In the case of sampled data control systems, Colgate

proposed a method in which the port of interaction is

assumed to be sampled. Using this approximation, the

corresponding discrete-time admittance transfer func-

tion matrix, Yj(z) is computed with a phase lag correc-

tion term of ωdt2 rad, where dt is the sampling time [37].

In order to guarantee passivity, and thus stability, the

minimum eigenvalue of Yj(z) + Y ∗j (z) must be positive

and the poles of Y (z) should be within the unit circle.

Therefore, one should define the compliance controller

gains in such a way that the corresponding admittance

transfer function satisfies the stability conditions men-

tioned above. For a systematic set of procedures to en-

sure stability in this manner, refer to [36].

6.3 Orientation Control based on Angular Momentum

While a quadruped robot performs periodic motions,

such as trot-walking, the upper torso develops inevitable

fluctuations. This issue potentially threatens the postu-

ral balance. Its influence becomes more significant for

cyclic motions that are performed over uneven terrains.

To overcome this issue, we propose a secondary con-

troller unit that regulates the angular momentum rate

change about upper torso CoM, via the characteriza-

tion of rotational inertia.

Depending on the leg lengths, the upper body may

develop rotations about the roll axis (θ), the pitch axis

(ψ), and the yaw axis (φ). Keeping this in mind, the

angular momentum rate of change about upper torso

CoM is formulated in terms of θ, ψ and φ, along with

their corresponding time derivatives.

First, the angular momentum rate change about up-

per torso CoM (centroidal torque about CoM) can be

computed using Euler’s equations of motion:

Ḣx = Ixxω̇x − (Iyy − Izz)ωyωz (32)

Ḣy = Iyyω̇y − (Izz − Ixx)ωzωx (33)

Ḣz = Izzω̇z − (Ixx − Iyy)ωxωy (34)

In (32)-(34), Ixx, Iyy, Izz are moments of inertia

defined at the upper torso CoM, ωx, ωy, ωz are angular

velocity terms, Ḣx, Ḣy, Ḣz are rate changes of angular

momentum about the torso CoM; all associated with

the roll, pitch and yaw axes respectively. Products of
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inertia are not considered due to the fact that they are

500 times smaller than the diagonal elements for our

robots. Evaluating (32)-(34), we should express angular

velocity and angular acceleration vectors, in terms of θ,

ψ and φ. To achieve this, the upper torso orientation,

Rt, can be expressed by multiplying the rotation tensors

about the roll (Rθ), pitch (Rψ), and yaw (Rφ) axes:

Rt = RθRψRφ = cψcφ −cψsφ sψ
(cθsφ + cφsθsψ) (cθcφ − sθsψsφ) −cψsθ
(sθsφ − cθcφsψ) (cφsθ + cθsψsφ) cθcψ

 (35)

In (35), cθ, sθ, cψ, sψ, cφ and sφ sequentially re-

fer to cos θ, sin θ, cosψ, sinψ, cosφ and sinφ. Using a

tensorial approach, angular velocity is expressed in the

skew-symmetric form (ω†):

ω† = ṘtR
T
t = 0 −(ψ̇sθ + φ̇cθcψ) (ψ̇cθ − φ̇cψsθ)

(ψ̇sθ + φ̇cθcψ) 0 −(θ̇ + φ̇sψ)

(φ̇cψsθ − ψ̇cθ) (θ̇ + φ̇sψ) 0

 (36)

The angular velocity vector can be simply acquired

using the angular velocity vector-tensor identity, as shown

in (37)-(39). Furthermore, the angular acceleration vec-

tor can be computed via differentiation as well.

ωx = θ̇ + φ̇sψ (37)

ωy = ψ̇cθ − φ̇cψsθ (38)

ωz = ψ̇sθ + φ̇cθcψ (39)

ω̇x = θ̈ + φ̈sψ + ψ̇φ̇cψ (40)

ω̇y = ψ̈cθ − θ̇(ψ̇sθ + φ̇cθcψ)− φ̈cψsθ + ψ̇φ̇sθsψ (41)

ω̇z = θ̇(ψ̇cθ − φ̇cψsθ) + ψ̈sθ + φ̈cθcψ − ψ̇φ̇cθsψ (42)

Subsequently, (37)-(42) are inserted to (32)-(34) to

obtain (Ḣx, Ḣy, Ḣz), namely, the rate change of angu-

lar momentum about the upper torso CoM (centroidal

torque in short) associated with the roll, pitch and yaw

axes.

Ḣx = Ixx(θ̈ + φ̈sψ + ψ̇φ̇cψ)− Iyyη2η1 + Izzη2η1 (43)

Ḣy = Iyy(ψ̇φ̇sθsψ − θ̇η2 + ψ̈cθ − φ̈cψsθ)
+ Ixxη2η3 − Izzη2η3 (44)

Ḣz = Izz(θ̇η1 + ψ̈sθ + φ̈cθcψ − ψ̇φ̇cθsψ)

− Ixxη1η3 + Iyyη1η3 (45)

η1, η2 and η3 appear to be repeating sub-expressions

which are expressed as in the following:

Fig. 12 Coordinate systems {P} and {e} are respectively
defined with respect to desired and actual orientation profiles.
a) When both {P} and {e} coincide, i.e., orientation error
is negligibly small, the spring-damper couples are in their
natural (rest) position. b) When the system experiences an
orientation error, the orientation controller tries to regulate
the upper torso attitude in a way that {e} converges towards
{P}, via the utilization of the virtual spring-damper couples.

η1 = ψ̇cθ − φ̇cψsθ (46)

η2 = ψ̇sθ + φ̇cθcψ (47)

η3 = θ̇ + φ̇sψ (48)

Equations (43)-(45) enable us to compute the cen-

troidal torque for a given set of (θ, ψ, φ) parameters,

together with their time derivatives. With the help of

these equations, one can calculate the desired centroidal

torque by considering the referential torso angle vari-

ations, (θref , ψref , φref ). Next, the actual centroidal

torque can be computed using gyro sensor measure-

ments, (θ, ψ, φ). By subtracting the referential cen-

troidal torque from the actual one, it is possible to ac-

quire the centroidal torque error for the roll and pitch

axis, namely Ḣxerr, Ḣyerr, and Ḣzerr. In order to regu-

late Ḣxerr, Ḣyerr, and Ḣzerr, we insert them to admit-

tance blocks to compute the necessary compensating
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rotational motion, and then feed it back to the orienta-

tion inputs, as illustrated in Fig. 3.

θc =
Ḣxerr

kr + s br
; ψc =

Ḣyerr

kp + s bp
; φc =

Ḣzerr

ky + s by
. (49)

In (49), (kr, br), (kp, bp) and (ky, by) are virtual

spring damper coefficients; (θc, ψc, φc) are compensat-

ing rotational motions that are fed-back to orientation

inputs (see Fig. 3). Virtual admittance couples, (kr,

br, kp, bp, ky, by), are defined by considering (θ, ψ,

φ) angles and their rate changes (not necessarily the

associated angular velocity). Fig. 12 provides an illus-

tration to explain the controller logic. The main rea-

son of implementing the admittance blocks is that our

orientation inputs are rotational angles, as may be ex-

amined in Fig. 3. From centroidal torque to angular

position, one needs to introduce an admittance block

to generate physically consistent compensating motion.

In addition to physical consistency, such a controlling

approach suppresses undesired upper torso fluctuations

in an actively-compliant manner. Note that this admit-

tance block is essentially different than the one we used

in the Virtual Admittance Control block; the compliant

effect is introduced in the Cartesian frame in the An-

gular Momentum Controller, via assessing gyro sensor

information.

7 Experimental Results and Evaluations

In order to verify the proposed locomotion control frame-

work, an extensive set of experiments were conducted

on the RoboCat-1 and the HyQ. These experiments are

listed as below:

– Experiment #1: RoboCat-1 was dropped from a

height of 30 cm.

– Experiment #2: RoboCat-1 performed trot-walking

on a level surface.

– Experiment #3: RoboCat-1 performed trot-walking

on a terrain that was covered stones with various

shapes and sizes.

– Experiment #4: HyQ performed trot-walking on a

level surface.

– Experiment #5: HyQ performed trot-walking over

gradually-placed wooden blocks with 3 cm thick-

ness.

Please refer to the multimedia attachment to view

the video that includes all the experimental scenes listed

above.

(a) Experiment #2 

(b) Experiment #3 

(c) Experiment #4 

(d) Experiment #5 

Fig. 13 Snapshots from the last 4 experiments. a) Experi-
ment #2, b) Experiment #3, c) Experiment #4, d) Experi-
ment #5.

7.1 Experiments on RoboCat-1

As explained in Section 2, RoboCat-1 is a low-cost and

comparatively simple quadruped robot on which we can

conduct relatively risky experiments. Such experiments

include dropping from a height, and execute the loco-

motion with and without the specific controllers to ob-

serve their individual contributions in the locomotion

behavior.

7.1.1 Experiment #1: Dropping RoboCat-1 from a

Height of 30 cm

One of the useful properties of the virtual admittance

controller lies on its shock-absorbing capability. To ex-

perimentally confirm this property, RoboCat-1 was re-

leased from a height of 30 cm to demonstrate the impor-

tance of active compliance that was provided by means

of force feedback in our controller. In this experiment,

no additional hardware modification was performed on

RoboCat-1; the foot tips are covered using a very hard

rubber tip with 0.5 cm thickness, as done in the usual

operation (see Fig. 1). The robot was dropped onto a

level surface.

The dropping experiment was conducted twice; i)

when the virtual admittance controller unit was acti-

vated, ii) when the virtual admittance controller unit

was deactivated. Ground reaction force and hip joint

torque profiles for this experiment can be viewed in Fig.

14, where solid blue and red lines indicate variations

from experimental trials with and without virtual ad-

mittance controller, respectively. The dotted black line

indicates the admissible joint torque limit. The yellow

hatched areas depict the variations after the robot hits

the ground.
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Fig. 14 Results of Experiment #1. a) Vertical ground reac-
tion force (GRF) profiles during Experiment #1. b) Right leg
hip joint torque variations during Experiment #1. Once the
limit was exceeded without the virtual admittance controller,
the motor was automatically halted and torque output was
zeroed. The dotted black line indicates the admissible joint
torque limit.

When the virtual admittance controller was deac-

tivated, the robot could not exhibit compliant behav-

ior, which then led to the a ground reaction force peak

that was approximately 8 times larger than its weight.

This is because the robot was stiffly controlled and

not capable of handling large external forces. Conse-

quently, its joints, for instance, right leg hip joint, did

exceed the maximum torque limit when the robot hit

the ground, and therefore, the motor drive was auto-

matically halted.

When the virtual admittance controller was acti-

vated, RoboCat-1 was able to dissipate the excessive

ground reaction force in an actively compliant manner

as the robot hit the ground. This is depicted in Fig.

14; the ground reaction force profile indicates a peak of

180 N and joint torques were within the actuator limi-

tations. Considering this result, we may claim that the

use of virtual admittance controller enables the robot to

compliantly handle unexpected disturbances and exces-

sive ground reaction force peaks. This provides a clear

advantage in the quadruped locomotion control con-

text.

7.1.2 Experiment #2: RoboCat-1 Trot-Walked on a

Level Surface

In this experiment, RoboCat-1 performed dynamic trot-

walking on a level surface that was covered with an ar-

tificial grass carpet. A snapshot from this experiment

can be seen in Fig. 13(a). The torso orientation refer-

ence was assigned as level to the ground. 4-legged stance

time (equivalent planar biped model double support

phase), 2 diagonally paired legged stance time (equiv-

alent planar biped model single support phase), con-

stant torso height, stride length, forward velocity pa-

rameters were assigned as 0.2 s, 0.1 s, 0.2 m, 6.4 cm,

0.35 km/h, respectively. The experiment was restricted

with 10 consecutive steps so as to display the cyclic

data clearly, although the robot can walk as much as

desired (see the multimedia attachment). When the vir-

tual admittance controller is activated, RoboCat-1 can

perform trot-walking up to the maximum velocity of

0.65 [km/h]; however, it cannot repeat this performance

when the virtual admittance controller is deactivated.

Keeping this in mind, we limited the forward velocity

at 0.35 [km/h], so that we can repeat this experiment

under the same conditions (with/without virtual ad-

mittance controller) to observe the virtual admittance

controller’s effectiveness on the locomotion behavior.

Referential and actual x-axis CoM trajectories with

respect to the world frame are displayed in Fig. 15(a)

with dotted black and solid red lines. Feet displace-

ments are plotted with the equivalent planar biped model

in mind (see Section 4), which are obtained using the

geometric mean of diagonally-paired feet positions in

x-axis. Scrutinizing this figure, it may be observed that

the pattern generator was able to synthesize feasible,

smooth and continuous feet and CoM trajectories which

were seamlessly tied through all the phases (left front

- right hind 2-legged support, 4-legged support, right

front - left hind 2-legged support), as well as transi-

tions between these phases, throughout the entire trot-

walking period. CoM velocity and acceleration profiles

were strictly continuous as well, however, not plotted.

The x-axis and y-axis CoP measurements are plot-

ted in Fig. 15(b) and Fig. 15(c), together with the as-

sociated support polygons. In these figures, solid red

lines point out CoP measurements, while dotted green

and blue lines indicate support polygon boundaries. De-

pending on the given stance phase (4-legged stance or 2

diagonally paired legged stance), the support polygon

boundaries actively change. Examining this figure, the

CoP response always stayed within the support poly-

gon boundaries, indicating that the robot executed the

trot-walking in a dynamically balanced manner.

The ground reaction force profiles are depicted in

Fig. 15(d), in which solid magenta lines shows the sum-

mation of the ground reaction force of diagonally-paired

right front and left hind feet. Identically, the solid green

line displays the summation of the ground reaction force

of diagonally-paired left front and right hind feet. Ob-



16 Barkan Ugurlu et al.

serving this graph, we may see that no excessive ground

reaction force peaks occurred throughout the entire trot-

walking period. Moreover, the forces based on robot

loading appeared to be distributed equally to the diagonally-

paired legs, indicating that the cyclic trot-walking was

executed in a consistent way. Since the virtual admit-

tance controller introduced active compliance together

with an associated force feedback control strategy, such

favorable ground reaction force profiles were obtained.

The torso angle variations are shown in Fig. 15(e),

for pitch (solid magenta) and roll (solid green) axes.

The pitch axis torso angle varied between ± 2.4 de-

grees, while the roll axis torso angle was kept within

a band of ± 1.2 degrees. Evaluating this data, it can

be judged that the robot did not suffer undesired torso

angle variations which may have occurred due to large

ground reaction force impacts or unequal reaction force

distribution. Hence, the robot was able to execute trot-

walking while preserving its postural balance.

The results displayed in Fig. 15 were obtained from

an experiment in which the proposed controller was ac-

tivated. In order to have a profound understanding on

the effectiveness of the virtual admittance controller,

we conducted additional trot-walking experiments of

two different cases; i) when the virtual admittance con-

troller was activated, ii) when the virtual admittance

controller was deactivated. x-axis and z-axis torso ac-

celeration variations, hip joint torque command and x-

axis CoP error are displayed in Fig. 16, where solid blue

and red lines indicate variations from experimental tri-

als with and without the virtual admittance controller,

respectively. Mean±SD (Standard Deviation) values for

25 largest peak errors are displayed in Table 4, concern-

ing the results given in Fig. 16.

When the virtual admittance controller was deacti-

vated, the robot experienced relatively larger ground re-

action force impacts, due to the absence of active com-

pliance. This fact can be verified by the acceleration

measurements which were directly collected using the

on-board IMU sensor. Fig. 16(a) and Fig. 16(b) display

measured accelerations for x-axis and z-axis. When the

virtual admittance controller was activated, the RMS

(Root Mean Square) values of x-axis and z-axis accel-

eration profiles decreased for about 60%. This result

indicates that the virtual admittance controller is es-

sential in dissipating ground reaction force impacts as

it enabled the robot to exhibit compliant locomotion

behavior.

Similar to the case in Experiment #1, the torque re-

quirements were observed to decrease when the virtual

admittance controller was activated. This is due to the

fact that strict position control prioritizes joint tracking

even within the presence of larger impacts, demanding
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Fig. 15 Results of Experiment #2. a) CoM and equiva-
lent planar biped model (EPB) feet trajectories with respect
to the world frame. b) x-axis CoP response. c) y-axis CoP
response. d) Ground reaction force (GRF) profiles of the
diagonally-paired feet tips. e) Torso angle variations.

relatively greater actuator torques. One may observe

this phenomenon in Fig. 16(c), in which the RMS value

of torque command was 50% less when the virtual ad-

mittance controller was activated. As described in Sec-

tion 6, the virtual admittance controller decreases joint
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Table 4 Mean±SD values for 25 largest peak errors in Fig.
16, both with and without VAC (Virtual Admittance Con-
troller).

Measurement No VAC With VAC
z-axis Acceleration, m/s2 9.1±4.0 1.7±0.9
x-axis Acceleration, m/s2 4.7±3.6 1.6±1.2

Hip Torque, Nm 8.7±0.4 4.2±0.4
x-axis CoP Error, cm 1.0±0.4 0.3 ±0.2

stiffness to handle large impacts by momentarily sac-

rificing joint tracking. In doing so, the locomotion is

compliantly executed by adroitly managing the posi-

tion/force trade-off.

As the virtual admittance controller manages the

position/force trade-off thanks to its actively compli-

ant architecture, ground reaction force was equally dis-

tributed well between robot legs. As a consequence,

CoP errors appeared to be more containable compared

to the case in which the virtual admittance controller

was deactivated. Fig. 16(d) illustrates the related re-

sult; CoP error showed more than a 50% decrease in its

RMS value, when the virtual admittance controller was

activated. Therefore, the virtual admittance controller

appears to play an important role in maintaining the

dynamic equilibrium in the proposed locomotion con-

trol framework.

In addition to the virtual admittance controller, we

implemented a secondary feedback loop to control the

torso orientation. In order to confirm its effectiveness,

we conducted further trot-walking experiments with and

without the orientation controller in the loop. In these

experiments, the virtual admittance controller was ac-

tivated in both cases. Pitch and roll rates, collected via

the on-board IMU, can be viewed in Fig. 17, where solid

blue and red lines indicate variations from experimen-

tal trials with and without the orientation controller,

respectively. Mean±SD values for 25 largest peak er-

rors are displayed in Table 5, concerning the results

given in Fig. 17.

As a result of these experiments, the RMS error of

pitch rate showed more than a 60% decrease when the

orientation controller was in the loop. Similar to this

result, the RMS error of roll rate decreased for about

70%. Judging by this result, the orientation control ap-

pears to be very efficient in suppressing undesired torso

angle fluctuations, providing a feasible trot-locomotion

performance, on top of the virtual admittance controller

feedback unit.
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Fig. 16 Results from the virtual admittance controller ver-
ification experiments. a) Vertical acceleration. b) Horizontal
acceleration. c) Hip joint torque command. d) x-axis CoP
error.

Table 5 Mean±SD values for 25 largest peak errors in Fig.
17, both with and without Orientation Controller.

Measurement No Orient. Con. With Orient. Con.
Pitch Rate, rad/s 0.5±0.2 0.2±0.1
Roll Rate, rad/s 0.5±0.3 0.1±0.0

7.1.3 Experiment #3: RoboCat-1 Trot-Walked on a

Rocky Terrain

Having completed trot-walking experiments on a level

surface in Experiment #2, RoboCat-1 was employed to

execute the same locomotion on a rocky terrain that

was covered with stones of various shapes. A snap-

shot from this experiment can be seen in Fig. 13(b).
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Fig. 17 Results from the verification of orientation controller
experiments. a) Pitch rate. b) Roll rate.

Trot-walking experiment parameters were kept identi-

cal with the ones used in Experiment #2. Results are

given in Fig. 18. The terrain was unperceived, i.e., the

robot did not utilize any terrain map to heuristically

determine the surface shape. Since this experiment was

conducted under comparatively challenging conditions

(trot-walking on a rocky terrain), all the feedback con-

trol units were activated for safety reasons.

CoP error variations are plotted in Fig. 18(a) and in

Fig. 18(b), for x-axis and y-axis. In these figures, solid

red, dotted green and dotted blue lines respectively dis-

play CoP errors, and allowable CoP error boundaries.

Examining this figure, the CoP error variations are al-

ways within the region of allowable boundaries, indi-

cating that the robot exhibited dynamically balanced

trot-walking locomotion characteristics throughout the

whole experiment period. This is due to the fact that

the virtual admittance controller introduces active com-

pliance in conjunction with a force feedback strategy,

enabling the robot to handle ground reaction force im-

pacts which may severely occur while executing legged

locomotion on an unperceived uneven terrain. There-

fore, the robot gains enhanced environmental interac-

tion capabilities and could maintain its dynamic bal-

ance when walking on different types of surfaces.

Torso angle variations are displayed in Fig. 18(c),

for pitch (solid magenta) and roll (solid green) axes.

The figure shows that the pitch angle was kept within

the +4.6∼-2.5 degrees band. The roll angle variation

also appeared to be quite contained, it varied between

+1.8∼-1.2 degrees. Based on these results, we may claim
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Fig. 18 Results of Experiment #3. a) x-axis CoP error. b)
y-axis CoP error. c) Torso angle variations.

that the robot was able to exhibit consistent and fea-

sible locomotion characteristics while maintaining its

postural balance on the given uneven terrain, as the

robot torso orientation did not suffer from severe vari-

ations.

7.2 Experiments on HyQ

Once we concluded a thorough experimentation study

on RoboCat-1, the proposed locomotion control frame

was implemented on the quadruped robot HyQ. In do-

ing so, we had a chance to re-validate the effectiveness of

the proposed approach, and therefore, enrich the evalu-

ation, in an attempt to have an indication whether the

method could be implemented to a quadrupedal robot

with greater mass and size. Since HyQ is a relatively

large quadruped with sophisticated hardware, all the

feedback controller units were activated for safety.

7.2.1 Experiment #4: HyQ Trot-Walked on a

Treadmill

In this experiment, HyQ was used to execute dynamic

trot-walking on a treadmill. A snapshot from this exper-
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iment can be seen in Fig. 13(c). The torso orientation

reference was assigned as level to the ground. The 4-

legged stance time (equivalent planar biped model dou-

ble support phase), 2 diagonally paired legged stance

time (equivalent planar biped model single support phase),

constant torso height, stride length, forward velocity

parameters were set to 0.28 s, 0.14 s, 0.68 m, 26.5 cm,

1.26 km/h, respectively. The experiment was restricted

with 8 consecutive steps so as to display the cyclic data

clearly, although the robot can walk as desired (see mul-

timedia attachments). Results are presented in Fig. 19.

Referential and actual x-axis CoM trajectories with

respect to the world frame are depicted in Fig. 19(a),

and are shown with dotted black and solid lines. Feet

trajectories are also plotted with respect to the world

frame using solid magenta and green lines. Feet trajec-

tories were computed with the equivalent planar biped

model in mind (see Section 4), obtained using the ge-

ometric mean of diagonally-paired feet positions in x-

axis. This figure clearly displays that the pattern gen-

erator provided feasible, smooth and continuous feet

and CoM trajectories which were crucial for the suc-

cess of dynamic trot-walking. The trajectories were con-

nected seamlessly regardless of the given phase (left

front – right hind 2-legged support, 4-legged support,

right front – left hind 2-legged support), and as well as

transitions between the phases.

The CoP measurements along the x-axis and the y-

axis are illustrated in Fig. 19(b) and Fig. 19(c), with

the associated support polygons. Solid red line stands

for the CoP response, while dotted green and blue lines

point out the support polygon boundaries. It should

be noted that the support polygon boundaries actively

change depending on the specific stance phase (4-legged

stance or 2 diagonally paired legged stance). Scrutiniz-

ing the figure, CoP responses strictly stayed within the

support polygon boundaries, which substantiates the

fact that HyQ maintained its dynamic balance through-

out the whole locomotion period.

The ground reaction force profiles of each foot are

shown in Fig. 19(d). One of the prominent features of

these ground reaction force profiles is that the forces

based on robot loading were distributed equally to each

leg, demonstrating that the locomotion was executed in

a consistent manner. Moreover, there was no excessive

ground reaction force peaks; the maximum peak was

approximately 3 times larger than that of the robot

weight. These positive results appear to be favorable

characteristics of the virtual admittance controller which

introduces active compliance that is associated with a

force feedback control strategy.

The torso angle variations are displayed with solid

magenta and green lines for pitch and roll axes, in Fig.

19(e). Pitch angle showed a variance from +3.6 degrees

to -4.8 degrees, while roll angle varied between +1.6 de-

grees to -2.4 degrees. These torso angle variation bands

give us certain indications that the robot did not un-

dergo abrupt changes while preserving the postural bal-

ance; therefore, it exhibited consistent and feasible trot-

walking locomotion behavior.

Fig. 15 and Fig. 19 show that similar trot-walking

performance was obtained from both robots, though

they have distinct mechanical characteristics. Compared

to RoboCat-1, leg length at rest is approximately 4

times longer for the case of HyQ; thus, stride length

during walking was chosen larger. HyQ’s mass and ro-

tational inertia are approximately 11 times larger than

that of RoboCat-1. Despite these apparent differences,

both robots exhibited favorably similar trot-walking per-

formances in which respective CoMs followed feasible

trajectories, the dynamic equilibrium condition was al-

ways satisfied (see CoP measurements), ground reac-

tion forces were equally distributed to the robot feet

and torso angle variations were well controlled.

Among the quadrupedal robots in the literature,

HyQ can be considered as a large sized robot, while

RoboCat-1 is a medium to small size robot. With this

in mind, Fig. 15 and Fig. 19, together, prove that the

proposed approach could be implemented to most quad-

rupedal robots, regardless of its size. Although favor-

able results obtained from two different robots may not

be enough to claim generality in the strict sense, this

strongly indicates that the proposed approach is inde-

pendent from the target robot mass and size.

7.2.2 Experiment #5: HyQ Trot-Walked on Gradually

Placed Wooden Blocks

Upon the completion of level surface experiments on

a treadmill, HyQ was used to conduct uneven surface

trot-walking experiments. To this end, 3 wooden boards

with a thickness of 3 cm were gradually placed on top

of each other, both creating unevenness and a mod-

erate slope. A snapshot from this experiment can be

seen in Fig. 13(d). Trot-walking parameters were kept

the same; however, only target forward velocity was re-

duced to 0.36 [km/h] to eliminate the risk of any pos-

sible damage to the robot. Results are provided in Fig.

20.

CoP error variations are plotted for x-axis and y-

axis in Fig. 20(a) and Fig. 20(b). Initially, CoP er-

ror varied within the bands of ± 0.7 cm and ± 1.2

cm, respectively for x-axis and y-axis. As the robot

started walking on the uneven terrain, x-axis CoP error

band increased to +1.7 ∼ -2.5 cm. y-axis CoP error fol-

lowed a similar trend, it varied within ± 2.5 cm. While
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Fig. 19 Results of Experiment #4. a) CoM and equivalent
planar biped model (EPB) feet trajectories with respect to
the world frame. b) x-axis CoP response. c) y-axis CoP re-
sponse. d) Ground reaction force (GRF) profiles on each feet.
e) Torso angle variations.

the escalation in CoP error was expected as the robot

started walking on the unperceived uneven terrain, it

still resided within the safety margin of maximum al-

lowable CoP error, that is ± 3 cm. Therefore, the robot

was able to maintain the dynamic balance while exe-

cuting trot-walking on the unperceived uneven terrain.

Solid magenta and green lines present torso angle

measurements in Fig. 20(c), for pitch and roll axes. At

the beginning, both angles varied within ± 4 degrees.

Once the robot started walking on the unperceived un-

even terrain, roll angle altered within ± 6 degrees. In an
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Fig. 20 Results of Experiment #5. a) x-axis CoP error. b)
y-axis CoP error. c) Torso angle variations.

identical manner, pitch angle varied within ± 8 degrees.

Though the escalation in torso orientation variation was

a natural consequence of executing trot-walking on the

unperceived uneven terrain, the robot was able to pre-

serve its postural balance and successfully completed

the task.

8 Concluding Remarks

In this paper we have demonstrated that the proposed

pattern generator is able to generate smooth, continu-

ous and dynamically consistent feet and CoM trajecto-

ries through the analytical solution of CoP equations.

The algorithm automatically tunes several parameters

(initial CoM position and velocity, stride length), so as

to guarantee the seamless trajectories both in position,

velocity and acceleration levels, through all the pos-

sible phases (left front – right hind 2-legged support,

4-legged support, right front – left hind 2-legged sup-

port) and as well as the transition between the phases,

for the trot-walking locomotion task. To the authors’

knowledge, such a property has not been introduced

yet, when considering state-of-the-art trotting pattern

generators.

The proposed pattern generator exploits the simi-

larity between bipedal walking and quadrupedal trot-
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walking through the use of the equivalent biped model.

Therefore, its implementation to bipedal walking sys-

tems is straightforward. That being said, other quadru-

pedal locomotion styles which may not resemble bipedal

walking (static walk with 3 support legs, quadrupedal

galloping) may not be generated, and this should be

noted as a limitation.

The pattern generation utilizes the analytical solu-

tion of CoP equations (see section 4) to synthesize dy-

namically balanced reference trajectories. In this task,

phase information (single and double support periods)

must be given beforehand. This shortcoming is not spe-

cific to the proposed pattern generator, it is an inherent

characteristic in CoP-based CoM trajectory generation.

If the actual state does not correspond to pre-planned

state due to modeling imperfections, e.g., the robot

swing leg arrives to the floor sooner than expected, it

introduces force error to the system which is handled by

the virtual admittance controller (see section 6). While

the requirement for the pre-planned phase information

is a general shortcoming of CoP-based trajectory gen-

eration, and our controller is able handle possible issues

due to this, it should be addressed as a limitation.

The virtual admittance controller is built upon an

active compliance scheme, in which both position and

force feedback are negotiated to address position/force

trade-off by means of virtual admittance couples, in-

troduced at each joint. The virtual admittance-based

scheme of this controller naturally prioritizes position

control when there is no force error, since the main pur-

pose of trot-walking is to travel a certain distance. In

other words, the joint is stiff when the robot is not sub-

ject to ground impacts and/or disturbances, e.g., dur-

ing a swing phase. When the force error increases (e.g.,

due to unexpected impacts, external disturbances, un-

perceived uneven terrain, etc.), the joint stiffness is au-

tomatically decreased in order to comply with the force

constraints. This ability allows the robot to handle large

ground reaction force impacts, and enhance its environ-

mental interaction capabilities which then leads it to

exhibit enhanced locomotion behavior. Contributions

of this controller were substantiated in Experiment #1

and Experiment #2 (see Fig. 14 and Fig. 16), in which

the virtual admittance controller was both activated

and deactivated. Compared to the case with no vir-

tual admittance controller, the system showed a supe-

rior performance in handling ground reaction force im-

pacts, reducing joint torque demands, decreasing torso

acceleration fluctuations and CoP errors.

In classical virtual impedance control, the joints al-

ways keep the preset stiffness; they are either soft or stiff

regardless of the induced force error which occurs due

to the robot’s interaction with the environment. Com-

pared to this method, the proposed virtual admittance

controller is more reactive, as it handles position/force

trade-off depending on the induced force error. There-

fore, it provides more favorable characteristics in legged

locomotion control.

In addition to the virtual admittance controller, an

orientation controller that is based on the regulation of

angular momentum is presented. The controller gener-

ates orientation commands in a way so as to decrease

the angular momentum error that is induced about the

torso CoM. This strategy allows us to characterize the

rotational inertia tensor of the torso, a crucial param-

eter in robot dynamics, so that a dynamically feasible

control option could be implemented. Contributions of

this controller were demonstrated in Experiment #2

(see Fig. 17). In this experiment, the undesired torso

angle fluctuations were greatly decreased compared to

the case in which the orientation controller was deacti-

vated.

We presented a set experimental trials supporting

that the proposed pattern generator and control frame-

work could be useful assets in synthesizing dynamic

trot-walking locomotion for two quadrupedal robots with

different characteristics in terms of size and weight.

The first set of experiments (Experiment #1, Exper-

iment #2, Experiment #3) were conducted on a ∼7 kg

cat-sized electrically actuated quadruped (RoboCat-1),

validating the effectiveness the proposed method on a

durable system. The relatively small size of this robot

enabled us to conduct extensive experiments, in which

the individual contribution of the controllers could be

clarified. The robot was able to exhibit favorable trot-

walking locomotion characteristics both on a level sur-

face and on a rocky surface.

Upon the successful experimental verification with

RoboCat-1, we proceeded to conduct experiments on a

∼80 kg Alpine ibex-sized hydraulically actuated quad-

ruped (HyQ). We were able to demonstrate that both

the pattern generator and the controller framework were

applicable to HyQ. Regardless of the robot actuator

type, mass and size, the proposed methodology pro-

vided a feasible solution for the synthesis of dynamic

trot-walking locomotion control. This was confirmed

experimentally; HyQ was able to execute robust dy-

namic trot-walking locomotion, both on a treadmill and

on an uneven surface with multiple wooden boards.

The Dynamic Legged Systems Laboratory at IIT

recently addressed different aspects of locomotion con-

trol, namely, path planning with foothold adaptation,

active impedance control, energy-efficient gait gener-

ation, stereo-vision-assisted locomotion, onboard per-

ception, and local reflex generation [38–42]. Thus, an
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integrative action will be taken to combine these tech-

nologies on HyQ in a synergistic fashion.
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